EXERCISES OF WEEK ELEVEN

Exercise 1.
1. Given a function f: A — Band C;,C; C A and Dy, D, C B, show that

f(GIUG) = f(C1) U f(C)
and
f(C1NG) C f(C1) N (&)
2. show that in some case t}_1e equality does not hold. That s, there are f, A, B, C1,C; C
Asuch that f(C; N Cy) # f(C1) N f(Ca)
3. let C C A be non-empty. Then f(C) # @

4. f(D1UD,) = f(Dy) U f(D2)

5. f(D1N D2) = f(D1) N f(D2)

Solution.

1. Since Cy,Cy € Cy U Gy, we have f(Cy), f(C2) C f(Cy) U f(Cy). Then
fFICUF(C) € F(CLUG).

Lety € f(C1UCy). Then, there exists x € C; U C; such that f(x) = y. If x € Cy, then
y € f(Cq). Otherwise, y € f(Cp)

2.lety € f(C; NCy). Then, there exists x € C; N Cy such that f(x) =y;x € ;N Cy =
x € C; which implies y = f(x) € f(Cy). Since x € Cp, y € f(Cy). The equality does
not hold, in general. If we choose

A=2, B=1, f:={(00),(1,0)} C ={0}, C={1}
then C; N C; = @ and f(®) = @. However,
f(C1) = f(C2) = {0}
which implies f(Cy) N f(Cp) = {0}
3. since C # @ there exists x € C. Then f(x) € f(C). Then f(C) # @
4.

x € f(D1UDy) & f(x) € DiUD;y & (f(x) € D) V (f(x) € D7)
& (x € f(D1) V (x € f(D2)) & x € f(D1) U f(D2)

xe f(D1NDy) < f(x) € D1NDy < (f(x) € D1) A (f(x) € Dy)
& (x € f(D1)) A (x € f(D2)) & x € f(D1) N f(D2)
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Exercise 2. Let A beasetand f: A — A be an invertible function. Prove that there
exists a function g such that
fog=0=gof

Solution. Since A is a set, A’ # @. We define g := id ;. Then f o g = go f = @ because
ran(g) Ndom(f) = ran(f) Ndom(g) = @.
O

Exercise 3. Show that there are classes A, B such that UA C UBand A ¢ B.
Solution. Let A = {{0,1}} and B = {{0}, {1} }. Then
UA =UB={0,1}
but A € B. O]



