SOLUTIONS OF THE EXERCISES OF WEEK FIVE

Exercise 1. Suppose that we have two non-degenerate planes in IR
= n(P,u,v), n:=nQw,z).
We can define a distance between 7 and 7’ as
d(rr, ') :=inf{ld(R,R") |R€ {,R' € /'}.

Try to express the distance in terms of P, Q, u, v, w, z.

Solution. If (u x v) X (w X z) # 0, then
TN #Q.
On this case, dist(7t, r') = 0. Now, let us suppose that
(ux0v)x (wxz)#0.
Then, there exists ¢ € R such that
UX0v=cwXz.

On this case, either

=7

or
nNr #@=0.
On the first case, dist(7r, 7’) = 0. On the second case, we argue as follows:
dist(7r, ©') = inf dist(R, 7).
Rem
Let R be a point of 77. Then there are ¢,s in R such that
P_R) = tu + so.
Now,
OR - QP + PR) -
dist(R,TC(Q,w,Z))z |Q ZUXZ’ — |(Q + ) ZUXZ’
|w x z| Jw x z]|
_|QPw x z+ (tu +sv) - w X z|
|w x z||
_|QP-w x z|

lw x ]|

= dist(P, rr).
Then, dist(R, 7") does not depend on R. Hence

: QP - w x z|
dlst(ﬂ, ﬂ/) = W
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Exercise 2. Suppose that you have a line in £ C R? given by the equation
{:ax+by =c.

Find a formula for the distance of a point P(xg, o) from ¢ in terms of a, b, c.

Solution. We write the line in parametric form: if a # 0, then

¢ =1/0(Q(c/a,0),w = (b, —a)).

We have
136 x (b,—a) = (xo —c/a,yg) x (b, —a)
= —a(xg —c/a) —byg = —(axg + byg — c).
Then

(1) dist(P, £(Q(c/a,0), (b, —a))) = ’P?(:,(_;),”)’ = 'aT%,C|-

If b # 0, then
¢ ={(R(0,c/b), (b, —a)).
We have
PQ x (b, —a) = (xo,y0 — ¢/b) x (b, —a)
= —axg — (yo — ¢/b)b = —(axo + byo — ¢).
So the distance formula does not depend whether a or b are different from zero.

Exercise 3. Find the intersection of the two planes given in Cartesian form

(2) m2x+3y+z=1
3) 1 2x + 3y +2z = 2.

Solution. Since (2,3,1) is not parallel to (2,3,2), the intersection is a line, which is
parallel to

(2,3,1) x (2,3,2) = (3,—2,0).
Since the determinant of the matrix
31
3 2

is non-zero, we can find an intersection point P(x, 1o, z9) with coordinate xop = 0 and
coordinates y, zg as solution of the system

(4) 3y0 +z0=1
(5) 3]/0 + 220 = —2.
We obtain zg = —3 and yo = 4/3. Then, the intersection between the two planes is the
line
¢(P(0,4/3,-3),(3,—2,0)).



Exercise 4. Given two lines in R?, £(P,v) # ¢(Q,w) we know that the intersection is
non-empty if and only if v x w # 0.
Now, suppose that we have three non-degenerate lines in the plane
0y :=4(P,v), ly:=L(Qw), {3:=/(R,z2)
such that
l; # U forevery j # k
find conditions on P, Q, R, v, w, z such that
liNlyNits # Q.

Solution. Since the intersection between the three lines is non-empty, then ¢; # /,. The
condition ¢1 # ¢, implies

(6) vxXw # 0.
So, there is unique intersection point, namely
T=py P2XY,,
v X W

In order to have
(hNnb)Nils #O
it is necessary that this point T also belongs to /3. Then T € /3 implies

TR x z = 0.
that is
— PO
7) PR x 2+ 29X W 0 w2y =0,
U X w

The conditions (6) and (7) are sufficient. O]



