5. INTERSECTION OF PLANES AND LINES

Definition 5.1 (Parametric form). Given a point P € R3 and vectors v, w € E3, a plane
is the set
n(P,v,w) :={P+tv+sw|ts e R}
Definition 5.2. A plane is called non-degenerate if and only if
vxw #0.

Proposition 5.1. Let ¢1 := {(P,v) and ¢, := ¢(Q, w) be two non-degenerate lines such that
Uy # l. Then 1N by # O if and only if

(42) F@-(vxw)zo, v X w #0.
If the intersection is non-empty, it consists of a single point

(PG x0)-(oxw) o (PG xw) (vxw)

43 R =
) Qo xwl? Tox w]?

Proof. Suppose that ¢1 N ¢y # @. Then, there exists R such that

R € {1 Nty
Then, there are real numbers ¢, s such that

R=P+tv, R=Q+sw.
Then N N
PQ=tv—sw= PQ-(vxw)=0.
We can show by contradiction that v x w # 0. If v x w = 0, then there exists ¢ # 0
such that
w = cv.
Then
¢(Q,w) = ¢(P+ PQ, w)
(P +tv—sw,w) =¥4(P+ (t —cs)v,cv)
= K(P, U) = fz

which contradicts the assumption that {1 # /5.

b

Conversely, suppose that (46) holds. Then, 13(:5 is a vector of the linear space generated
by v and w. Then there are « and 8 such that

(44) P—Q) = av + Pfw
that is

Q—P=uav+ pw
whence
(45) Q—pBw =P +av.

Thus, if we define R := P + av, we have R € /1 N (5.
Now, we wish to find an explicit formula for the intersection point. That is, in (44) we
wish to find & and B. We take the cross product with w and obtain
PO xw = a0 x w
then

—>

(PQ x w) - (v x w) = alv x w|*



Since v X w # 0, we have
(PQ xw) - (v x w)
lo X w]|?

N =

Then the intersection point is

(PG x w) - (v x w)

R=P
T oxol?

By taking the cross product with v, we obtain
P_Q) X0 =pwx0v
whence N
(PQ x ) (vxXw)
:B = - >
[ox ]
From (45) the equality (43) follows. ]

In the next proposition we find an explicit formula for the intersection of a line ¢(P, v)
with a plane 71(Q, w, z). If £ C 7, then the intersection ¢ N 77 is equal to ¢.

Proposition 5.2 (Intersection between a line and a plane). Suppose that £ ¢ 7. Then
(Nt # Qif and only if

wxz-v#0.
On this case, the intersection is a single point R and

R:P—f—(inwxz)U

Z-wWXZ

Proof. If the intersection is non-empty, then v - (w x z) # 0.
Let R be a point of the intersection. We show that

vxw-z#0.
On the contrary, there are « and f such that
(46) z = av + Pw.
Then
¢(P,v) =¢(R,v) =L(R,aw+ Bz) C (R, w,z) = 7(Q,w, z).
And we obtain a contradiction. Now, we prove that if v - (w X z) # 0, then the inter-
section is non-empty. We have to prove that there are ¢, s,  such that

R=Q+sw+rz, R=P+tz

or .
PQ =tv—sw —rz.

Such real numbers exist, because {v, w, z} is a basis of E3. Now, we wish to evaluate ¢

to find an explicit formula for the intersection point. We set

an:=t Bi=-—s yi=-—r
and N
b := PQ.
Then, we need to find real numbers «, 8, y such that
b =av+ Bw+ yz.
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To this purpose, we use the Cramer’s Rule:

_brwxz _v-bxz _v-wxb
“vwxz P owxz T vwxz
Then, the intersection point is

R=P+<PQ.wXZ>ZJ=Q— (U-PQXZ)w_ (v-wxPQ)Z.
VW X2z VWX Z VWX 2Z

Given Q € R® and a plane 7t(P,w,z). We define the distance between Q and 7 as
d(Q, ) :=inf{d(Q,R) | R € r}.

Proposition 5.3 (Distance between a point and a plane). Given Q € R® and a non-
degenerate plane 7t(P,w, z). Then

o

|13(:5w X z|
dQ,n) = —7————
@7 = T
Proof. We define
"= 0(Q,v xw).

By Proposition 5.2, the intersection between ¢’ and 7t consists of a single point

Q=0- <7UXW'PQ>vxw.

lo < w]]?
Then
00| - [oxw PA|
(47) dQm) < QQ =7
(@ <QQ = L
Now, let R be another point of 7. Then
RG-QQ' =0,
Hence
d(Q,R)* =d(Q,Q')* +d(R, Q)
and .
|l x w- PQ|
d(QR) >d(Q Q) = L2
(QR) 2d(Q.Q) = =5~

Since the inequality above holds for every R € 7, we obtain

v x w-P_Q)|
aQ,m) > ———
Q)2 Tl
Together with (47), we obtain
v X w-F@|
d(Q,m) = 7
Q)= Toca
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