WEEK 11 - LECTURE 4

Theorem 3.10, page 102: if P is a partition of a set A, then
xGy< dBeP->-x,yeB

(i) is an equivalence relation and (ii) A/G = P.

Proof. G is an equivalence relation.

G is reflexive: let x € A. Since P is a partition, UP = A. Then, there exists B € P such that
x € B. Then x,x € B. Then xGx.

G is symmetric: xGy = yGx. Suppose that xGy. Then,
BeP->-x,yc B=yxcB.
Then yGx.
G is transitive: xGy A yGz = xGz.
xGy=3dBe€P->-x,y€B;
yGz= 3B ' €P->.y,z€ B
Theny € BN B'. Since P is a partition, B = B'.
(ii). A/G = P. We divide the proof in three parts
(ii.1) For every Gy there exists B € P such that Gy C B.
Since P is a partition, there exists B € P such that x € B. We have G, C B:
zE€EGy=>xGz=dCeP->-x,z€C(C.
Then x € BNC. Then B=C. Thenz € B
(ii.2) for every B € P there exists Gy € A/G such that B C G,.
If B € P, then B # @ because P is a partition. Then
dxeA->-x€B.
We prove that B C Gy. Suppose that y € B. Then
(y€B)A(x € B) = xGy =y € Gy
(ii.3) A/G C P. Given Gy € A/G, from (ii.1) there exists B € P such that

Gy C B.
From (ii.2), there exists G, € A/G such that
Gx CBCGy.
Then Gy C Gy. Then Gy = G,,. Then
B = Gs.

Hence G, € P.

P C A/G. Given C € P, from (ii.2) 3x € A- > - C C G,. From (ii.1), there exists B such
that CC G, C B. ThenB=C =G,. ThenC € A/G.
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EXERCISES OF WEEK ELEVEN

Exercise 1.

1. Given a function f: A — Band C;,C, C A and Dy, D, C B, show that f(C; UC,) =
F(C1)UF(Cy) and f(C1NCa) € F(C1) N F(Ca)

2. show that in some case t1£1e equality does not hold. That s, there are f, A, B, C;,C; C
Asuch that f(C1 N Cy) # f(C1) N f(Ca)

3. let C C A be non-empty. Then f(C) # @

4. /(D1UDy) = f(D) UF(D2)

5. f(D1ND2) = f(D1) N f(Dy)

Exercise 2. Let A be asetand f: A — A be an invertible function. Prove that there
exists a function g such that
fog=0=gof

Exercise 3. Show that there are classes A, B such that UA C UBand A ¢ B.
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98 _ Chapter 3 RELATIONS

=  Fxercise 3.2

i 2
O/.) Each of the following describes. a relation in the set Z of integers. State, for
each one, whether it has any of the following properties: reflexive. symmetric,
' transitive. s P '

1) G={(z,9) |z +y < 3}.
(2) G = {(z,y) | = divides y}.
(3) G ={(z,y) | = and y are relatively prime}.
(4) G={(z,y) | z + y is an even number}.
(B)G={(z,y) |lz=yorz=—y}.
(6) G={(z,y) | z + y is even number and z is a multiple of y}.
(M G={(zy)|y=z+1}.
2. Let G be a relation in A. Prove each of the following.
(1) G is irreflexive if and only if GN1g = 0.
(2) G is asymmetric if and only if GNG~! = 0.
(3) G is intransitive if and only if (GoG)NG = 0.
Q;) Show that if G is an equivalence relation in ;4, then Go G =G.

4. Let {G;}icr be an indexed family of equivalence relations in A. Show that
N G; is an equivalence relation in A.
i€l
5. Let {Gi}ier be an indexed family of order relations in A. Show that () G; is
i€l
an order relation in A.

6. Let H be a reflexive relation in A. Prove that for any relation G ‘in A,
GCHoGandGCGoH.

7. Let G be a reflexive relation in A and let H be a reflexive and transitive
relation in A. Show that G C H if and only if Go H = H. (In particular,
this holds if G and H are equivalence relations.)

8. Show that the inverse of an order relation in A is an order relation in A.

9. Let G be a relation in A. Show that G is an order relation if and only if
GNG1l=14and Go G =G.

10. Let G and H be equivalence relations in A. Show that G'o H is an equivalence
in Aifand only if GoH = HoG.

11. Let G and H be equivalence relations in A. Prove that GUH is an equivalence
inAifandonlyif Goe HCGUH and Ho G C GUH.

12. Let G be an equivalence relation in A and let H and J be arbitrary relations
in A. Prove that if G C H and G C J, then G C Ho J.



