SOLUTIONS OF THE EXERCISES WEEK ELEVEN

Exercise 1. Suppose that a model satistfies A1, A2, A3, A4 and that there exists a set
x € % . Then, there exists an element y such that x # y.

Proof. Actually, the exercise need A3 as well.
A2 = JO
Moreover,
O C x.

Then
A4 = @ isa set.

A2 = 3{0).
A3 = {@} is an element.
Then, we have two elements @, {D}.

Cleary, the two elements above are different from each other because the first is empty
and the second has at least one element. Then, at least one of the two is different from

X. O

Exercise 2. Let A be a partially ordered class. That is, there exists a subclass
GCAXxXA

such that G is

(Reflexive) idy CG

(Antisymmetric) GNG1lcid A

(Transitive) GoG CG.

Suppose that (A, G) is a fully ordered class. Can you express such definition in terms
of G?
Proof. 1If (A, G) is a fully ordered class, then
Vx,y € A(x <yVy<x)
which means
V(x,y) e Ax A((x,y) € GV (y,x) € G).

By definition of inverse graph, we can write

V(x,y) EAxA((x,y) GV (x,y) €G)

which is equivalent to
AxACGUG.
O

Exercise 3. Let (A, <) and (B, <) two partially ordered class. Let g: A — B be an
order-preserving function. Prove the following.
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a) if g is strictly increasing, then for every a € A there holds

g(sll) - Sg(a);
b) if A is a fully-ordered class and g is strictly increasing and surjective, then for
every a € A there holds
g_(sﬂ) = Sg(a)'
Proof.
(a) if y € §(Sq), then there exists x € S, such that
gx)=y, x<a.
Since g is strictly increasing,
y <g(a)
which implies
RS Sg(a)'
Hence
g(Sa) - Sg(u)'
(b) We only need to prove that
S g(a) C g (SIZ)
because we proved the other inclusion on (a). If

Y € Sg(a)
then
y < gla).
Since g is surjective, there exists x € A such that
(1) g(x) =y < gla).

Since A is a fully ordered class, either x < aora < x. Ifa < x, then g(a) < g(x),
which gives a contradiction with (1). Then

x<a

whence y € $(S;).



