MINIMAL SUBMANIFOLDS FROM THE ABELIAN HIGGS MODEL

ALESSANDRO PIGATI AND DANIEL STERN

ABSTRACT. Given a Hermitian line bundle L — M over a closed, oriented Riemannian
manifold M, we study the asymptotic behavior, as € — 0, of couples (u., V) critical
for the rescalings
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of the self-dual Yang—Mills—Higgs energy, where u is a section of L and V is a Her-
mitian connection on L with curvature Fy.

Under the natural assumption limsup,_,; Eec(ue, Ve) < 00, we show that the energy
measures converge subsequentially to (the weight measure p of) a stationary integral
(n — 2)-varifold. Also, we show that the (n — 2)-currents dual to the curvature forms
converge subsequentially to 27T, for an integral (n — 2)-cycle I with |T'| < p.

Finally, we provide a variational construction of nontrivial critical points (ue, V)
on arbitrary line bundles, satisfying a uniform energy bound. As a byproduct, we
obtain a PDE proof, in codimension two, of Almgren’s existence result for (nontrivial)
stationary integral (n — 2)-varifolds in an arbitrary closed Riemannian manifold.

1. INTRODUCTION

A level set approach for the variational construction of minimal hypersurfaces was
born from the work of Modica-Mortola [30], Modica [29], and Sternberg [34]. Start-
ing from a suggestion by De Giorgi [12], they highlighted a deep connection between
minimizers u. : M — R of the Allen—Cahn functional

Fo) = [ (ddof + 5-0- ),

and two-sided minimal hypersurfaces in M, showing essentially that the functionals F;
I'-converge to (% times) the perimeter functional on Caccioppoli sets. Several years
later, Hutchinson and Tonegawa [19] initiated the asymptotic study of critical points v
of F, with bounded energy, without the energy-minimality assumption. They showed,
in particular, that their energy measures concentrate along a stationary, integral (n—1)-
varifold, given by the limit of the level sets v *(0).

These developments, together with the deep regularity work by Tonegawa and Wick-
ramasekera on stable solutions [38], opened the doors to a fruitful min-max approach to
the construction of minimal hypersurfaces, providing a PDE alternative to the rather
involved discretized min-max procedure implemented by Almgren and Pitts [5, BI] in
the setting of geometric measure theory. This promising min-max approach based on
the Allen—Cahn functionals was recently developed by Guaraco and Gaspar—Guaraco
[16, 14], and has been used successfully to attack some profound questions concern-
ing the structure of min-max minimal hypersurfaces—most notably in Chodosh and

Mantoulidis’s work on the multiplicity one conjecture [IT].
1
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The initial motivation for this paper is to find, in a similar vein, a natural way to
construct minimal varieties of codimension two through PDE methods. Recently, other
attempts in this direction have been made by Cheng [10] and the second-named author
[33], based on the study of the Ginzburg-Landau functionals

1 1
F(v) := 2. 7 (1 |ul2)2?
(U) |10g€|/ (|d7j’ 462( |U’ ) )

on complex-valued maps v : M — C. While the Gingburg-Landau approach can
be employed successfully to produce nontrivial stationary rectifiable (n — 2)-varifolds
(building on the analysis of [28], [8], and others), and leads to existence results of
independent interest for solutions of the Ginzburg-Landau equations, it is not yet known
whether the varifolds produced in this way are integral, nor is it known whether the
full energies F¢(v,) of the min-max critical points converge to the mass of the limiting
minimal variety in the case by (M) # 0.

While it is possible that these and other technical difficulties may be overcome with
sufficient effort—and establishing integrality in particular remains a fascinating open
problem—they point to the deeper fact that the Ginzburg—Landau functionals, though
intimately related to the (n — 2)-area, do not provide a straightforward regularization
of the codimension-two area functional. Indeed, we stress that the Ginzburg-Landau
energies should be understood first and foremost as a relaxation of the Dirichlet energy
for singular maps to S', and while the limiting singularities of critical points may
coincide with minimal varieties, the associated variational problems exhibit substantial
qualitative differences at both large and small scales.

In the present paper, we consider instead the self-dual Yang—Mills-Higgs energy

(1.1) B(u,V) := /M (yw\? P + W(u))
and its rescalings (for € € (0,1])
(1.2) E.(u,V) = /M (IVuf?> + | Fel? + W (w),

for couples (u, V) consisting of a section u of a given Hermitian line bundle L — M,
and a metric connection V on L. Here, the nonlinear potential W : L — R is given by

(13) W) = (1 o),
while Fy € Q?(End(L)) denotes the curvature of V.

For the trivial bundle L = C x R? on the plane M = R?, a detailed study of the
functional and its critical points can be found in the doctoral work of Taubes
[35, 136]. In [36], all finite-energy critical points (u, V) of in the plane are shown
to solve the first order syste

1
(1.4) VoutiVa,u=0; *Fy= 15(1 — |u?)

known as the vortex equations—a two-dimensional counterpart of the instanton equa-
tions in four-dimensional Yang—Mills theory. In particular, all such solutions (u, V)

Here and elsewhere, we implicitly identify F'y with the two-form w given by Fv (X,Y) = —iw(X,Y).
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minimize energy among pairs (u, V) with fixed vortex number

1
= xFy € Z,
2w R2
and carry energy exactly E(u,V) = 27|N|. In [35], Taubes shows moreover that there
exist solutions of (1.4]) with any prescribed zero set

u(0) = {z1,...,2n} C R?,

which are unique up to gauge equivalence, so that [35] and [36] together give a complete
classification of finite-energy critical points of in the plane.

In [I§], Hong, Jost, and Struwe initiate the study of the rescaled functionals in
the limit ¢ — 0O for line bundles L — X over a closed Riemann surface ¥. The main
result of [I8] shows that, for solutions (ue, V) of the rescaled vortex equations (given
by replacing (1 — |u[?) with %(1 — |uel?) in (T4), the curvature x5~ Fy, converges
as € — 0 to a finite sum of Dirac masses of total mass |deg(L)|, away from which
V. converges to a flat connection Vy, and u. to a unit section ug with Voug = 0,
up to change of gauge. While the authors of [I8] focus on the vortex equations over
Riemann surfaces, they suggest that the asymptotic analysis of the rescaled functionals
E. may also yield interesting results in higher dimension, pointing to similarities with
the Allen—Cahn functionals for scalar-valued functions.

In the present paper, we develop the asymptotic analysis as € — 0 for critical points
of E, associated to line bundles L — M over Riemannian manifolds M" of arbitrary
dimension n > 2. The bulk of the paper is devoted to the proof of the following theorem,
which describes the limiting behavior as € — 0 of the energy measures

1
e 1= %ee(ue,vg) vol,

and curvatures Fy_ for critical points (ue, V) satisfying a uniform energy bound.

Theorem 1.1. Let L — M be a Hermitian line bundle over a closed, oriented Riemann-
ian manifold M™ of dimension n > 2, and let (ue, V) be a family of critical points for
E. satisfying a uniform energy bound

Ec(ue, Vo) <A < 0.

Then, as € — 0, the energy measures
1

fle = %eg(ug,ve) volg

converge subsequentially, in duality with CO(M), to the weight measure p of a stationary,
integral (n — 2)-varifold V. Also, for all0 < § < 1,

spt(V) = lim {Juc| < 6}

in the Hausdorff topology. The (n — 2)-currents dual to the curvature forms %Fve
converge subsequentially to an integral (n — 2)-cycle T', with |T'| < p.

As will be clear from the proofs, orientability will be assumed only to show the
statement concerning the current I.

Roughly speaking, Theorem [I.1] says that the energy of the critical points concen-
trates near the zero sets uZ1(0) of u. as e — 0, which converge to a (possibly rather
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singular) minimal submanifold of codimension two. In the case dim(M) = 3, for in-
stance, it follows from the results above and work of Allard and Almgren [3] that energy
concentrates along a stationary geodesic network with integer multiplicities. The con-
vergence of the curvature, moreover, to an integral cycle Poincaré dual to ¢i(L), with
mass bounded above by lim._,o E¢(uc, V), provides a higher dimensional analog to the
limiting behavior described in two dimensions by Hong—Jost—Struwe [18].

At first glance, the obvious advantages of Theorem [I.1] over analogous results for
the complex Ginzburg—Landau equations (cf., e.g., [28, 8, [33]) are the integrality of the
limit varifold V', and the concentration of the full energy measure to V, independent
of the topology of M. Indeed, Theorem and the analysis leading to its proof align
much more closely with the work of Hutchinson and Tonegawa [19] on the Allen-Cahn
equations than they do with related results (e.g. [28, §]) for the complex Ginzburg—
Landau equations. The parallels between the analysis presented here and that of the
Allen—Cahn equations in [19] are in fact quite striking in places—a point to which we
will draw the reader’s attention throughout the paper.

Remark 1.2. We warn the reader, however, that while the qualitative analysis of the
Allen—Cahn functionals does not depend on the precise choice of the double-well po-
tential W, the analysis of the abelian Yang-Mills—Higgs functionals f seems
to depend quite strongly on the choice W(u) = (1 — |u|*)%. Indeed, already in two
dimensions, replacing W with a potential W) (u) := 3 (1 —[u|?)? for some A # 1 yields a
dramatically different qualitative behavior, breaking the symmetry which leads to the
first-order equations , and introducing interactions between disjoint components of
the zero set (see, e.g., |21, Chapters I-III]). This should serve as one indication that
the analysis of the abelian Higgs model is somewhat more delicate than that of related
semilinear scalar equations, in spite of the strong parallels.

To get some idea of the role played by gauge invariance, note that unit sections of a
Hermitian line bundle are indistinguishable up to change of gauge (when no preferred
connection has been selected) and, for a given unit section uw of L, one can always
choose locally a connection with respect to which u appears constant. Thus, while most
of the energy of solutions v, to the complex Ginzburg-Landau equations falls on annular
regions—relatively far from the zero set—where v, resembles a harmonic S'-valued map,
the energy ec(ue, V) of a critical pair (ue, V) for the abelian Yang-Mills—Higgs energy
instead concentrates near the zero set u_!(0), with |V u.| vanishing rapidly outside this
region.

Of course, the results of Theorem would be of limited interest if nontrivial critical
points (ue, V) could be found only in a few special settings. After completing the proof
of Theorem we therefore establish the following general existence result, showing
that nontrivial families satisfying the hypotheses of Theorem arise naturally on any
line bundle (including, importantly, the trivial bundle) over any Riemannian manifold
M™, from variational constructions.

Theorem 1.3. For any Hermitian line bundle L — M over an arbitrary closed base
manifold M™, there exists a family (ue, V) satisfying the hypotheses of Theorem |1.1
with nonempty zero sets u='(0) # @. In particular, the energy u. of these families
concentrates (subsequentially) on a nontrivial stationary integral (n — 2)-varifold V' as
e — 0.



MINIMAL SUBMANIFOLDS FROM THE ABELIAN HIGGS MODEL 5

For nontrivial bundles L. — M, this follows from a fairly simple argument, showing
that the minimizers (ue, V) of E. satisfy uniform energy bounds as € — 0. For these
energy-minimizing solutions, we expect moreover that the limiting minimal variety pu =
OH" 2L Y, i.e. the weight measure |V| of V, coincides with the weight measure |I'| of
the limiting (n — 2)-cycle I' = limc_,o *3- Fy,, and that I' minimizes (n — 2)-area in its
homology class. While we do not take up this question here, we believe that it would be
interesting to study the convergence of the functionals to the (n—2)-area functional
in a I'-convergence framework. Let us mention that an asymptotic study for minimizers
of the Ginzburg—Landau functional, on a domain with boundary, was successfully carried
out by Lin and Riviere [27], who were able to identify the concentration measure with
the weight of an integral current. (See also [1], [22] for related I'-convergence results in
that setting.)

Remark 1.4. We remark that a very special class of minimizers for F. are given by
solutions (ue, V) of the first-order vortex equations in Kéhler manifolds (M?", wk) of
higher dimension; these generalize the system from the two-dimensional setting
by replacing xFy in by the inner product (Fy,wk) with the Kéhler form wg, and
requiring additionally that F%2 = 0. As in the two-dimensional setting, solutions of
this first-order system minimize the energy F. in appropriate line bundles on Kéhler
manifolds, and it was shown by Bradlowﬂ [9] that the moduli space of solutions corre-
sponds to the space of complex subvarieties in M (of complex codimension one) via the
zero locus (u, V) — u=1(0).

In particular, the zero loci u-1(0) in this case are already area-minimizing subvari-
eties, before passing to the limit ¢ — 0. Note that the analysis of the vortex equations
plays a key role in the study of Seiberg—Witten invariants of Kéhler surfaces [39], and
a similar analysis figures crucially into Taubes’s work relating the Seiberg—Witten and
Gromov—Witten invariants of symplectic four-manifolds [37]. For a concise introduction
to the higher-dimensional vortex equations and connections to Seiberg—Witten theory,
we refer the interested reader to the survey [13] by Garcia-Prada.

For the trivial bundle L = C x M, we prove Theorem by applying min-max
methods to the functionals , to produce nontrivial families (u., V) satisfying a
uniform energy bound as € — 0. While we consider only one min-max construction in
the present paper, we remark that many more may be carried out in principle, due to
the rich topology of the space

M :={(u,V):0#£ue'(Cx M), VaHermitian connection}/G,

where G := Maps(M, S!) is the gauge group. Indeed, on a closed oriented manifold M,
one can show that the homotopy groups m;(M) are given by

m(M) = HY(M;Z), mo(M) = Z, and m;(M) =0 for i > 3;
it may be of interest to note that these are isomorphic to the homotopy groups of the
space Z,_9(M;Z) of integral (n — 2)-cycles in M, as computed by Almgren [4].
As an application of Theorem[1.3] we obtain a new proof of the existence of stationary
integral (n — 2)-varifolds in an arbitrary Riemannian manifold—a result first proved by

2The precise form of the energies considered by Bradlow in [9] differs slightly from the functionals
E. considered here, but the analysis is essentially the same.
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Almgren in 1965 [5] using a powerful, but rather involved geometric measure theory
framework. As already mentioned, similar constructions for the Allen—-Cahn equations
have been carried out successfully by Guaraco [16] and Gaspar—Guaraco [14], yielding
new proofs of the existence of minimal hypersurfaces of optimal regularity, and leading
to other recent breakthroughs in the min-max theory of minimal hypersurfaces (e.g.,
[11)).

In [11] and [16] (building on results of [38]), the stability properties of the min-max
critical points for the Allen—Cahn functionals play a central role in controlling the regu-
larity and multiplicity of the limit hypersurface. To obtain an improved understanding
of min-max families (u., V¢) and the associated minimal varieties in the abelian Higgs
setting, it would likewise be very interesting to refine the conclusions of Theorem
under the assumption that the families (u., V) satisfy a uniform Morse index bound as
e — 0. We hope to take up this line of investigation in future work.

1.1. Organization of the paper. In Section [2| we fix notation and record some basic
properties satisfied by critical pairs (u, V) for the energies F..

In Section [3], we record some useful Bochner identities for the gauge-invariant quan-
tities |u|?, |Fy|?, and |Vu|?, and use them to establish an initial rough estimate on

& = €| Fy| — %, whose role should be compared to that of the discrepancy func-
tion in the Allen—Cahn setting. Under suitable assumptions on the curvature of M, the
fact that & < 0 follows quickly from the aforementioned Bochner identities and the max-
imum principle. Without the curvature assumptions, some nontrivial additional work
is required to obtain the pointwise upper bound & < C(M, E.(u, V)). This estimate is
the key ingredient to obtain the sharp (n — 2)-monotonicity of the energy, and relies on
the specific choice of coupling constants appearing in the self-dual Yang—Mills—Higgs
functionals.

In Section [4] we derive the stationarity equation for inner variations, from which an
obvious (n — 4)-monotonicity property of the energy follows rather immediately. Using
our rough initial bounds on & from Section |3 we deduce an intermediate (n — 3)-
monotonicity; we use this to reach the pointwise bound & < C(M, E.(u,V)), from
which we finally infer the sharp (n — 2)-monotonicity.

In Section [5| we show that, similar to the Allen—-Cahn setting, the energy density
ec(u, V) decays exponentially away from the set u~1(0)—more precisely, away from
{|u|?> > 1 — B4} for some 34 independent of e.

Section [6] which constitutes the main part of the paper, contains an initial description
of the limiting varifold, showing that it is stationary, (n — 2)-rectifiable, and has a
lower density bound on the support. Then we establish its integrality with a blow-up
analysis, employing the estimates from the preceding sections to reduce the problem
to a statement for entire planar solutions, already contained in the work of Jaffe and
Taubes [21]. We then use this analysis to show that the level sets u_1(0) converge to
the support of V' in the Hausdorff topology, and conclude the section with a discussion
of the asymptotics for the curvature forms %Fve.

In Section [7] we show that E. satisfies a variant of the Palais—-Smale property on
suitable function spaces, allowing us to produce critical points via classical min-max
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methods. We provide a variational construction to get nontrivial critical points satisfy-
ing the assumptions of our main theorem, with energy bounded from above and below,
both for nontrivial and trivial line bundles.

Finally, the Appendix addresses the issue of showing regularity of critical points, as
obtained from Section [7], when they are read in a local or global Coulomb gauge.
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2. THE YANG-MILLS-HIGGS EQUATIONS ON U(1) BUNDLES

Let M be a closed, oriented Riemannian manifold, and let L — M"™ be a complex
line bundle over M, endowed with a Hermitian structure (-,-). Denote by W : L — R
the nonlinear potential

W) = i(l ~ Juf?).

For a Hermitian connection V on L, a section v € I'(L) and a parameter € > 0, denote
by E(u, V) the scaled Yang—Mills—Higgs energy

(2.1) E.(u,V) = / <\Vu|2 + | Fol? + e_QW(u)>,
M
where Fy is the curvature of V. Throughout, we will identify the curvature Fy with a
closed real two-form w via
(2.2) Fg(X,Y)u=[Vx,Vylu—Vxyu=—iw(X,Y)u.

In computing inner products for two-forms, we follow the convention

n

(23) WP = 3 wlen et =g O wleger)?

1<j<k<n Gk=1

with respect to a local orthonormal basis {e;}7_; for T'M.
Note that E, enjoys the U(1) gauge invariance

E.(u,V) = E(e"u,V —idh),
for any (smooth) 6 : M — R. More generally, we have
Ec(u, V) = Ec(pu, V — ip"(d0)),

for any ¢ : M — S', identifying S with the unit circle in C.
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It is easy to check that the smooth pair (u, V) gives a critical point for the energy
FE., with respect to smooth variations, if and only if it satisfies the system

* 1 2
(2.4) V*Vu = ?(1 — |ul*)u,
(2.5) Ed*w = (Vu,iu).

We denote Ap = dd* + d*d the usual positive definite Hodge Laplacian on differential
forms and note that, in our convention, the adjoint to d : Q' (M) — Q?(M) is

(d"w)(er) = = Y (De,w)(ej, ex)-
j=1
Since the curvature form w is closed, taking the exterior derivative of gives
(Apw)(ejsex) = (d(Vu, iu))(ej, ex)
= (iVe,u, Ve, u) — (iVe,u, Ve, u)
+ (iu, Fy(ej, e )u)
= ¥(u)(ej, ex) — [ul’w(e;, ex);
ie.,
(2.6) EAgw = —|ulPw + P (u),
where
Y(u)(ej, ex) := 2(iVe,u, Ve, u).
For future reference, we record the simple bound
(2.7) 9 (u)| < [Vul?.

To confirm (2.7)), fix x € M and note that the linear map Vu(x) : T,M — L, has a
kernel of dimension at least n — 2. Take an orthonormal basis {e;} of T, M such that
e;j € ker Vu(x) for j > 2. We compute at = that

[$(w)| = 20(iVe,u, Veyu)| < 2|Ve,ul|Veyul < [Veyul® + [ Veyul?,
which gives (2.7)).
3. BOCHNER IDENTITIES AND PRELIMINARY ESTIMATES

From the equations ([2.6) and (2.4), we apply the standard Bochner—Weitzenbock
formulas to obtain some identities which will play a central role in our analysis. For the
curvature two-form w, it will be useful to record the Bochner identity

(3.1) A%W = |Dwl? + €2 ([uf*|w]* = (¥(u),w)) + Ra(w,w),

where D is the Levi—Civita connection and Ry denotes the Weitzenbock curvature op-
erator for two-forms on the base Riemannian manifold M. For any § > 0 we have

(wl? + 8228 + 82)12 + IDIull? > Ag (ol +6%) = Aol
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Since |D|w]||? < |Dw|?, implies

(Jwl? + 8 2A(jw]* + 632 2 2 (Jul ol = (¥ (u),w)) + Ra(w,w).
Dividing by (|w|? 4 6%)%/? and letting § — 0, we obtain
(3.2) Alw| = e (Jul|w| = [ (u)]) = IR ||,

in the distributional sense (and classically on {|w| > 0}). Note that, by (2.7), the
relation (3.2) also gives us the cruder subequation

(3.3) Alw| = e *Juflw] — €% Vul* = [Ry [[w].
For the modulus |u|? of the Higgs field u, we record
1 24(,,12
- 272(1 = [ul?)|ul7,

and observe that a simple application of the maximum principle yields the pointwise
bound

1
(3.4) AZJuf? = |Vuf

lu? <1 on M.
For the energy density |Vu|? of the Higgs field u, we see that
A%wuy? _ [V2uf? — (V(V*Vu), V) + (d*w, (iu, V)
— 2(w, Y(u)) + R1(Vu, Vu)
= [V2ul? 2w, () + 5 fiu, Vu)
1

22

1
= |V?ul* + 272(3IUI2 = 1)|Vul* = 2(w, ¢ (u)) + R1(Vu, Vu),

1
(1-— ]u\Q)]Vu\z + 6—2\(u, Vu>\2 + R1(Vu, Vu)

where at p € M we let R1(Vu, Vu) = Ric(e;, €;)(Ve,u, Ve, u) and Vgi’eju =V, (Ve,u),
for any local orthonormal frame {e;}*; with De;(p) = 0.
Next, we introduce the function

(3.5) = e|Fy| — %(1 —[uf?),
and combine with to see that
A& > Mol — VUl — R llwl + Va1~ ul)ul?
> ¢ ?|ufée — €| Ry || oo |wl-

If R2 > 0, we can actually replace the term —e||R; || o |w| with ce|w|, for some positive
constant ¢ = ¢(M); from a simple application of the maximum principle, in this case
we get & < 0 everywhere on M, and consequently (cf. [2I, Theorem III.8.1])

w
(3.6) E|Fy? < (2u) pointwise, provided Rg > 0 on M.
€

This balancing of the Yang—Mills and potential terms, which should be compared with

Modica’s gradient estimate in the asymptotic analysis of the Allen—Cahn equations
(cf. [19, Proposition 3.3]), will play a key role in our analysis, allowing us to upgrade
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the obvious (n — 4)-monotonicity typical of Yang-Mills-Higgs problems to the much
stronger (n — 2)-monotonicity d%(r%" fBr ee(u,V)) > 0.

Remark 3.1. We remark that the analog of the identity A&, > € 2|u|?E—€|| Ry || poo |w|—
and, consequently, the sharp (n — 2)-monotonicity result—fails for choices of coupling
constants other than those corresponding to the self-dual Yang—Mills—Higgs functionals
considered here.

Without the positive curvature assumption, we may still employ the subequation

!u\2

(37) Age = 56 ( )€|FV|7

to obtain strong estimates for the positive part & of &. To begin, denote by G(z,y) the
nonnegative Green’s function for the Laplacian on M, unique up to additive constant,
so that A,G(z,y) = —tr~ — dy, and set

vol(M)
(3.8) hle)i= [ GlaonelFolmdy =0,
so that
1
(3.9) Ahe(z) = WHGFVHU — €| Fy|(z).

Taking C’ to be the constant appearing in (3.7)), for the difference £ — C’he we then
have

2 2
’a
A~ Ch) > e~ o + c"“' he — crleEv o
(3.10) 2 vol(M)
| [l e oy - crlEETlln
- (&= Cha = C vol(M)

Observe that the L' norm of £ — C’h. is bounded by the energy:
1€e = C'hell 1 < Nl&ellzr + C(M)]|hel 2
(3.11) < el + C(M)||eFv]| 1
< C(M)E.(u, V)2
(Where the constant C'(M) may of course change from line to line.)

Integrating (3.10)) against the positive part ¢ := (§,—C"h¢)™ and bounding ||eFy || <
C(M)E.(u, V)2, we get

/M |d§]2 < _/M |U| 42 c(M e(u,V)lm /MC
< —-C(M)E(u,V) 1/2/ C.

Applying (3.11)), this gives ||d(||z2 < C(M)E¢(u, V).
Thus, applylng Moser iteration, namely integrating (3.10) against powers (7 with
increasing exponents v > 1, we deduce that

(3.12) € — C'he < ¢ < C(M)Ec(u, V)"
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As a simple application of , we note that by definition of h. and the
standard estimate (see, e.g., [7, Section 4.2])
G(z,y) < C(M)d(z,y)*™"
if n >3 (or G(z,y) < —C(M)log(d(z,y)) + C(M) if n = 2), we have the L*° estimate
el < C(M)[|leFg || Ln-1

(with 2 replacing n—1 when n = 2). If n = 2, this inequality and (3.12)) give a pointwise
bound

5N < CM) el 2 + C(M)Ee(u, V)'? < C(M)Ee(u, V)'/2.

In the sequel, we assume n > 3 and aim for a similar pointwise bound. We have
2

n=3 2
[hellzoe < CM)[€Fl|n-1 < CellFy = 1 Foll7z"-
Using this in (3.12]), we compute at a maximum point for |Fy| to see that

1 n=3 1
leFllzee — 5-(1 = [u?) = & < ClleFy || ;< Ee(u, V)T + CEc(u, V)'/?,
and, by an application of Young’s inequality, it follows that
1 —n
ufwmmﬁbhwg§f+ch£u%vﬂﬂ
€

for any 6 € (0,1). Taking 6 = €2/" we arrive at the crude preliminary estimate

1 1
< L 3/n_—1 1/2
leFvllz _ijpﬁgﬁike E(u,V)"?)
< L0y B vy,
2¢ 2e

where a(e) — 0 as e — 0.
Now, consider the function

f iz o] — L6 zeE(u v)'?)

By virtue of the preceding estimate for ||Fy |z, we then see that
1+ a(e)(1+ Ee(u, V)'/?)

(1= luf).

< 2
< < u
pointwise. Appealing once again to (3.4)) and (3.3)), we see that
2
u
ar= 10y )

so at a point where f achieves its maximum we have

2 C(l+E 1/2
€2 €
On the other hand, we know that |u|? > W f everywhere, so the preceding

computations yield an estimate of the form
(max f)? < C(M, Ec(u,V))

€ - €

)
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provided max f > 0, and we deduce that f < C(M, E.(u,V)) everywhere. Putting all
this together, we arrive at the following lemma.

Lemma 3.2. Let (u,V) solve (2.4) and (2.5) on a line bundle L — M, and suppose
Ec(u,V) < A. Then there exist a constant C(M,A) and a function a(M, A, €), with
ale) = 0 as €e = 0, such that

(L — [ul?)

(3.13) €e < a(e) +C.

In the next section, we will improve the rough preliminary estimate of Lemma [3.2
to a uniform pointwise bound of the form ¢ < C(M,A), but this will require some
additional effort.

4. INNER VARIATIONS AND IMPROVED MONOTONICITY

In this section, we derive the inner variation equation for solutions of 7, and
explore the scaling properties of the energy F.(u., V¢) over balls of small radius. Under
the assumption that the curvature operator Ro appearing in is positive-definite
(so that holds), the analysis simplifies considerably, leading with little effort to the
desired monotonicity of the (n — 2)-energy density. Without this curvature assumption,
more work is required, first building on the cruder estimates of the preceding section to
obtain a uniform pointwise bound for &.

Fixing notation, with respect to a local orthonormal basis {e;} for T'M, define the
(0, 2)-tensors Vu*Vu and w*w by

(4.1) (Vu™Vu)(e;, ej) := (Ve,u, Ve, u),

(4.2) wrw(e;, ej) = Zw(ei, er)w(ej, ex).
k=1
Note that tr(Vu*Vu) = |Vul? and tr(w*w) = 2|w[?. Denote by e(u, V) the energy
integrand
w
ec(u, V) := |Vu|* + | Fy > + 6(2u)
The fact that dw = 0 reads

Duw(ej, ej) = De,w(-,€5) + Dejw(ei, s

where D is the Levi—Civita connection of M. Using this identity, it is straightforward
to check that
W (u)
2
+ 2w((iu, Vu)? ) + 2¢2 div(ww) — 262w((d*w)?, ).

dee(u, V) = 2div(Vu*Vu) + 2(Vu, V*Vu) + d

In particular, defining the stress-energy tensor T¢(u, V) by
(4.3) T.(u, V) = ec(u, V)g — 2Vu*Vu — 26%w*w,
for (u, V) solving and it follows that
(4.4) div(Te(u, V)) =0,
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meaning that ) (D¢, T¢)(e;,-) = 0. Integrating (4.4) against a vector field X on some
domain 2 C M, we arrive at the usual inner-variation equation

(4.5) | @ v).0x) - /8 T V)X,

where we identify T¢(u, V) with a (1,1)-tensor and denote by v the outer unit normal
to 2. Taking Q = B,(p) to be a small geodesic ball of radius r about a point p € M,
and taking X = grad(%dﬁ), where d, is the distance function to p, (4.5)) gives

1"/ (ec(u, V) — 2|V,,u|2 — 2€2|Ll,w|2) = / (Te(u,V),DX)
aBr(p)

By (p)

:/ <T6(u),g>—|—/ (Te(u), DX — g)
By (p)

B (p)

_ / (nee(u, V) — 2|Vl — 46| Fo[?)
Br(p)

—I—/JST(p)(Te(u),DX —g).

Now, by the Hessian comparison theorem, we know that
DX — g| < C(M)dy;

applying this in the relations above, we see that

r/ e (1, V) > 27«/ (IVoul? + €[uw]?)
aBr(p) aBT(p)
W(U))

[ (= 2ITuP + (0= HEFP 0
Br(p) €

- C/(M)TQ/ ee(u, V).

Br(p)
Setting

(4.6) F(p,r) = O /B w9,
r(P

it follows from the computations above (temporarily throwing out the additional non-
negative boundary terms) that

of e’ 2 2 2 W (u)
4> _ _ )
or — r /Br(p) <(n IVul+ (n = | Fof” +n €2 )

At this point, one easily observes that the right-hand side of (4.7)) is bounded below by
”7_4 f(p,r), to obtain the monotonicity of the (n — 4)-energy density

(4.7)

) 20

For general Yang—Mills and Yang—Mills-Higgs problems, this codimension-four energy
growth is well known to be sharp (cf., e.g., [32], [40]). For solutions of (2.4 and (2.5)
on Hermitian line bundles, however, we show now that this can be improved to (near-)
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monotonicity of the (n — 2)-density 72~"f(p,r) on small balls, which constitutes a key
technical ingredient in the proof of Theorem
To begin, we rearrange (4.7)), to see that

of . n—2 2eC" W) o . 9
s —
8T - f(/r) + /;T(p) ( 62 € ‘FV’ )

r r

_ 207 e
=T = [ e+ g w),

recalling the notation & := €[Fy| — (1 — |u[?). Now, by Lemma assuming
Ec(u,V) < A, we have the pointwise bound

1 1— |ul?
& (elFel + - (1~ ) <2(C + a0 D) e, v) 2
< Cec(u, V)% 4+ Cale)ec(u, V).

Applying this in our preceding computation for g—{, we deduce that

- C'r? C'r?
g > n 2f(r) _¢ / Cec(u, V)1/2 — a(e)e / Cec(u, V)
or r T JB.) r JB.p)

n—2—Cale ed'r
> L()f(r) — C’r"/Q(/BT( )ee(u, V)>1/2

r T

n—2—C"a(e)

r

> fr) = C P ()2

for some constant C”(M,A) and 0 < r < ¢(M). Taking e sufficiently small, we arrive
next at the following coarse estimate for the (n — 3)-energy density, which we will then
use to establish an improved bound for &.

Lemma 4.1. For e < €, (M, A) sufficiently small, we have a uniform bound

(4.8) sup 7“3_”/ ee(u, V) < C(M,A).
) By (p)

0<r<inj(M

Proof. The statement is trivial if n = 2,3, so assume n > 4. In the preceding com-
putation, take ¢ < €,,(M,A) sufficiently small that C”a(e) < L. Then the estimate

2
gives
Fir) = PR gy ot ey,
r
from which it follows that, for 0 < r < ¢(M),
d -n -n -n
) 2P () + (B =)t ()

> 270 (0= 2) 1) = 21 ()2 + 3= m) (7))

> 2 (1) — O ).
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If 73=" f(r) has a maximum in (0, ¢(M)), it follows that f(r) < Cr™/2f(r)"/? there, and
therefore 73" f(r) < Cr® < C. Obviously the desired estimate holds at r = 0 and
r=c(M), so (4.8)) follows. O

With Lemma[4.1]in hand, we can now improve the bounds of Lemma|[3.2]to a uniform
pointwise estimate, as follows.

Proposition 4.2. Let (u, V) solve (2.4)—(2.5) on a line bundle L — M, with the energy
bound Ec(u,V) < A and € < €y,. Then there is a constant C(M,A) such that

(4.9) = elFol — (1~ luf’) < C(M, A).

Proof. We can assume n > 3, as we already obtained the claim for n = 2 in Section [3]
Recall from that section the function

hel) = /M G, y)e| Fo () dy.

where G is the nonnegative Green’s function on M. As discussed in Section [3 we can
deduce from (3.7) a pointwise estimate of the form

(4.10) & < C(M)he + C(M)Ec(u, V)'/2.

Thus, to arrive at the desired bound (4.9)), it will suffice to establish a pointwise bound
of the same form for h..

To this end, recall again that G(z,y) < C(M)d(z,y)?>™™, so that by definition we
have

hla) <€ [ diay?"elFs () dy
<0/ (2,9)* "ec(u, V)2 (y) dy
< C/ (d(z,y) "2 + d(w,y)* " e (u, V) dy,
M

Where the last line is a simple application of Young’s inequality. Since the integral
[oy d(z,y) ™"/ dy is finite, it follows that

he(z) < C(M) + C(M)A + C(M) /0 e r3*"+1/2( /a ec(u, V)) dr

Br(x)
inj(M) 4

— C(M, A) + C(M) /O %(r*n”/? /B . ec(u, V)) dr

+(n—T/200) /Oinj(M) p3-n—1/2 (/T(x) ec(u, V)) dr

< C(M, A) + C(M) /O e iz /B ec(u,V)) dr.

()
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On the other hand, by Lemma we know that 737" fBT(:p) ee(u, V) < C(M,A) for
every r, so we see finally that

inj(M)
he(x) < C(M,A) + C(M,A) / Y2 dr < C(M, A),
0

as desired. n

Applying (4.9)) in our original computation for f/(r), we see now that

9 —2 20" 1
ey A CL BT IR )

T T
o C'r?
L / C(M, M, (u, V)12
r r BT(P)
n—2

) = OO AT (),

In fact, bringing in the extra boundary terms that we have been neglecting, and applying

Young’s inequality to the term rnT_zf(r)l/2, we see that

o 2 260”“2/ (IVoul? + €w Fy|?)
r - (p)

+ 2 pr) - O )

> 2¢C" /aB ( )(\VVuP + € Fy?)
r (P

n —

+ 25— ) - o2

With this differential inequality in place, a straightforward computation leads us finally
to one of our key technical theorems, the monotonicity formula for the (n — 2)-density.

Theorem 4.3. Let (u, V) solve (2.4)—(2.5) on a Hermitian line bundle L — M, with an
energy bound E¢(u,V) < A. Then there exist positive constants €,,(M, A) and Cp, (M, A)
such that the normalized energy density

(4.11) E(z,r) = eCm’"'rQ_”/ ee(u, V)
B (x)
satisfies
(4.12) Bl(r) > 202" / (Vuuf? + |t Fo ?) — Con,
OBr(x)

for 0 <r <inj(M) and € < €,.

As a simple corollary of the monotonicity result (together with a pointwise bound
for |Vu| derived in the following section), we deduce that (u,V) must have positive
(n — 2)-energy density wherever |u| is bounded away from 1.



MINIMAL SUBMANIFOLDS FROM THE ABELIAN HIGGS MODEL 17

Corollary 4.4 (clearing-out). Let (u,V) solve (2.4)—(2.5) on a line bundle L — M,
with Ee(u, V) < A and € < €y,. Given 0 < § < 1, if

p2n / ee(u, V) < n(M, A, 6)
B, (z)

with v € M and € < r < inj(M), then we must have |u(z)| > 1 — 4.

Proof. For € < €,,, Theorem gives

62”/ ec(u, V) < C(M,AN)n+ C(M,A)r.
Be(w)

The gradient bound (5.3)) in Proposition [5.1] of the following section gives |d|u|| < Ce™".
Hence, if |u(z)] < 1 -6 then |u(y)| < 1 — g on Besacy(x), so that 1 — |u(y)]* >
1 — |u(y)| > §. We deduce that

52

— vol(Bes /20y (7)) < W(u) < 62/ ec(u, V) < Ce"(n+r).

16 B.(x) Be(x)
Since vol(Bes,(2c) (7)) is bounded below by c(M, A, d)e", we can choose 7(M, A, ) <
inj(M) so small that we get a contradiction if 7,7 < 7. On the other hand, if > 7 then

o inj(M)\n2
T / ec(u, V) < (M) 7.

n—2
ﬁ) n < 17, we can reduce to the previous case (replacing r

with 77), reaching again a contradiction. O

Hence, setting n := (

5. DECAY AWAY FROM THE ZERO SET

Again, let (u, V) solve (2.4)—(2.5) on a line bundle L — M, with the energy bound
Ec(u,V) < A. In the preceding section, we obtained the pointwise estimate

1 1
(5.1) |Fy| < 55 (1= [ul*) + —C(M, A)
2¢ €

when € < ¢,,. As a first step toward establishing strong decay of the energy away from

the zero set of u, we show in the following proposition that the full energy density

ec(u, V) is controlled by the potential Wegu)

Proposition 5.1. For (u,V) as above, we have the pointwise estimates

W (u)

(5.2) E|Fy? < C(M,A) s C(M,A)e

and

(5.3) IVl < C(M, A)W(Qu) +O(M, A)é,
€

provided € < eq, for some €5 = €q(M,\).
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Proof. To begin, let C1 = C1(M, A) be the constant from ([5.1)), and consider the function

1+ 2Ce
fiZdFV\—Tl
€

Similar to the proof of Lemma observe that Cy|u|? > f pointwise, by (5.1)), while
the computations from Section [3] give

(1—Ju*) = & — Cy + Oy |ul®.

Jul?

f = C'(M)e|Fy|.

By (5.1) we have |Fy| < % + %, $0 at a positive maximum for f it follows that

Juf? ’ 2 CM,A)
e > —
€2 f CE‘FV’ = 0162 c )

02>

so that
(max f)? < Ce

1/2

(provided max f > 0), and consequently f < Ce'/* everywhere. As a consequence, at

any point, we have either f < 0, in which case

W
| Fo|? < (1 + 2C1¢)? 62“),

or f >0, in which case
W (u
E|Fy|? < 2f% 4 2(1 + 2C1¢)? 6(2 )
2 W (u)
e

In either scenario, we obtain a bound of the desired form ([5.2)).
To bound |Vu|?, recall from Section [3| the identity

< Ce+2(1 + 2C1e)

1 1
(5.4) A§|Vu|2 = |V2ul? + @(3|u|2 — 1)|Vul? — 2(w,¥(u)) + R1(Vu, Vu).

In view of the estimate (5.1) for |Fy| = |w| and (2.7), we can estimate the term
2(w, ¥ (u)) from above by

1 C
2 Fol[Vul? < (1~ [uP)[Vul? + [Vl
to obtain the existence of Cy(M, A) such that
1 1 C
A= |Vul? > |V2ul]? + — (5|ul® = 3)|Vul* — 22|Vl
2 2¢2 €
For A|Vul, this then gives
1 C
(5.5) AlVu| > = (5luf? = 3)|Vu| — —2|Vu.
2¢ €
Recalling once again the equation (3.4) for A|u|?, we define

1
wi= |Vl = (1= [uf?),
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and observe that
2 9 1.9 2
+2[ul? - (1 - fu?)

3(1—Jul?) @)
2 €2 €

2
U 2
= ‘62|w + |Vu| (Z|VU| -

ul> [Vl ( 1 2
= — — (2 —(1— -C )
62w+ € w+2€( [uf) 2
We then have
2
(5.6) Aw > 1Y
If w has a positive maximum, it follows that

1
2 —(1-|uP)<cC
w+26( lu|”) < Cy

at this maximum point; in particular, we deduce then that
[ul? > 1 — 2Cse
at this point, and see from (/5.6 that here

1-2C 1 1
0> 5w ——(w+-(1-[u?)C: >
€ €

€

w2 (w4 20— ) (204 (1 ) - ).

1—3C C3
722610_272‘

19

If e < €4(M, A) is small enough, it follows that maxw < Ce; as a consequence, we check

that
w
w2 < VW | oo
€
completing the proof of ([5.3)).

g

As a simple consequence of the estimates in Proposition [5.1], we obtain the following

corollary.

Corollary 5.2. There exist constants 0 < Bg(M,A) < 1 and C(M,A) such that, for

(u, V) as above, we have
1

1 2
, —(1-— >

(1= |uf?) - C€
on the set Zg,(u) := {|u|?> > 1 — B4}.

Proof. By the formula (3:4) for AZ|ul?, we know that

1 1
A=(1— [uf?) = —[ul2(1 — [uf?) — |Vul?.
5 (1= [ul*) = g5lul*(1 = [ul*) = [Vul

Combining this with the estimate (5.3) for |[Vu|?, we then deduce the existence of a

constant C = C(M, A) such that

1 1 _
A=(1 = |ul?) > JulP== (1 — |[u>) —
5 (1= [ul) = ful"5 5 (1 = |uf") = C

(L= Jul?)?

52 Cé>.
€
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By taking 84 = Bq(M, A) > 0 sufficiently small, we can arrange that

uP = O~ o) 21— - Cha 2 5

on {|ul?> > 1 — B4}, from which the claimed estimate follows. O

Next, we employ the result of Corollary to show that the quantity (1 — |u|?)
vanishes rapidly away from Zg,(u) (compare [21], Sections II1.7-1IL.8]).

Proposition 5.3. Let (u,V) be as before, with € < €4, and define the set
Zay = {w e M :[u(@) <1- G},
where Ba(M, N) is the constant provided by Corollary . Defining r : M — [0,00) by
r(p) == dist(p, Zp),
we have an estimate of the form
(5.8) (1 —[u*)(p) < Cemear®)/e 4 Cet
for some C' = C(M,A) and ag = aq(M) > 0.
Proof. Fix a point p € M, and let r = r(p) = dist(p, Zg) as above. We can clearly

assume 7(p) < % inj(M). On the ball B,(p), for some constant a = aq > 0 to be chosen
later, consider the function

@(x) = €(a/€)(dp(x)2+€2)1/2,

where dp(z) := dist(p, ). A straightforward computation then gives
Ao ® (a/e)df, B dzz)
r=e¥ a2 +e*  (d2+€2)3/?
L Ad2
26('0(d12, + €2)1/2
Lat L, Ad
=2? 26¢(d§+62)1/2

a? + Cia
D) '

<
€

for some C7; = C1(M). Now, fix some constant ca > 0 to be chosen later, and let
1 2
fo= 5= uP) — .
Combining the preceding computation with , we see that, on B, (p),

a? + Cia

1
Af 2 5 (1= [uf') = C(M, )€ — —F——cp

1 it 1—2a*> —2Ca
22 2¢2

€

cop — C(M, A)é?.
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Choosing a = ag(M) > 0 sufficiently small, we can arrange that 2a% + 2C1a < 1, so
that the above computation gives

S
2¢2

On the boundary of the ball 9B, (p), it follows from definition of » = r(p) that
|u|?> > 1 — B4, and therefore

(5.9) Af > Cé.

flz) < — —cp < % — e on OB, (p).

Taking ¢y := Bqe~*/¢, it then follows that f < 0 on dB,(p), so we can apply the
maximum principle with (5.9) to deduce that

f<Ce* in B.(p).
Evaluating at p, this gives
1
Ce 2 f(p) = 5 (1~ [u)(p) — Bae™ PV e,
so that
(1= [ul®)(p) < C(M,A)e~*®)/e 4 C(M, A)e,
as desired. 0

Combining these estimates with those of Proposition [5.1, we arrive immediately at
the following decay estimate for the energy integrand e.(u, V).

Corollary 5.4. Defining Zg, and r(p) = dist(p, Zg,) as in Proposition there exist
aqg(M) >0 and Cy(M,A) such that

—aar(p)/e
(5.10) ec(u, V) (p) < cdeei2 + Ce.

6. THE ENERGY-CONCENTRATION VARIFOLD

This section is devoted to the proof of the main result of the paper, which we recall
now.

Theorem 6.1. Let (ue, V) be a family of solutions to (2.4)—(2.5)) satisfying a uniform
energy bound Ec(ue, V) < A as e — 0. Then, as € — 0, the energy measures

1
e 1= %ee(ue,ve) volg
converge subsequentially, in duality with C°(M), to the weight measure of a stationary,

integral (n — 2)-varifold V. Also, for all0 < § < 1,
spt(V') = lim{|u| < &}
e—0

in the Hausdorff topology. The (n — 2)-currents dual to the curvature forms %wg con-

verge subsequentially to an integral (n — 2)-cycle I', with |T'| < pu.
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6.1. Convergence to a stationary rectifiable varifold.
Let (ue, Ve) be as in Theorem and pass to a subsequence €; — 0 such that the
energy measures ji.; converge weakly-* to a limiting measure g, in duality with CO(M).
Note that, for 0 < r < R < inj(M), Theorem yields

e“BRY™u(BRr(z)) + CR > limsup e“RR? " (Br(z)) + CR

e—0

> lim inf e“"r? " (B, (z)) + Cr

e—0

> eCTr2 7" u(B(2)) + Cr
with C' = (), so approximating R with smaller radii we deduce
(6.1) e“BR2" 1 (Bg(x)) + CR > e“"r? " u(B,(z)) + Cr,
and in particular the (n — 2)-density
Ol ) = lim (w0, r” )~ (B, (x)

is defined. As a first step toward the proof of Theorem we show that this density
is bounded from above and below on the support spt(u).

Proposition 6.2. There exists a constant 0 < C' = C(M,A) < oo such that
(6.2) C7' <" u(B,(x)) < C  for x € spt(p), 0 <7 < inj(M),
and thus C~1 < 0, _2(u,z) < C for all x € spt(p).
Proof. The upper bound follows from (6.1]), which gives (when R = inj(M))
7" (B, (x)) < ecmrTQ_nM(Br(x)) + Cr
< C(M, Ayu(M) + C(M, A) in(M)
< C(M,A).

To see the lower bound, let 83 = 54(M, A) € (0,1) be the constant given by Corollary
(.4, and again set

Zs(ue) == {x € M : |u(2)]* <1 - B}
Let 3 be the set of all limits = lim, z., with . € Zg,(u.); that is, take

E::m U Zg, (ue).

n>0 0<e<n
We then claim that
(6.3) spt(p) € %
and
(6.4) (w(Br(z)) > (M, A" 2 forz e X, 0<r < inj(M).

Once both (6.3]) and (6.4) are established, the lower bound in (6.2]) follows immediately.
To establish (6.3)), fix some p € M \3; by definition of ¥, there must exist 6 = §(p) > 0
such that

dist(p, Zs,(ue)) > 26
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for all € sufficiently small. Applying Corollary for all x € Bs(p), we deduce that

w(Bs(p)) < liminf 1/ ee(te, Ve)
Bs(p)

e—0 27
< lim (Ce2em3/c 4 Ce)
=0 Bs(p)
=0.

In particular, p € M \ spt(u), confirming (6.3]).
To see (6.4), let x € X. Note that, by definition of ¥, there exist points z. € Zg, (ue)
with . — x as € — 0 (along a subsequence). We then see that

|ue(xe)|2 <1- ﬁd
and Corollary [4.4] gives ¢(M, A) such that
te(Br(zc)) = c(M, A)rn_Q

for e < r < inj(M). Since for any § > 0 we have B,(x.) C Bys(x) eventually, it follows
that u(B,is5(x)) > cr™ 2, hence

W(By(x)) > er™
for 0 < r < inj(M), which is (6.4)). O

With Proposition in place, we will invoke a result by Ambrosio and Soner [6] to
conclude that the limiting measure g = lim¢_,g pe coincides with the weight measure of
a stationary, rectifiable (n — 2)-varifold. Recall from Section 4| the stress-energy tensors

T. = ec(ue,Ve)g — 2VeuiVeu, — 262 Fy Fy,.

We record first the following lemma; in its statement, we canonically identify (and pair
with each other) tensors of rank (2,0), (1,1), and (0, 2), using the underlying metric g.

Lemma 6.3. As e — 0, the tensors T, converge (subsequentially) as Sym(TM)-valued
measures, in duality with CO(M,Sym(TM)), to a limit T satisfying

(6.5) (T,DX) =0 for all vector fields X € CY(M,TM),
1
(6.6) 5 (To09) > (n = 2){p,¢)  for every 0 < p € C°(M),
and
1
(6.7) —/ X [2dp < —(T, X ®X) < / | X[*du  for all X € C°(M,TM).
M 2m M

Proof. For each ¢ > 0, note that, by definition of T, for every continuous vector field
X € C%M, TM) we have

/(TE,X@)X):/ ee(ue,V6)|X|2/ 2|(v6)Xu€|2/ 26%|ux Fy |
M M M M

Evaluating (2.3)) in an orthonormal basis such that X is a multiple of e;, we see that
lux Fy, > < |Fy,|?| X |2, while |(V)xuc|> < |Veue|?| X|?. We deduce that

(6.8) —/M\X|2e€(u6,ve)§/M<T6,X®X>§/Mee(u€,ve)|X2.
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As an immediate consequence, we see that the uniform energy bound E¢(u.,V.) < A
gives a uniform bound on [|T¢[[(coy- as € — 0, so we can indeed extract a weak-*

subsequential limit 7 € C°(M, Sym(T'M))*, for which (6.7) follows from (6.8)).
The stationarity condition (6.5) for the limit 7" follows from (4.5). It remains to

establish the trace inequality (6.6). For this, we simply compute, for nonnegative ¢ €
(M),

/ (T, 0g) = / p(nec(ue, Ve) — Q‘Veue‘Q - 462‘FV6’2)
M M
W (ue
= / (n —2)pec(ue, Ve) + 2/ @( (2 ) - 62|FV5’2>
M M €
1— Juc]®)\+
> 27"(” - 2)<N6790> - 47T/ weﬁ(usyve)lﬂ (G‘FVJ - (2||)) .
M 6

Recalling from Proposition [.2] that

(1= Juc)

elFy,| — 5

S C(M7 A)a
we then see that
(T, pg) = 1im/ (Te,09) > 2m(n — 2){(p, @) — Clim/ pee(ue, V)l /2.
e—0 M e—0 M

In particular, will follow once we show that lim._,g f M ee(Ue, Ve)l/ 2=0.
But this is straightforward: from Proposition we know that for 0 < § < inj(M)
we have

w(Bs(z)) > ¢(M,A)6" % for 2 € ¥ = spt(u).
Since vol(Bss(z)) < C(M)d", a simple Vitali covering argument then implies that the
0-neighborhood Bj(X) of ¥ satisfies a volume bound

vol(B;(%)) < C(M, A)s%.
With this estimate in hand, we then see that

/ ee(uea v€)1/2 = / ee(uey VE)I/Q + / ee(uev ve)1/2
M Bs(%) M\B;s(%)

< vol(B5(£))/2AY2 + C(M)uc(M \ B5(2))'/>.

Fixing § and taking the limit as € — 0, we have u.(M \ Bs(X)) — 0. Since vol(Bs(X)) <
C62, we find that
limsup/ ee(ue,Ve)l/2 < COAV2.
e—0 M
Finally, taking § — 0, we conclude that fM (e, Ve)l/2 — 0 as € — 0, completing the
proof. O

Estimate (6.7) says that |T'| is absolutely continuous with respect to pu, so by the
Radon—Nikodym theorem we can write the limiting Sym(7' M )-valued measure T' from
Lemma [6.3] as

1

(6.9) -

mﬁzﬂwwﬁwmm>
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for some L (with respect to u) section P : M — Sym(TM). Moreover, it follows from
and that —g < P(z) < g and tr(P(xz)) > n — 2 at p-a.e. x € M, so that
5- T defines in a natural way a generalized (n — 2)-varifold in the sense of Ambrosio and
Soner, namely a Radon measure on the bundle

(6.10) Appn—o(M):={S € Sym(TM): —ng < S <g, tr(S) >n —2}.

We refer the reader to [6, Section 3]. Note that in [6] the authors work in the Euclidean
space and require the trace to be equal to n — 2 in ; however, the main result
on generalized varifolds, namely [0, Theorem 3.8], still holds in our setting. Indeed, in
the proof of part (a) of that theorem, the condition ZZW;{I A; = m that the authors
obtain becomes ZZ";T Ai > m in our setting (with m = n — 2), and the constraint
Ai < 1 still ensures the conclusion A; > 0 for all 4. Similarly, for part (b), the condition
Yot A = m has to be replaced by > " A\; > m, and this still implies \; = 1 for all
1=1,...,m.

Hence, in view of the stationarity condition and the density bounds of Proposi-
tion we can apply [6, Theorem 3.8(c)] to conclude that ;=7 can be identified with
a stationary, rectifiable (n — 2)-varifold with weight measure p (so, in particular, spt(u)
is (n — 2)-rectifiable), and that P(x) is given p-a.e. by the orthogonal projection onto
the (n — 2)-subspace T, spt(p) C T M. We collect this information in the following
statement.

Proposition 6.4. For a family (ue, V) satisfying the hypotheses of Theorem after
passing to a subsequence, there exists a stationary, rectifiable (n — 2)-varifold V. =
v(X"2,0) such that

(6.11) lim/M<T6(ue,V€),S> :/ZQ(xMTxE,S(:E))dH"_Z

for every continuous section S € C°(M,Sym(TM)). The energy measure i is given by
p=0H""2L%. Also, we can choose ¥ := spt(u) and 0(z) := O, _o(u, ).

6.2. Integrality of the limit varifold and convergence of level sets.

We now show that the varifold V is integer rectifiable. Given x € spt(u) and s > 0,
we define M,  to be the ball of radius s~!inj(M) in the Euclidean space (T,,M, g,.) and
define ¢y 5 : My ¢ — M by 1y 5(y) := exp,(sy). We endow M, ¢ with the smooth metric
G5 1= 3*2@759, which converges locally smoothly to the Euclidean metric g, as s — 0.

By rectifiability, for p-a.e. z the dilated varifolds Vs := (1;4)+(V L Binj(ar)(x)) in
M, ¢ satisfy

(6.12) Vis = 0(TuE, 05-2(7))

as s — 0, in duality with C.(T,M). Fix = € spt(u) such that holds. The
integrality of V' will follow once we prove that © = 0,,_2(u, z) is an integer.

We can identify (T, M, g,) with R™ by a linear isometry such that 7,3 = {0} x R"72.
We also call ji; s the mass measure of V;, s; equivalently,

Ha,s 1= s*"(@i)*(u L Binj(M)(x))‘
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With a diagonal selection, changing our sequence ¢ — 0 accordingly, we can find
scales s — 0 such that we have the convergence of Radon measures

lim fie = lim pip s = OH" 2L T, %,
e—0 s—0" 77

where (e, %E) is the pullback of (us.e, Vs.¢) by means of ¢, 5, and fi, is the associated

energy measure. Note that (U, V) is stationary for E. in the line bundle ¢; ; L, with
respect to the base metric g, s.. We introduce the notation

n

el (@, Ve) = > _(I(Vo)ael* + o, Fe ).
=3

Balls will be denoted by B, (y) or B'(y), depending on whether they are with respect
t0 gz,s. OF grn, respectively. The volume |E| of a set E will be always understood with
respect to the Euclidean metric.

The next proposition, which exploits quantitatively the monotonicity formula, is sim-
ilar to an estimate in the proof of [26, Lemma 2.1].

Proposition 6.5. As € — 0 we have

lim el (e, Ve) = 0.

=0 Jp2xpp-2
Proof. Let C), be the constant in Theorem We first note that, given y € {0} x R"~2,

lim i (B, (y)) = @wn_Qr”d;
e—0

indeed, for any n >0, B]'_,(y) € B.(y) € B}'.,(y) eventually. Setting y. := 15 (y) €
M, we deduce that

lim (e (57) 2" pig, e (Bor (ye)) + CrnSer)

e—0

(6.13) = lim (€5 > (B, (y)) + Conser)

e—0
= Ouw,_9.

Pick 3 < i < n and fix R > 0. Choosing y := —2Re;, we can apply (4.12]) between
the radii scR and 3s.R to obtain that

dzfn(’vl/ﬁ:,iusee‘2 + SSEZ‘LVR,iFVSEE ’2)

y2

/B:«:,SGR(pi)\BseR(m)
< (eC’m(SséR) (356R)27nNSEE<BSSeR(pi)) + Cm(3seR))
- (ecm(SER) (S€R)2_nuseE(BseR(pi)) =+ Cm(SER))’

where p; 1= 1, 5 (—2Re;) and vg; := grad dy,,. Now (6.13)) and the comparability of g s.
with grn give

lim (IvV

~ 12 2 9
U | € |L~ iFA | ) — ()
€20 JBsp(—2Re;)\Br(—2Re;) ¢ VR,i1'V, )

VR,i
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where Vg, is the gradient of the distance function d_sg.,, both with respect to the
metric g, s, . Since eventually Bsp(—2Re;) \ Br(—2Re;) includes B3 x By~ for R big
enough, we get

(6.14) lim (Vo el + €|e5, , Fe |?) = 0.

e—0 B% XBS_2

By monotonicity, as € — 0 we have

limsup/ e€(ﬁ€,§ ) < hmsups2 ”/ €s.e(Us.es Vsee)
B2xBR~2 Bss, ()

(615) e—0 e—0
< C(M,A).
: ~ . y+2Re; .
The smooth convergence g, s. — grn gives Vgri(y) — Yri(y) := Tt 2Rel] uniformly on

B2 x By~2. Hence, the bound (6.15) and (6.14)) give

(6.16) lim (IVyi, el + €|oyg  Fo |?) = 0.

0./ B2xBp—2
Now Yr; — e; = 0; as R — oo, and the statement follows from (6.16]) and the uniform

bound ([6.15)). O

We now state the main technical result of the section, which will be shown later.
Fix a cut-off function y € C2°(B3) with x(z) = 1 for |z| < 2 and 0 < x < 1, and let
X(z,t) := x(2).

Proposition 6.6. There exists F. C B2 with |F.| > %|B{L72| such that
(6.17) sup dist (/ X(z)ee (e, @6)(2,15), 27rN> —0 ase—0.
teFe R2x{t}

Before giving the proof, let us see how this implies the integrality of V.
Proof of Theorem[6.1l As e — 0, we have both (6.17) and

1 PPN . P
(6.18) lim — /]1@2 o Xee(te, V) = lim X dlie = wp_20,
X

e—0 27 =0 Jr2x Br—2

(6.19) [ MaRIdR. < CR(B3\ BY) x B >0,
R2x By 2

as fe — @7—["72 I_ {0} X R””.
In view of (6.15)) and ( , for any vector field (Y3,...,Y") € C’go(B;_Z, R"2) we
can integrate agamst X(Zz 5 Y'9;) and obtain, in the Euclidean metric,

‘/ (T (e, Vo), dY' © )
R2x By~

for some sequence A\ — 0, thanks to the smooth convergence g, s, — gr».
Invoking Proposition (6.5 and notmg that ||Y||p~ < 2||DY ||, we can conclude that

the nonnegative function fg( ) = 5= Jp2y ) Xee (e, v ¢) satisfies

S Al[Ylzee + [[DY || )

‘/ 2f6div(Y)‘ <A DY || 1o
2
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for a possibly different sequence A\ — 0. Applying the Hahn—Banach theorem to the
subspace {DY | Y € C®(By %, R"2)} C Cy(By %, R"2 @ R"2) (Cy denoting the
closure of C;), we can find real measures (I/e)é such that

n

0jfe = Z@i(ye)é forall j=3,...,n
1=3

as distributions and \(ye)é\(Bgfz) — 0. Allard’s strong constancy lemma [2, Theo-

rem 1.(4)] gives then
1
‘ fs - / fe‘
Wn—2 Jpr—2

Since the sets F, of Proposition [6.6] have positive measure, there clearly exists t. € F

such that
1 1
fe(te)_ / fE fe_/ fe’
Wn—2 B{‘_z Wn—2 B;L_Q

Recalling (6.17)), we deduce that

dist (%12 /B . fe,sz) 0.

Hence, by (6.18]), we get dist(©,N) = 0, which concludes the proof that V' is integral. [

Proof of Proposition[6.6. Taking into account Proposition the classical Hardy—
Littlewood weak-(1,1) maximal estimate (applied to the function ¢ — [ B2x{t} el (e, Vo))

— 0.

LY(B7™?)

1

< — — 0.
= |F]

LBy %)

gives
1 . N
(6.20) . / (@, 9.) < C(n) / (0, 9.) = 0
r B2xBI2(t) BZxBy~?

for all t € By 2\ Ef and 0 < r < 1, where EY is a Borel set with |Ef| < 1B}
Similarly, (6.15) and (6.19) give

1
(6.21) S T(B} X B () < C(M,A),

622 Sg(B3\BE) x B 0) < COc((B3\ B3) B ) 0

for t € B2\ (BSUES) and 0 < r < 1, with |ES|,|ES| < 1|Byp~2).
Pick any t¢ € B2\ (E{ U E5 U ES) and, for 0 < r < 1, define
Ve(r):={z € B% - dist((z, t9), Zﬁd/g(ﬂe)) <r}

(with the Buclidean distance), where Zg, j5(de) = {[tc|* < 1 — S4/2}. In other words,
V¢ is the t“slice of the neighborhood B} (Zg, /2 (1))

We claim that, for 0 < r < 3, V(r) satisfies a uniform area bound
(6.23) VE(r)| < C(M, A)r?,

provided € < r and € is small enough. Indeed, V¢(r) x {t} is covered by the balls
B'(y) with y € (B?Q)/2 X BI2(t9)) N Zg, j2(tic). Vitali’s covering lemma gives a disjoint
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collection {BJ'(y;) | j € J} such that V(r) x {t°} C U, Bz, (y;). By Corollary we
have a bound on the cardinality |J|:
fe(B3 x By (1) 2 ) Re(Br (y7)) = Y lie(Brya(ys) = e(M, A)r" 2|
JjeJ JjeJ
(since Lgrn < gps. < 4gmrn for e sufficiently small). Using also (6.21), we get |J| <
C(M,A). Hence, writing y; = (2;,t;), we obtain

V)l < D 183, ()] < 257|J|r* < C(M, A)r?,
JjeJ
confirming (6.23)).
Given R >0, let {2{, ..., 2jyg )} be a maximal subset of V(Re) with |2} — 2f| > 2e.

Since |, (B? N B2(z;)) € VE((R + 1)e) and the balls B?(z) are disjoint, gives a
uniform bound on N (R, €) independent of € (eventually), so up to subsequences we can
assume that N(R) = N (R, e) is constant and that e 1|z — 2§| has a limit r, as € — 0,
for each k, .

We say that k& ~ £ if 7y < oo; this is evidently an equivalence relation (as rg, <
Tke+Tem), SO we can pick a set of representatives {k, ..., kp} of the distinct equivalence
classes [k1], ..., [kp] and conclude that

P
V(Re) C | Bé.(3,)
=1

eventually, for any fixed 5 > So(R) := max{} iy, The +2[7=1,..., P}.
Fix such an S which is also bigger than the constants C' in (6.21) and agl,Cd in

Corollary For any fixed § > 0, (6.20) and (6.21) show that, for e sufficiently
small, Proposition below applies to ﬁe(zzj + e, t° + €) (with 8 := By). Writing

K = K(B4,6,S) > S, note that the balls B2 ((z1,) are eventually disjoint and included

in {x = 1}. Hence, Proposition and (6.22)) give

dist (/ yee(aeﬁg),sz) < P5+/ ee(lie, V) (-, 1)
R2x {t} BA\U

P
j=1 B?{e(zi])

< (P + 1)6 +/ ee(aa%e)('vte)
B2\V¢(Re)

(for e sufficiently small). Choosing § = 6(R) < m, we arrive at the estimate

~ 1 N
dist (/ ;zee(ae,vgmm) < +/ e, V) (-, 1)
R2x {t<} R Jp2\ve(Re)

To conclude the proof, it suffices to show that

(6.24) lim lim sup / ee(lie, Vo) (-, 1) — 0.
B\V¢(Re)

R—0  ¢—0
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Once we have this, we infer that

lim inf dist ( / yee(mﬁe),%N) —0
e—0 R2><{t6}

for the original sequence (). Noting that the choice of ¢ in F,. := B} 2\ Ef{ U E§U E
was arbitrary, we get

=0 4eF,

lim inf sup dist (/ Xee(Ue, %6), 27TN> =0.
R2Zx {t}

Since the argument applies to an arbitrary subsequence €¢; — 0, the proposition then
follows.

To show (6.24), note that for z € B the distance of v, ((2, %)) to the set Zg, jo(us.c)
is (eventually) bounded below by % min{1,7c(z)}, where rc(z) is the (Euclidean) dis-
tance of (z,t) to Zg, /5(Uc)). Since Zg, j2(us.e) 2 Zg,(us.e), for any R > 1 Corollary
gives

/ ee(Ue, @e) < 06_2/ e~ 0are(2)/(2€) 4 Ce2e=a/(29) 4 Cg¢
BI\V<(Re) B\V<(Re)

oo
= (Ce 3 / / 4d o=aar/(2€) gy 4 + Ce 267/ (2) 4 Og ¢
B2\Ve(Re) Jre(z) 2

= 06_3/ %e‘adr/(ze)\ve(rﬂ dr + Ce 2794/ 29 4 O e
Re

< O3 / e—aar/ (9,2 g1 | O
Re

o
= C’/ e~ t/242 qt 4+ Ce,
R
where we used Fubini’s theorem in the second equality. The statement follows. U

The following key technical proposition, used in the proof of Proposition re-
lies ultimately on the quantization phenomenon for the energy of entire solutions in
the plane, presented in |21 Chapter III]. For the reader’s convenience, we give a self-
contained proof, including the relevant arguments from [21].

Proposition 6.7. Given 0 < 3,6 < % and S > 1, there exist K(3,0,5) > S and
0 < k(B3,6,9,n) < K~ such that the following is true. Assume (u,V) is smooth and
solves and , with |u| <1 and e =1, on a line bundle L over a cylinder (Q, g),
with Q = Bi,l X B;Lff. If we have

(6.25) Zg/a(u) N (B2 x {0}) € B x {0},

the energy bounds

(6.26) e1(u, V) < S,

(6.27) Z/ 2(|V3iu\2 + o, Fo|?) < wr"™2 for all0 <r < k!,
i—3 Bi_lef*
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as well as the decay
(6.28) e1(u, V)(p) < Se 57" 4+ Kk whenever B.(p) cC Q\ Zs,

and ||g — grr||c2 < K, then

‘ / e1(u, V) — 2x|p|| < 4,
B2, x{0}

where p is the degree of |—Z|(S-, 0), as a map from the circle to itself.

Proof. To begin with, fix a real number K(f,4,S) > S so big that

o0
(6.29) / (27‘(‘7“)56_571(7“_8) < 0.
K
Arguing by contradiction, assume there exists a sequence x; — 0 such that the
statement admits a counterexample (uj,V;) (for k = k;) for a (necessarily trivial)
line bundle L; over Q; = Bi,—l X B:ff, with respect to a metric g = g; satisfying
J

llg — grnl|lc2 < Kj. Fixing a trivialization of L; over Q;, we can write V; = d — iA; for
some real one-form A;.

By virtue of the uniform pointwise estimate for e1(uj, V;) > |dluj||?, we see
that the functions |u;| are locally equi-Lipschitz. In particular, we can apply the Arzela-
Ascoli theorem to extract a subsequence |u;| converging in Clooc to a continuous function
P : R = R.

Since |0k |uj|| < |(Vj)a, u ] for all k, implies that po, depends only on the first
two variables. Moreover, gives p2, > 1 — g > 1 — B outside Bg x R"72. In
particular, setting

1
R; := max{r < /{}1 1 (B2\B¥) x B2 C {]u]\ > 5}},

we have R; — oco. Let w; := % on {|u;| > 3}

The degree p; is uniformly bounded as, for » > S and ¢ € R"2,

2mp; = / w; (df) = / dA; -1—/ (w3 (dO) — Aj)
OB2x{t} B2x{t} OB2x{t}

for j sufficiently large, so averaging over S < r < 25 and t € B?_Q we get

2l <0(8) [l +os) [ s (d9) — A}

B2y x B (B24\B2)x B} ?

1/2
<c ([, ata)”
25 %P1

as |uj|[w}(df) — Aj| < |Vju;j|. Thus, up to subsequences we can assume p; = p is
constant.

We now claim that, up to change of gauge, (u;, 4;) = (Uso, Aso) subsequentially in
CL.(R? x BY™?). Let u; = e'%u; and ﬁj = A, + df; be the section and the connection

in the Coulomb gauge on the domain (Byg, g;), with /L(V) = 0 on the boundary (as
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described in the Appendix). Note that Bfg includes the cylinder Q' := By x B?72,
and observe that, on Q" := (B%s \ B%) x B2, i, has the form

j(re’, t) = Juyle* s

for a unique real function v; with 0 < ;(2S,0) < 2.
Hence, u; = ]uj]ei(p”d’j_ej ) on Q" and we can extend 1; — 6; uniquely to a function
oj: (B%j \ B%) x B}"? — R so that uj = |u;|e’*% holds true on all the domain of

;. Finally, we replace (uj, A;) with (e"uj, A; + drj), where

oty o {05 Xy el < 45
T —0j |z| > 38

for a fixed smooth function x : [0,00) — [0, 1] such that x = 0 on [0,25] and x = 1 on
[35,00). Observe that, in the cylinder @' = B3¢ x B{“Q, the new couple equals

(@jeXU=0%5 A — d(x(|2])%)))-

The function t; obeys uniform local W29 bounds, on (the interior of) Q”, for all

1 < ¢ < oo, thanks to the Coulomb gauge specification (per Proposition in the

Appendix). Hence, the new couple (u;, A;) has uniform local W4 bounds on Q'
Moreover, in the exterior annular region A; := (BIQ%j \Egs) x B2, we have that

uj(re t) = |uj|eP® and we can obtain local W24 bounds noting that
pdf — Aj = |u;|7*(V juy, iuy).

Indeed, since the right-hand side is bounded by 2eq(uj, Vj)1/2 < 2512 and pdf is a
fixed smooth one-form, we immediately obtain uniform L> bounds for A; locally in A;.
Next, note that the identity (3.4)) applies to give us an estimate

|Alu;f?] < Cen(uy, V5) +C < CS

in A;, from which it follows that the modulus |u;| satisfies uniform W24 bounds for
every q € (1,00) locally in A;. Multiplying (2.4) by e 7% and taking the imaginary
part gives

|ujld™(pdf — Aj) = 2{d|u;|, pdf — Aj),

from which it follows that d*A; satisfies uniform L° bounds locally in 4; as well;
together with the obvious pointwise bound |dA;| < e1(u;, V;)1/? < §'/2] this in partic-
ular yields uniform bounds on the full derivative ||[DA,|| s for every ¢ € (1, 00) on fixed
compact subsets of A; (this follows, e.g., from [20, Lemma 4.7] and a cut-off argument).

Finally, writing (2.5)) as
ApAj = dd*Aj + |u;[*(pdf — A;),
the preceding chain of identities and estimates give a uniform L? bound on the right-
hand side over any fixed compact subset of A;, for any ¢ € (1,00); in particular, this

gives us the desired uniform local W29 bounds for A;j (while we already have the desired
W24 bounds for u; = |u;|eP).
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Thanks to the compact embedding W29 < C' on bounded regular domains (for
q > n), we obtain a limit couple (tso, Ass) on R? x B2 as claimed, which solves (2.4)
and (2.5)) with respect to the flat metric. Also, |uso| = poo and

(6.30) (Voo)o oo =0, 19, dAsc =0 for k=3,...,n.

The second part of (6.30) implies that we can find a function a € C'(R? x B'"?) with
a(z,0) = 0 and Jpa = (Ax)k, for all z € R? and all k > 3. Set Uy 1= e “uy and

Ay = A — da, so that
(As)e =0,  Op(Ane)r = Op(Aoe)r — 0y = 0y(Ase — da)y = 0

forall k =3,...,nand £ =1,...,n (using again the second part of (6.30))). The first

part gives instead Oxtino = 0 for k = 3,...,n. Hence, (ﬂoo,ﬁoo) depends only on the

first two variables and therefore corresponds to a planar solution of and .
Also, from we deduce that

(6.31)  €1(lino, Aoo) (2, 1) = €1(thog, A ) (2, ) = lim ey (uz, A;)(z,t) < Se=5 (215

J]—00

for |z| > S, as eventually Eﬁ‘_s(z, t) N Zg(uj) = 0.
Integrating (4.4) on R? = R? x {0} against the position vector field we get

/RQ A2 = /RQW@OO).

Thanks to the decay of €1 (s, Axo), We can repeat the proof of (3.6): starting from

~ B L ~ 1 — |tsol?
Agm)z|wxﬁgm,xmulgm;:|dAmy—Lf”‘,
and applying the maximum principle, we deduce that the decaying function Eoo is non-
positive. We then obtain |dAs| < /W (U ), so we must have |dAx| = /W (o)

everywhere (cf. [21, Section III1.10]).

Observe that, by and the strong maximum principle, |ts| < 1 (unless |us| =1
everywhere, in which case |dAos| = /W (tisg) = 0 and |Veolics] = 0 by (3-4), thus
el(ﬂoo,goo) = 0 and p = 0; so the statement of the proposition holds eventually,
contradiction). As a consequence, | * dAq| = W (Tios) > 0 and we get either Ifael®

~ e 2 ~
xd A~ everywhere or -] dAs everywhere. Thus, integrating by parts and

using (2.4), as well as the decay of |pdf — ﬁoo|,
[ i ) = [ (ot 4 2W (@) = [ (Fie Tl o) + 27 ()
R2 R2 R2

1 — Joo|? = T
- / ﬂ = j:/ dAs =+ lim Ay =+ lim pdf = £27p.
R2 R?

2 r—00 oB2 r—00 oB2

Hence, the energy of the two-dimensional solution (Uno, Aso) is 27|p|. Our choice of
K, namely (/6.29), together with (6.31]), then ensures that

dist (/ el(uoo,Aoo),ZTrN) < 4.
B2 x{0}
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As a consequence, this must hold eventually also for (u;, A;), giving the desired contra-
diction. O

Remark 6.8. As a consequence, one also finds that

/ e1(u,V) <o
B2 x{0}

if |u| > 0 everywhere on the cylinder Q. Indeed, if |u| > 0 everywhere, then the degree
p in the statement of Proposition [6.7] clearly must vanish.

We are now able to address the statement on the convergence of level sets.

Proposition 6.9. For any 0 < § < 1 we have spt(p) = limeo{|ue] < 9}, in the
Hausdorff topology.

Proof. If © = lim._,0 x,, for points z. € {|uc] < ¢} defined along a subsequence, then
the same argument used in the proof of Proposition shows that x € spt(u). Hence,
for all n > 0, eventually {|u.| < d} is included in the n-neighborhood of spt(u).

To conclude the proof, it suffices to show that the converse inclusion spt(p) C
By,({ue = 0}) holds eventually. Arguing by contradiction, assume that there are points
Pe € spt(u) whose distance from {u. = 0} is at least 7, along some subsequence (not
relabeled). Up to further subsequences, let p. — po € spt(u).

Since 1 is (n — 2)-rectifiable, there exists a point ¢ € spt(u) with dist(po, q) < 3, and
such that u blows up to 6, _o(u, q)H" 2 L T3> at g. Observe that eventually we have

(6.32) dist(q, {uc = 0}) > g
Now, repeating all the preceding blow-up analysis at ¢, in view of Remark we can

improve (6.17)) to the uniform convergence
[ @@ TaEn 0
R2x{t}

for t € F., which implies that ©,_2(u,q) = 0. However, since ¢ € spt(u), this is
impossible, by Proposition [6.2 U

6.3. Limiting behavior of the curvature.

As before, we identify the curvature Fy, with a closed two-form we by Fy, (X,Y) =
—iwe(X,Y). Recall that the cohomology class [5-w] represents the (rational) first
Chern class ¢1(L) € H*(M;R) of the complex line bundle L — M.

Theorem 6.10. Let (ue, V) be a family as in Theorem . The curvature forms iwe
can be identified with (n — 2)-currents that converge (weakly), as e — 0, to an integer
rectifiable cycle T which is Poincaré dual to c1(L), and whose mass measure |I'| satisfies
0| < p.

Proof. Recall from Section [2| that
d<veuea Zue> = ¢(Ue) - ‘ue‘Qwea

where ¥(uc) = (2iVue, Veue) is a two-form satisfying |¢(uc)| < |Veue|? pointwise. In
particular, denoting by J(ue, V) the two-form

J(ue, Vo) i= (ue) + (1 — |uel*)we,
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we can rewrite this identity as

(6.33) J(te, Ve) — we = d{Vete, iu),
and observe that
1
(6.34) |J(te, V)| < |V€u6|2 + 62|w€|2 + 4—62(1 — |u€|2)2 = ec(ue, Vo).

The dual (n — 2)-currents given by

1
<F67C> = % /M J(“Eavﬁ) A Ca

for any (n—2)-form ¢ € Q"2(M), are thus bounded in mass by 5A. (Here we compute
the mass with the ¢2 norm on exterior algebras; for the limit current, by rectifiability
this will coincide with the usual mass, dual to the comass.) Up to subsequences, we can
take a weak limit I". The bound |I'¢| < p. implies that also |I'| < p.

From (6.33) and integration by parts we get

/ weNC = / J(ue, V) /\C—/ (Veue, iue) A dC.
M M M
Since (as discussed in the proof of Proposition

/ (Ve )| < / ee(tte, VY2 5 0
M M
as € — 0, it follows that

1 1
(6.35) (0,¢) = —lim | J(ue, VOAC=—1lim | weAC
21 =0 for 21 =0 fpr
for every smooth (n — 2)-form ¢ € Q"~2(M).
Since the two-forms w, are closed, for any ¢ € Q"~3(M) we have

1 1
(or, &) = (I',d¢) = %lg% Mwe/\dg = %lg% Md(we/\f) =0,
so I' is a cycle. Since p is (n — 2)-rectifiable, I' must be a rectifiable (n — 2)-current:
this can be seen by blow-up, applying [25, Proposition 7.3.5]. By , I" is Poincaré
dual to ¢1(L).

To complete the proof, it remains to show that I' has integer multiplicity. By means
of a diagonal selection of a subsequence, as in the previous subsection, we can de-
duce integrality at those points p € spt(u) where p and I' blow up respectively to
On—2(p, p)H" 2L T,¥ and a multiple of [T,,%], using the following lemma. Note that
its hypotheses are verified thanks to Corollary and the fact that Zg, (u¢) necessarily
converges to a subset of 7,3 in the local Hausdorff topology, after rescaling (see the
proof of Proposition .

Since p is (n — 2)-rectifiable, we deduce that the limiting current I' has integer mul-
tiplicity H" 2-a.e. on its support, as claimed. O

Lemma 6.11. On the Euclidean ball B}, let (ue,Ve) be a sequence of sections and
connections in a trivial line bundle L — BJ (not necessarily satisfying any equation)
for which Ec(ue, Ve) < A, ec(ue, Ve) = 0 in CP (BY\ P) and xw. — 01[P] in Dy,_2(BY),
where P = {0} x R"~2. Then 6, € 277Z.
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Proof. To begin, fix a test function ¢ € C(B} x B}?) of the form ¢(x',...,2") =
Y(at (23, ... 2", with ¢¥(zt,2?) = 1 for |(z},2?)] < % In the sequel, we shall
omit the domain of integration when it equals R™. By assumption, we then have

91/7)d$3/\~-/\dx”:hm wwe Adx® A - A dz™.
P

e—0

Fixing trivializations of L over B, we write V. = d — iA. for some one-forms A, so
that we. = dA¢, and the right-hand term in the preceding limit becomes

/we/\(god:c?’/\--~/\d:z”):/d(ger/\da:?’/\'-J\dx")
+/A€/\dcp/\da:3/\~--/\dx”
:/17|u6|2A6/\d1,Z)/\d:B3/\~--/\dx”

+ /77(1 — |uc*)Ac Adp AdxP A - A dx™,

On Bj we can choose our trivializations so that d*A. = 0, and A.(v) = 0 on 0B%
(see the Appendix). We then have the L? control

(6.36) / |A 2 < c/ |dA|* < Ce2A
By By
(see, e.g., [20, Theorem 4.8]), and consequently

‘/n(l — |ueHAc Adap Ada® A - A dz”

|uel*llcospt(navy | Aell L (s
< CAY2)le (1 = Juel®)ll cogspt(naw))

1/2
S CAI/QHGG(UO )”C/O (spt(ndy)))

—0
as € — 0, where we have used the fact that diy(z!,2%) = 0 for |(z!,2?)| < 1, and the

assumption that ec(ue, Ve) — 0 in CP (B \ P).
Combining our computations thus far, we have arrived at the identity

«91/ndx?’/\--'/\dx":lim/77|ue|2AE/\d1/)/\d:c3/\---/\dx”.
P e—0

Noting next that

Hu€|2AE — (due, iue)| = [(Veue, iue)| < es(usave)lma
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and using again the hypothesis that e.(ue, V) — 0 uniformly on spt(ndi), the preceding
identity yields

01/ nda:3/\~-/\dx”:hn% n{due, iue) A dip Ada® A - A dz"
P €—>
= lir%/n]ue]2(ue/|ue|)*(d9) Adp Adx3 A - Ada”
€—>

=lim [ n(uc/|uc))"(d6) A di A dz3 A --- A da™.
e—
Finally, since the one-form (u./|uc|)*(df) is closed on {u. # 0} and dn A dx3 A --- A
dz™ = 0, integrating by parts on (R?\ B%/Z) x R"2 we see that

[ty @y wav ndat o nast = [ ey [ (el @)
172%

— 97 deg(u,, P) / 0
P

where deg(ue, P) stands for the degree of (uc/|ue|)(3€%,0). The statement follows. [

7. EXAMPLES FROM VARIATIONAL CONSTRUCTIONS

The goal of this section is to show that, for every closed manifold M and every line
bundle L. — M endowed with a Hermitian metric, there exist critical couples (uc, V)
for the Yang-Mills-Higgs functional E, for ¢ small enough, in such a way that

(7.1) 0 < liminf E(ue, V) < limsup E¢(u,, V) < 00.
e—0 e—0
This will be easier when the line bundle is nontrivial, as in this case we can just take
(ue, Ve) to be a global minimizer for E.. The upper and lower bounds in (7.1) have
the following immediate consequence—proved previously by Almgren [5] using GMT
methods.

Corollary 7.1. Every closed Riemannian manifold (M", g) supports a nontrivial sta-
tionary, integral (n — 2)-varifold.

Proof. We can always equip M with the trivial line bundle L := C x M. As shown in
the next subsection, there exists a sequence of critical couples (ue, V) satisfying ([7.1]).
The statement now follows from Theorem [6.1] O

7.1. Min-max families for the trivial line bundle.

In this section we will show how min-max methods may be applied to the functionals
E to produce nontrivial critical points in the trivial bundle L = C x M on an arbitrary
closed manifold M of dimension n > 2. The min-max construction that we consider
here is based on two-parameter families parametrized by the unit disk, similar to the
constructions employed in [I0] and [33] for the Ginzburg-Landau functionals—with
several technical adjustments to account for the gauge-invariance and other features
particular to the Yang—Mills—Higgs energies.
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One can show that the families we consider induce a nontrivial class in m3(M) for
the quotient

M :={(u,V)|0#uel(L), VaHermitian connection}/{gauge transformations},

and the analysis that follows can be reformulated in terms of min-max methods applied
directly to M, which can be given the structure of a Banach manifold.

Without loss of generality, we assume henceforth that M is connected. In some proofs
we will also implicitly assume that n = dim(M) > 3, leaving the obvious changes for
n = 2 to the reader.

Definition 7.2. Fix n = dim(M) < p < co. In what follows, X will denote the Banach
space of couples (u, A), where u € LP(M,C) and A € Q'(M,R), both of class W2,
with the norm

[Cus AN = Nullze + lldull2 + [|All L2 + [ DA 2.

Denote by X := {(u, A) € X :d*A = 0} the subspace consisting of those couples for
which the connection form A is co-closed.

Note that, for (u, A) € X, the full covariant derivative [,,|DA* is bounded by
C(M) [,,(JA]* + |dA]?): see, e.g., [20, Theorem 4.8] for a proof.
Definition 7.3. Given a form A € Q'(M,R) in L?, we denote by h(A) the harmonic

part of its Hodge decomposition, or equivalently the orthogonal projection of A onto
the (finite-dimensional) space H!(M) of harmonic one-forms.

Remark 7.4. Selection of a Coulomb gauge gives a continuous retraction R : X = X:
namely, given a couple (u, A) € X, consider the unique solution § € W22(M,R) to the
equation

AG = d* A,
with [}, 6 =0, and set
R((u, A)) == ("u, A+ db).

Note that the continuity of (u, A) — d(eu) = €*(du + iudf), from X to L2, follows
from the fact that LP - L2 C L2, where 2* = %

Throughout this section, W(u) = f(|u|) will be a smooth radial function given by
W(u) = % for |u| < 3/2, and satisfying W (u), W' (u)[u] > 0 for all |u| > 1. For
technical reasons, we also find it convenient to require that
(G) W(u) = |ul?  for |u| > 2,

which evidently gives the additional estimates |u|f’(Ju|)+|ul? f”(|u|) < ClulP for |u| > 2,
for some constant C. For future use, observe also that the potential W (u) then satisfies
a simple bound of the form

(7.2) (1= |u))? < CW (u).

Proposition 7.5. The functional E, is of class C' on X. Moreover, a couple (u, A) is
critical in X for E. if and only if R((u, A)) is critical in X. Critical points are smooth
up to change of gauge.
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Proof. Given a point (u, A) € X and a pair (v, B) € X with ||(v, B)
computation gives

¢ < 1, direct

E(u+v,A+ B) = E.(u, A) +2/ (du — iuA,dv —ivA — iuB)

+2 /M(dA dB) /W’ vl +O(ll(v. B)[%):

where we are using the fact that X X C L™ L% C L? to see that
[vA|7 + [uB|} + [vBl[72 + Ee(u, A)?|[uB]| 12 = O(|| (v, B)|%),
and we invoke our assumptions on the structure of W to see that
| W) =ww) = [ Wikl + o)1)
M
for fixed (u, A) € X. It follows immediately that E, is C' on X , with differential
dE(u, A)[v, B] = / (2(du — iuA, dv — ivA — iuB) + 26*(dA, dB) + ¢ 2W' (u)[v]).
M
To confirm the second statement, assume without loss of generality that v and B are
smooth, and observe that
R((u+ tv, A+ tB)) = ("™ + te"v, A + t B + tdip),
where (@, A) := R((u, A)) = (¢®u, A + d) and v solves A) = d*B. This easily gives
R((u+tv, A+ tB)) = R((u, A)) + t(e"v + iyptl, B + dip) + o(t) in X
and, using the gauge invariance E. = E. o R, we deduce that
(7.3) dE(u, A)[v, B] = dE.(u, A)[¢"v + iy, B + d].

It follows that if (@, A) is critical for E, in X then (u, A) is critical for E in X, as
claimed. The converse is similar. R

Finally, if (u, A) is critical for E, (in either X or X), then applying the above formula
for the differential with v = (Ju| — 1)*u/|u| € W12 and B = 0 we get

— —1A)u —1A)v 62 "(u)[v
O—/MQ<(d A)u, (d —1A)v) + /M”()H
e 2 w7 (Ju] — W' (u)[u

where we used the fact that (u ® d((Ju| — 1)*/Jul), Vu) equals |u|~t|d|u||?> > 0 a.e. on
{lu] > 1} and vanishes elsewhere. Since W'(u)[u] > 0 on {|u| > 1} by our assumption
on W, we deduce that |u| < 1. Together with Proposition and Remark in the
Appendix, this implies that (u, A) is smooth in an appropriate (Coulomb) gauge. O

We next show that the functionals F, satisfy a suitable variant of the Palais—Smale
condition on X, giving compactness of critical sequences for E. after an appropriate
change of gauge. (Cf. [23] for similar results in the Seiberg—Witten setting.) This holds
provided that X, viewed as a Banach manifold, is equipped with the Finsler structure

10, B)llu,a) = lvllze + l[(d = iA)v][ 2 + | Bl 2 + [[DB][ 2,
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for any (v, B) € T, 4)X = X in the tangent space to (u, A). It is clear that this Finsler
norm is locally comparable to the trivial one. Also, we have
(v, B) (g, A+6(a0y) = (&~ 0, B) |, 1)
for any ¢ € W22(M, S!), and thus
|dEe(¢u, A+ ¢*(d6))[v, B]| = |dE(u, A)[¢~ v, B]|

< || dEe(u, A6 0, B) | u,a)

= || dEe(u, A)[[|| (v, Bl (pu,A+e* (d6))s
where ||dE.(u, A)|| denotes the dual norm on TG0 X = X"
Proposition 7.6. The functional E. satisfies the following form of the Palais—Smale
condition: every sequence (u;, A;) in X with bounded energy and ||dE(uj, A;)|| — 0 in

X* (with respect to the Finsler structure) admits a subsequence converging strongly in
X to a critical couple (Uoo, Axo), up to possibly replacing (uj, A;) with

vj - (uj, 45) = (vjuy, Aj + vj(d0))
for suitable smooth harmonic functions v; : M — St

Proof. First, we show that the boundedness of E.(u;, A;) implies the boundedness of
the sequence in X, up to a change of gauge as in the statement. The assumption (G)
on the potential W gives

(7.4 [ wp<os [ Wy <or By <c
M M

that is, u; is uniformly bounded in LP.
Denote by A C H!(M) the lattice in the space of harmonic one-forms given by

A= {—v(dO) | vj: M — S! harmonic}
= {h e HY (M) : /h € 277 for every v € Cl(Sl,M)},
g

and let \; € A be a closest integral harmonic one-form to h(A;) (with respect to the L?
norm, say, on H1(M)). Then \; = —vj(df) for a suitable harmonic map v; : M — St
and
1Aj = h(Aj)][2 < C(M).
Replacing (uj, A;j) with the change of gauge (vju;, A; — \j) € X, we can then assume
that h(A;) is bounded; note that, by the remark made after the definition of the Finsler
structure, the new couple still satisfies ||dE.(uj, A;)|| — 0.
By standard Hodge theory we can write

Aj = h(Aj) + d*¢;

for some closed & € W*? satisfying Apé; = dA; and ||d*¢llwie < C(M)|dA;] Lz
Thus, given the energy bound F,(uj, A;) < C, we see that

1451512 < C + 20152 < C + ClldA;]7 < C,
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whereby A; is bounded in W2 and, consequently, in L?". As a consequence, we see
next that

[du; |72 < 2/ |du;y — iu;Aj|? +2/ Juj Aj |
M M
< C+ Clluj|lin 14113 -
< C+ Cllugllh

taking into account (7.4), we infer then that |du;|z2 is also bounded as j — oco.

We have therefore shown that (uj, A;) is uniformly bounded in X as j — oo, so
passing to subsequences we can assume that (u;, A;) converges pointwise a.e. and weakly
(in X) to a limiting couple (Ueo, Axo)-

In particular, defining r by

1 1 1_1 1 1

r 2 q 2 n T
where n < ¢ < p is an arbitrary fixed exponent, it follows from the compactness of the
embedding W12 < L" that

Aj — A strongly in L".
Moreover, the boundedness of u; in LP and the pointwise convergence to us, give
(7.5) Uj — Uso strongly in L.
By definition of r, this implies in particular that

.Ilcim Uj AL = U Ao strongly in L?.
I — 00

Next, compute

dEe(Uj, Aj)[u]' — Uk, Aj - Ak] = /M 2<(d — iAj)Uj, (d — iAj)(Uj — uk) - in(Aj — Ak»

+ [ (@A, - A0) + W )y - ),
M
and observe that, due to the L? convergence uj A — UsoAco, the right-hand side equals
/M(2<(d — Ay uj, d(uj — up)) + 264(dAj, d(Aj — Ag)) + W (ug)[ug — ug]) + o(1)
as j, k — oo. For the difference

Dj,k = dEe(uj, A]')[Uj — Uk, Aj - Ak] - dEe(uk, Ak)[u] — Uk, Aj - Ak],

we then see that
Djs= [ (@l =)+ 2d(A; = AP + €20 (1) = W ae)) s = ) + o(1)

as j, k — oo.

Now, by our assumption (G) on the structure of W (u), it is not difficult to check (see,
e.g., [I7, Corollary 1]) that the zeroth order term in our computation for D; satisfies
a lower bound

(W' (u;) = W' (ug)) [ — ug] = C My — ugl? — Cluy — uy|



42 ALESSANDRO PIGATI AND DANIEL STERN

for some constant C' > 0. In particular, it follows now from the preceding computations
and the L' convergence Uj — Uso that

Djy = / (2]d(uj — up)|* + 2€2|d(A; — A + Ol 2 uy —wyP) +o(1)
M

as j,k — oo. On the other hand, since dEc(uj, Aj) — 0 and
() — ks Aj — Al (u;,4,) < C
for all j and k, by assumption we know also that
Djr—0 asjk— oo,
and it then follows that (u;, A;) is Cauchy in X. In particular, (u;, A;) converges
strongly to (o, Aoo), Which necessarily satisfies
dE(uso, Axo) = lim dE(uj, Aj) = 0. O
J—00

Having confirmed that the energies F, satisfy a Palais—Smale condition, we now argue
in roughly the same spirit as [10], [33] to produce nontrivial critical points via min-max
methods. To begin, note that the space X splits as C @ Y, where C is identified with
the set of constant couples (a,0) and

Y = {(U,A) GX:/Mu:O}.

Definition 7.7. Let I' denote the set of continuous families of couples F' : D — X
parametrized by the closed unit disk D, with

F(eiﬁ) — (ew’ 0)
for all # € R. Equivalently, under the above identification C C X, we require F|pp = id.
We denote by we(M) the “width” of I' with respect to the energy E, namely

we(M) := inf max E.(F(y)).
Fel yeD

Thanks to Proposition we can apply classical min-max theory for C! functionals
on Banach spaces (see e.g. [I5, Theorem 3.2]) to conclude that we is achieved as the
energy of a smooth critical couple (u., A¢). In the following proposition, we show that
we(M) is positive, so that the corresponding critical couples (uc, A¢) are nontrivial.

Proposition 7.8. We have we(M) > 0.

Proof. We argue by contradiction, though the proof could be made quantitative. Since
we are proving only the positivity we(M) > 0 at this stage—making no reference to the
dependence on e—in what follows we take ¢ = 1 for convenience. Assume that we have
a family F' € I' with max, 5 E(F(y)) < ¢, with ¢ very small. Writing F(y) = (u, A),
this implies that

(7.6) |A = h(A)|lyr2 < C|ldA| 2 < C8Y2, | DA| 2 < C(6Y% + |h(A)]).

When by (M) # 0, some additional work is required to deduce that the harmonic part
h(A) of A must also be small for all couples (u, A) = F(y) in the family. In particular,
we will need to employ the following lemma, showing that h(A) lies close to the integral
lattice A C HY(M) when E(u, A) < 4.
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Lemma 7.9. There exists C(M) < oo such that if (u,A) € X satisfies E(u, A) < 9,
with § small enough, then

dist(h(A),A) < C6Y/2.

Proof. As in [33], it is convenient to define a box-type norm |- |, on the space H!(M)

of harmonic one-forms as follows. Fix a collection 71, -'ﬂ’bl( M) € C>(S', M) of em-
bedded loops generating Hy(M;Q) and, for h € H'(M), set
(7.7) hlp:= max ’/ h’

1<’L<b1

Since H!(M) is finite-dimensional, this is of course equivalent to any other norm on
H1(M). Assuming for simplicity that M is orientable, we may fix a collection of dif-
feomorphisms ®; : BI1(0) x S' — T(v;) onto tubular neighborhoods T(7;) of ;, such
that ®;(0,0) = (). For every t € B!, set v1(0) := ®;(t, 6).

Suppose now that (u, A) € X satisfies the energy bound

(7.8) E(u, A) = /M(\du —uAl? + |dAR + W (W) < 5.

As a consequence of the curvature bound ||dA|[2 < 6'/2 and the definition of X, it
follows that

14— h(A)|Z < Co
as well. As in the proof of Proposition applying a gauge transformation ¢ - (u, A)
by an appropriate choice of harmonic map ¢ : M — S', we may assume moreover that

[h(A)]y = disty(h(A),A) <,

which together with the energy bound (7.8) and the definition of X leads us to the
estimate

(7.9) /M |A]2 < C(M).

(Note that making a harmonic change of gauge preserves not only the energy E(u, A),
but also the distance disty(h(A), A), so it indeed suffices to establish the desired estimate
in this gauge.)

Combining these estimates with a simple Fubini argument, we see that there exists
a nonempty set S of t € B’f_l for which

(7.10) / (Jdu — iwA[? + |dA]? + W(w)) < C5,
(7.11) |A — h(A))? < C,

v
and

(7.12) /t A2 < C.

Recalling the pointwise bound ([7.2) for W (u), observe next that
jd(1 = ul)?| = 21 — [ul)|dlul| < CW (u) + |du — wuA[?,
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so that, along a curve 7! satisfying (7.10)), it follows that
(7.13) (1 = fuD)?lleo < Cll(L = [ul)?[lwrs < C6.
Now, choose § < §;(M) sufficiently small that (7.13) gives

1
1= Julllos <7 < 5

on v}, so that ¢ := u/|u| defines there an S!-valued map ¢ : 7¢ — S!, whose degree is
given by

o deg(¢) = [ |u|%(du,iu).

i

When ([7.10)—(7.12)) hold, we observe next that

/!u\QlA—|u]_2<iu,du>\— (iu, iuA — du)| < C6Y/2.
24

N
i

Since [u| > 1 on %, it follows that

(7.14) 2m deg(0) - / 4l < / A — Jul~2(iu, du)| < C5Y/2
g i

as well. Combining this with (7.11]), we then deduce that

(7.15) ‘27r deg(¢) —/

h(A)‘ < 0512,
v,

t
7

On the other hand, we already made a gauge transformation so that

’/%h(A))—\/ﬁh(A)’Sm

So, for & chosen sufficiently small that C6%/2 < 7, it follows that the degree deg(¢) = 0.
In particular, we can now conclude that

()] = max| [ ha) < co,
Vi

giving the desired estimate. |

Remark 7.10. If M is not orientable, we have the weaker conclusion dist(h(A4),1A) <

C5l/2 (still sufficient for the sequel): indeed, whenever ; reverses the orientation, we
can still parametrize a double cover of T'(v;) in the same way, with 4/ homotopic to
i traveled twice; in this case, the bound (7.15)) implies that 2 f%_ h(A) = fv? h(A) has

distance to 277 bounded by C§'/2, from which the claim follows.

_ Returning to the proof of Proposition [7.8] suppose again that we have a family
D>y F(y) € X in T with

max E(F(y)) < 6.
yeD

For 0 < §;1(M) sufficiently small, it follows from the lemma that disty(h(A),A) < 7 for
every couple (u, A) = F(y) in the family. In particular, since the assignment (u, A) —
h(A) gives a continuous map X — H!(M), and since h(A) = A = 0 for y € 9D, it
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follows that 0 is the nearest point in the lattice A to h(A) for every y € D, and the
estimate therefore becomes

Ih(A)|| < Co'/2.
In particular, combining this with ([7.6)), we see now that
(7.16) Al < C6Y2

for every couple (u, A) = F(y) in the family.
Now, for (u, A) = F(y), our structural assumption (G) on W (u) gives

lullZr < C+ E(u, A) < C' +56,
which together with the smallness

[4llz < CllAllwr2 < C8'2
of Ain L? (recalling that p > n) gives

/ luAl* < C6.
M

Combining this with the fact that [}, |du — iuA|* < E(u,A) < ¢ by assumption, we
then deduce that
/ |du|* < C6
M
as well.

Finally, by (7.2]) and the Poincaré inequality, we have

e = e b

o [ wiw) "o faue)

< O§Y/2,

As a consequence, we find that [}, u, is nonzero for all (uy, Ay) = F(y) in the family.
But then the averaging map

_ U
(7.17) D—C, yw St
| Jor uyl
gives a retraction D — D, whose nonexistence is well known. This gives the desired
contradiction. 0

Having shown positivity we(M) > 0 of the min-max energies, we can now deduce the
lower bound in (7.1]) from the following simple fact.

Proposition 7.11. There exist ¢(M) > 0 and eo(M) > 0 such that the following holds,
for e < €. If (u,V) is critical for the functional E., then either Ec(u,V) > ¢ or
E.(u,V) = 0.

Remark 7.12. For future reference, we make the obvious observation that the trivial
case E¢(u, V) =0 can only occur when the bundle L is trivial.
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Proof. By Proposition critical points are smooth up to change of gauge. We claim
that, whenever E.(u,V) > 0, u has to vanish at some point g € M. Once we have
this, assume e.g. Ec(u, V) < 1; Corollary (with A = 1) gives a constant €y > 0 such
that r2""E.(u, V, B,(z0)) has a lower bound independent of ¢ and r, for any radius
€ < r < inj(M), provided that € < €.

We show the contrapositive, namely we assume that « is nowhere vanishing and show
that the energy is zero. Note that L must be trivial and we can use the section I%I to
identify L isometrically with the trivial line bundle C x M, equipped with the canonical
Hermitian metric. Under this identification, v : M — C takes values into positive real

numbers. Writing V = d —iA and observing that (Vu,iu) = —|u|?A, (2.5) becomes
Ed*dA + |ul*A = 0.

Integrating against A we get [}, (€?|dAJ* + v?|A[*) =0, s0 A =0 and V is the trivial
connection. At a minimum point yy for u, (3.4) gives

1 2 o 1 2\1,,12 1 2y, 2
OﬁiA’U\ = |du] —@O—\ul )ul = —5all-u s,
which forces u(yp) > 1 and thus u = 1 everywhere, giving E(u, V) = 0. O

Finally, we turn to the uniform upper bound. In the next statement, L — M is a
Hermitian line bundle with a fixed Hermitian reference connection Vy. We identify any
other Hermitian connection V with the real one-form A such that Vs = Vgs —is® A
for all sections s.

Proposition 7.13. Given a smooth section u : M — L, we can find a smooth couple
(u', A") such that

Y —2 1 2 2
E.(d,A') < Ce vol({|u| < 2}) (1 + [ Voul2)

+ 062 / ‘UJQ|2
M

for a universal constant C'.

Proof. On {u # 0} we let

ul<

[Voul?
1y
(7.18)

w = ﬂ, w® A:=Vouw.
|ul

Note that the compatibility of V with the Hermitian metric on L forces (Vow,w) = 0,
so that A is a real one-form.
We fix a smooth function p : [0, 00] — [0, 1] with
1 1
p(t):()fortgz, p(t):lfort2§

and we set
(', A') := p(Jul)(w, A),

where the right-hand side is meant to be zero on {u = 0}.
Writing Fy, = —iwp, observe that (Vo —iA)w = 0, hence

|dA + wo| = |Fal| =0 on {u # 0}.
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In particular, e.(uv/, A’) = 0 on {|u| > 3}.
From the estimates |d|u|| < |Vou| and |A] = |[Vow| < 2|u|71|Voul, it follows that also
IVou'| < C|Voul,
|A’] < C|Voul,
|dA'] < o (|ul)d|ul A Al + |wol < C|Voulld|ul| + lwol,
and the statement follows immediately. g

Proof of (7.1]). The method used in [33, Section 3] gives a continuous map H : D —
Wh2nC% M, C) such that H(y) =y for y € 9D and

ldH (y)]| L~ < Ce™,

[dH (y)|* < C,
(7.19) /{|H<y>§i}

vol ({|H(y)] < Z}) < Cé?

for all y € D—the full Dirichlet energy having a worse bound [,, [dH (y)|> < Cloge™!,
which is the natural one in the setting of Ginzburg-Landau. By approximation, we can
assume that H takes values in C*°(M, C), continuously in y, and still satisfies the same
uniform bounds ([7.19)) (possibly increasing C' and replacing % with 1).

To each section H(y) of the trivial line bundle, Proposition assigns in a con-
tinuous way an element F'(y) € X. From the way F(y) is constructed, it is clear that
F €. Finally, combining (7.18)) with (7.19) gives

we(M) < max E.(F(y)) < C. O
yeD

7.2. Minimizers for nontrivial line bundles.

Suppose now that L is a nontrivial line bundle, equipped with a Hermitian metric.
Fix a smooth Hermitian connection Vy and identify any other Hermitian connection V
with the real one-form A such that

V =V —iA.

We can define X and X as in the previous subsection. With this notation, observe that
the curvature of V is given by

Fy = Fy, — idA.

Hence, writing Fy, = —iwp, we have
E(u,V)= / Vou —iu® A]* + 6_2/ W(u) + 62/ |lwo + dAJ%.
M M M

Definition 7.14. For a fixed n < p < oo, we define X to be the Banach space of couples
(u, A), where u : M — L is an LP section and A € Q'(M,R), both of class W2 with
the norm

[Cw, A= Nlullze + [ Voull 2 + [[All 2 + [[DA]| 2.
We let X := {(u, A) € X : d*A =0}.
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The analogous statements to Remark [7.4] and Propositions and hold, with
identical proofs (replacing du and uA with Vou and u ® A, respectively).

Arguing as in the proof of Proposition[7.6} it is easy to see that a minimizing sequence
for E. in X converges weakly—up to change of gauge—to a global minimizer (ue, Ae).
We now show that the energy of these minimizers enjoys uniform upper and lower
bounds as € — 0.

Proof of (7.1). The lower bound in follows directly from Proposition and
Remark In order to obtain the upper bound, pick a smooth section s : M — L
transverse to the zero section (see, e.g., [24, Theorem IV.2.1]) and let N := {s = 0},
which is a smooth embedded (n — 2)-submanifold of M. Proposition applied to
e 1s gives a couple (ul, A) with

E(ul, Al) < Ce 2 vol <{|e_13| < %}) + 062/ |wo .
M

By transversality of s, the set {|s| < §} is contained in a C(s)e-neighborhood of N,
whose volume is bounded by C(s)e?. We infer that

Eo(ue, A) < E.(u, AL) < Ce 2 vol ({ysy < %}) ro<c. O

Remark 7.15. When M is oriented, N can be oriented in such a way that [N] €
H,,_2(M,R) is Poincaré dual to the Euler class e(L) € H?(M,R) of the line bundle,
which equals the first Chern class ¢;(L). The fact that the energy of our competitors
concentrates along N suggests that, given a sequence of global minimizers (u, A¢), up
to subsequences the corresponding energy concentration varifold is induced by an inte-
gral mass-minimizing current whose homology class is Poincaré dual to ¢;(L). Theorem
6.10| provides the natural candidate I', which also satisfies |T'| < p.

APPENDIX. INTERIOR REGULARITY IN THE COULOMB GAUGE

In this short appendix, we describe the essential ingredients needed to establish local
regularity in the Coulomb gauge for finite-energy critical points (u, A) of the (e = 1)
abelian Higgs energy E(u, A), collecting some estimates which will be of use elsewhere
in the paper.

Consider the manifold with boundary (ﬁn, g) given by a smooth, contractible domain
Q" CcC R" equipped with a C? metric g, and let L = C x € be the trivial line bundle
over 2, with the standard Hermitian structure. With respect to the metric g, we then
define the Yang—Mills-Higgs energy

E(u, A) ::/e(u,A):/ ldu — iu @ AP + [dA]? + W (u)
Q Q

as in the preceding section. By (the first part of) Proposition it is easy to see that
a pair (u, A) in W2 with

(A1) u| < 1
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is a critical point for E (with respect to smooth perturbations supported in ) if and
only if the equations

(A.2) d*dA = (du — iu ® A, iu),
(A.3) Au = 2(idu, A) + |APu %(1 ~ uf)u — i(d* A)u

are satisfied distributionally in €2, where all geometric quantities and operators are
defined with respect to the metric g.

Now, given a pair (u, A) in W2 satisfying (A.2)-(A.3) and
(A.4) E(u,A) < A < oo,

we can select a local Coulomb gauge adapted to  as follows. Denote by 6§ € W22(Q, R)
the unique solution of the Neumann problem

(A.5) AO =d"Ain O ? = —A(v) on 92
v

with zero mean fQ 6 = 0. Then the gauge-transformed pair
(u, A) := (¢”u, A + db)

lies in W12 and continues to satisfy 7, with
E(u, A) = E(u, A) < A,

but now with the additional constraints

(A.6) d*A=00nQ; A(v)=0on 0.

For the remainder of the section, we will assume that the pair (u, A) is already in the
Coulomb gauge on 2, so that A satisfies (A.6)). Note that (A.2)—(A.3|) then become

(A7) Au = 2(idu, A) + | Al — %(1 ~ u?)y,
(A.8) AgA = (du—iu® A,iu).

We now establish the local regularity for critical points (u, A) in the Coulomb gauge,
giving in particular local estimates for (u, A) in W29 norms.

Proposition A.1. Let (u, A) solve (A.2)—(A.3)) in the Coulomb gauge (A.6|) on (22, g),
with |u| < 1. If

(A.9) E(u, A4;Q) < A
and
(A.10) lgllcz + 1lg M2 < A,

then for every compactly supported subdomain ' CC Q and q € (1,00) there exists
Cq(A,Q,€Y) < 0o such that

(A.11) [ullwza () + 1 Allw2a ey < Cy.
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Proof. To begin, note that (A.8]) and standard Bochner—Weitzenbock identities give the
(weak) subequation

A%|A|2 — _(AgA, A) + |DAP + Ric(A, A)
> _|du —iu® AJ|A| + |DA]? — C(A)| AP

(A.12)

for |A]?. On the other hand, as in Section [3, we also obtain from (A.3) the relation
1 1
(A.13) A§|u\2 = |du — iu @ A|? — 5(1 — [u)?)|ul?

Recalling that |u| < 1 and using Young’s inequality, we can combine (A.12)—(A.13) to
find an estimate of the form

(A18)  JA(AP 4 u) > a(DAP + |du’) — Ofa, A) AP — O(A),

for any 0 < o < 1.
By standard estimates for one-forms A satisfying (A.6) (see, e.g., [20, Theorem 4.8)),
we have the global L? bound

[Allwr2i) < CA, Q)[[dAllL20) < C(A,Q),

hence |u|,|A| are both bounded in W2 in terms of A (and ).
Note that (A.§)) gives a local W22 bound on A, by standard elliptic regularity. This,
together with Sobolev embedding and (A.7)), gives

(A.15) [ullw2r (o) + [[Allw22(00) + AP llwr200) < C(A, Q,Q0)

for all 2y CC 2 and some 1 < p < 2, depending only on n. We need the following
observation, stated and proved separately for the sake of clarity.

Lemma A.2. Defining f € W12(Q) by
f o= (L AP+ [u)!2,
we have the subequation
(A.16) AfP>—C(p,A)fP
and, for all Qy CC €,
[P lwr2i00) < C(A,Q,Q0).

Proof. Since u € L*NWhH2nN I/Vlif and A € VVlif, a standard approximation argument
shows that |u|2,|A[2 € W', so that (A.14) holds pointwise a.e.

loc?
Likewise, we have f € I/Vlzocl and the chain rule applies, giving

Af = fTHIDAP + |dul* — (A, D*DA) + (u, Au)) — f~H]df|?
pointwise. The first term equals f _1A% 12, so recalling (A.14) we obtain
Af > af HIDAP + |dul®) — Cla, A)f — £ df .
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Also, since f € W12 VVZQOf , we have the pointwise inequalities

AfP =p(p—1)fP2df|> + pfP I Af
> pafP (| DA + |dul?) — C(a, A) fP + p(p — 2) f2|df |*
> pla+p—2)fP2|df > — C(a, A) f2.

Choosing « := 2 —p, inequality (A.16]) follows. The second claim is an easy consequence
of (A.15)) and the fact that |u| < 1. O

Returning to the proof of Proposition we can now apply Moser iteration to
(A.16)), obtaining in particular that

for any €y CC Q.

Now, fixing some intermediate domain Q' CC Q1 CC Q between ' and , (A.7)
together with the L>°(€;) estimate for A give pointwise bounds of the form

(A18) |Au] S C(A,Q,Ql)ﬂdu\ + 1) in Ql.
And since
|du| < |du —iu® Al + |A] < e(u,A)+C
in 4, we obtain from the energy bound F(u, A) < A and (A.18) the simple estimate
[Aullr2(0,) < C(A,Q, ),

and consequently

ullw220,) < C
for any Q' cC Qo CC Q. Returning to the pointwise bound , we can now
employ a simple iteration argument—combining L? regularity theory with the Sobolev
embedding W?2" — Whnr—over successive domains between ' and Q, to arrive at
the desired W24 estimates for u.

Returning finally to (A.8)), it therefore follows from the preceding estimates that
[A] ooy + [AHAl| Loy < C(A, 9, Q")

for some intermediate domain Q' CcC Q" CcC Q. In particular, this gives us upper
bounds for ||A Al ey for every ¢ € (1,00), and LY regularity theory therefore gives us

the desired estimates for A in W24(€Y'). O

Finally, we remark that higher regularity of u and A in the Coulomb gauge follows
in a standard way—e.g., via Schauder theory—from the W24 estimates obtained in the
preceding proposition.

Remark A.3. With local regularity established, note that it is easy to find a globally
smooth couple (u, V) gauge equivalent to any critical pair (u,V) for Ec on L — M.
Indeed, for any critical pair (u, V) with u € W20 L® and V = Vo —iA (where Vg is a
smooth reference connection and A € W1?2), it follows from the local regularity results
above that the gauge-invariant objects |u|> and dA = Fy — Fy, are smooth globally.
Making a change of gauge (u, V) = (i, V = Vo — iA) such that

dA=dA and d*A=0,
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it follows from the smoothness of dA that the new connection V = Vo — iA is smooth.
And since w satisfies

AL vt 1 2\~
V*Vu = @(1— lu|*)u

where both V and |u|? are smooth, standard results for linear elliptic equations imply
that w € T'(L) is a smooth section as well.

(1]
2]

18]

[19]
[20]

21]

REFERENCES

G. Alberti, S. Baldo, and G. Orlandi. Variational convergence for functionals of Ginzburg-Landau
type. Indiana Univ. Math J. 54 (2005), no. 5, 1411-1472.

W. K. Allard. An integrality theorem and a regularity theorem for surfaces whose first variation
with respect to a parametric elliptic integrand is controlled. Proc. of Symp. in Pure Math. 44
(1986), 1-28.

W. K. Allard and F. J. Almgren, Jr. The structure of stationary one dimensional varifolds with
positive density. Invent. Math. 34 (1976), no. 2, 83-97.

F. J. Almgren, Jr. The homotopy groups of the integral cycle groups. Topology 1 (1962), 257—-299.
F. J. Almgren, Jr. The theory of varifolds, Mimeographed notes. Princeton, 1965.

L. Ambrosio and H. M. Soner. A measure theoretic approach to higher codimension mean curva-
ture flow. Ann. Sc. Norm. Sup. Pisa, Cl. Sci. 4 (1997), no. 25, 27-49.

T. Aubin. Some nonlinear problems in Riemannian geometry, in Springer Monographs in Mathe-
matics. Springer—Verlag, Berlin, 1998.

F. Bethuel, H. Brezis and G. Orlandi. Asymptotics for the Ginzburg—Landau equation in arbitrary
dimensions. J. Funct. Anal. 186 (2001), no. 2, 432-520.

S. B. Bradlow. Vortices in holomorphic line bundles over closed Kéhler manifolds. Comm. Math.
Phys. 135 (1990), no. 1, 1-17.

D. R. Cheng. Geometric Variational Problems: Regular and Singular behavior. PhD thesis, Stan-
ford University, 2017.

O. Chodosh and C. Mantoulidis. Minimal surfaces and the Allen—Cahn equation on 3-manifolds:
index, multiplicity, and curvature estimates. ArXiv preprint|1803.02716, 2018.

E. De Giorgi and T. Franzoni. Su un tipo di convergenza variazionale. Atti Accad. Naz. Lincei
Rend. Cl. Sci. Fis. Mat. Natur. (8) 58 (1975), no. 6, 842-850.

O. Garcia-Prada. Seiberg—Witten invariants and vortex equations, chapter in Quantum symme-
tries, proceedings (Les Houches, 1995), 885-934. North-Holland, Amsterdam, 1998.

P. Gaspar and M. A. M. Guaraco. The Allen—-Cahn equation on closed manifolds. Calc. Var.
Partial Differential Equations 57 (2018), no. 4, art. 101.

N. Ghoussoub. Duality and perturbation methods in critical point theory, vol. 107 in Cambridge
Tracts in Mathematics. Cambridge University Press, Cambridge, 1993.

M. A. M. Guaraco. Min-max for phase transitions and the existence of embedded minimal hyper-
surfaces. J. Differential Geom. 108 (2018), no. 1, 91-133.

R. Hardt, F. Lin and L. Mou. Strong convergence of p-harmonic mappings, chapter in Progress
in partial differential equations: the Metz surveys, 3, vol. 314 in Pitman Res. Notes Math. Ser.,
58-64. Longman Sci. Tech., Harlow, 1994.

M.-C. Hong, J. Jost and M. Struwe. Asymptotic limits of a Ginzburg—Landau type functional,
chapter in Geometric analysis and the calculus of variations, 99-123. Int. Press, Cambridge, MA,
1996.

J. E. Hutchinson and Y. Tonegawa. Convergence of phase interfaces in the van der Waals—Cahn—
Hilliard theory. Calc. Var. Partial Differential Equations 10 (2000), no. 1, 49-84.

T. Iwaniec, C. Scott and B. Stroffolini. Nonlinear Hodge theory on manifolds with boundary. Ann.
Mat. Pura Appl. (4) 177 (1999), 37-115.

A. Jaffe and C. H. Taubes. Vortices and monopoles, vol. 2 in Progress in Physics. Birkh&user,
Boston, 1980.


https://arxiv.org/abs/1803.02716

22]
23]
24]
[25]
[26]
[27]
28]
29]
[30]
31]
32]
33]
34]
[35]
[36]
37]
[38]

[39]
[40]

MINIMAL SUBMANIFOLDS FROM THE ABELIAN HIGGS MODEL 53

R. L. Jerrard and H. M. Soner. The Jacobian and the Ginzburg-Landau energy. Calc. Var. Partial
Differential Equations 14 (2002), no. 2, 151-191.

J. Jost, X. Peng and G. Wang. Variational aspects of the Seiberg—Witten functional. Calc. Var.
Partial Differential Equations 4 (1996), no. 3, 205-218.

A. A. Kosinski. Differential manifolds, vol. 138 in Pure and Applied Mathematics. Academic Press
Inc., Boston, 1993.

S. Krantz and H. Parks. Geometric Integration Theory, in Cornerstones. Birkh&duser Boston Inc.,
Boston, 2008.

F. Lin. Gradient estimates and blow-up analysis for stationary harmonic maps. Ann. of Math. (2)
149 (1999), no. 3, 785-829.

F. Lin and T. Riviere. Complex Ginzburg—Landau equations in high dimensions and codimension
two area minimizing currents. J. Eur. Math. Soc. (JEMS) 1 (1999), no. 3, 237-311.

F. Lin and T. Riviére. A quantization property for static Ginzburg—Landau vortices. Comm. Pure
Appl. Math. 54 (2001), no. 2, 206-228.

L. Modica. The gradient theory of phase transitions and the minimal interface criterion. Arch.
Rational Mech. Anal. 98 (1987), no. 2, 123-142.

L. Modica and S. Mortola. Un esempio di I'"-convergenza. Boll. Un. Mat. Ital. B (5) 14 (1977),
no. 1, 285-299.

J. T. Pitts. Existence and regularity of minimal surfaces on Riemannian manifolds, vol. 27 in
Mathematical Notes. Princeton University Press, Princeton, 1981.

P. Smith and K. Uhlenbeck. Removability of a codimension four singular set for solutions of a
Yang—Mills-Higgs equation with small energy. ArXiv preprint 1811.03135, 2018.

D. Stern. Existence and limiting behavior of min-max solutions of the Ginzburg—Landau equations
on compact manifolds. To appear in J. Differential Geom.

P. Sternberg. The effect of a singular perturbation on nonconvex variational problems. Arch.
Rational Mech. Anal. 101 (1988), no. 3, 209-260.

C. H. Taubes. Arbitrary N-vortex solutions to the first order Ginzburg-Landau equations. Comm.
Math. Phys. 72 (1980), no. 3, 277-292.

C. H. Taubes. On the equivalence of the first and second order equations for gauge theories.
Comm. Math. Phys. 75 (1980), no. 3, 207-227.

C. H. Taubes. Seiberg—Witten and Gromov invariants for symplectic 4-manifolds, vol. 2 in First
International Press Lecture Series. International Press, Somerville, 2000.

Y. Tonegawa and N. Wickramasekera. Stable phase interfaces in the van der Waals—Cahn—Hilliard
theory. J. Reine Angew. Math. 668 (2012), 191-210.

E. Witten. Monopoles and four-manifolds. Math. Res. Lett. 1 (1994), no. 6, 769-796.

X. Zhang. Compactness theorems for coupled Yang-Mills fields. J. Math. Anal. Appl. 298 (2004),
no. 1, 261-278.

ETH ZURICH, DEPARTMENT OF MATHEMATICS, RAMISTRASSE 101, 8092 ZURICH
Email address: alessandro.pigati@math.ethz.ch

PRINCETON UNIVERSITY, DEPARTMENT OF MATHEMATICS, PRINCETON, NJ 08544
Email address: d1s6@math.princeton.edu


https://arxiv.org/abs/1811.03135

	1. Introduction
	1.1. Organization of the paper

	Acknowledgements
	2. The Yang–Mills–Higgs equations on U(1) bundles
	3. Bochner identities and preliminary estimates
	4. Inner variations and improved monotonicity
	5. Decay away from the zero set
	6. The energy-concentration varifold
	6.1. Convergence to a stationary rectifiable varifold
	6.2. Integrality of the limit varifold and convergence of level sets
	6.3. Limiting behavior of the curvature

	7. Examples from variational constructions
	7.1. Min-max families for the trivial line bundle
	7.2. Minimizers for nontrivial line bundles

	Appendix. Interior regularity in the Coulomb gauge
	References

