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ABSTRACT. We adapt the viscosity method introduced by Riviere in [45] to the free
boundary case. Namely, given a compact oriented surface ¥, possibly with boundary,
a closed ambient Riemannian manifold (M™, g) and a closed embedded submanifold

N™ C M, we study the asymptotic behavior of (almost) critical maps ® for the functional
E; (D) := area(®) + o length(®|sx) + 04/ [®|* vols
by

on immersions ® : ¥ — M with the constraint ®(9%X) C N, as 0 — 0, assuming an upper
bound for the area and a suitable entropy condition.

As a consequence, given any collection F of compact subsets of the space of smooth
immersions (32, 9%) — (M, N), assuming F to be stable under isotopies of this space, we

show that the min-max value

inf max area(®)
AcF decA

is the sum of the areas of finitely many branched minimal immersions ®;) : ;) — M
with @;) (8% ;) C N and 9, ®(;) L TN along 9%(;), whose (connected) domains ¥;) can
be different from ¥ but cannot have a more complicated topology. Contrary to other
min-max frameworks, the present one applies in arbitrary codimension.

We adopt a point of view which exploits extensively the diffeomorphism invariance of
E, and, along the way, we simplify and streamline several arguments from the initial
work [45]. Some parts generalize to closed higher-dimensional domains, for which we get

an integral stationary varifold in the limit.

1. INTRODUCTION

1.1. Min-max theories for minimal submanifolds. The study of minimal surfaces,
namely surfaces which are critical for the area functional, has always been a central topic in
geometric analysis and stimulated huge developments in the calculus of variations, geometric
measure theory, partial differential equations and differential geometry.

Among the most important questions in the calculus of variations is Plateau’s problem,
which was actually posed by Lagrange in 1760, asking to prove the existence of a surface
of least area for any assigned (smooth, closed) one-dimensional boundary I' ¢ R3. This
question was famously resolved, independently, by Douglas and Radé in 1930-1931 [11, 43],
for a connected I' and with ¥ minimizing the area among (branched) immersed disks. The
proof is based on the fact that any immersion of the disk can be reparametrized to be
conformal, so that the area becomes the Dirichlet energy; this functional has much better
analytic properties and admits only a finite dimensional invariance group, whereas the area
is invariant for the whole group of diffeomorphisms of the domain.

In order to construct higher dimensional minimal submanifolds, an approach involving

parametrizations does not seem to be available. On the other hand, bringing together the
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theories of rectifiable sets and de Rham’s currents, Federer and Fleming [13] developed the
modern theory of currents, which allows to have an intrinsic weak notion of submanifold,
together with notions of boundary and area (the mass). Most importantly, there exists a
natural topology which makes integral currents a compact space in several situations—for
instance, with assigned boundary and an upper bound for the mass—and makes the mass a
lower semicontinuous functional. These properties make it straightforward to apply the
direct method of calculus of variations, in order to find a mass-minimizing object ¥* with
an assigned boundary 0X* = I'*~! in R™, provided T is itself a cycle and 1 < k < m.

The higher dimensional version of Plateau’s problem thus reduced to the problem of
reaching a satisfactory regularity theory for the minimizer ¥. This task was accomplished
in codimension 1, namely k£ = m — 1, away from the boundary I'—a crowning achievement
which came from the work of De Giorgi, Fleming, Almgren, Simons and Federer. In higher
codimension, regularity is a very hard problem, which was solved in the monumental works
by Almgren, De Lellis and Spadaro, far from the boundary. The theory of currents is
flexible enough to produce mass-minimizing cycles in a given homology class of a closed
Riemannian manifold, with the same regularity theory.

The obvious next problem is to be able to produce general critical points for the area,
either in R™ with a boundary constraint or in a closed curved ambient. The following
conjecture by Yau, whose statement echoes the same question for geodesics, attracted a lot
of attention in the last decades.

Conjecture (Yau, 1982). Does every closed three-dimensional Riemannian manifold

(M3, g) admit infinitely many closed immersed minimal surfaces?

A very robust method to produce general, possibly unstable critical points relies on
min-max problems, and goes back to the work of Birkhoff on the existence of closed
geodesics on the 2-sphere with an arbitrary metric: see [4] for an introduction and a large
collection of examples implementing this idea.

The main issue is then how to implement a min-max construction in the setting of
minimal surfaces. A successful theory was proposed by Almgren and Pitts [3, 42]: within
the theory of currents, using cycles mod 2, they produce an almost minimizing varifold in
the limit. The notion of varifold, for which the reader may consult [49, Chapters 4 and 8],
differs from the one of current in that, while also retaining good compactness properties, the
mass becomes continuous under weak convergence: this property is essential to guarantee
that the limit object attains the min-max value—on the other hand, lower semicontinuity
of the mass for currents is just good enough for minimization problems.

While the regularity theory for general integer rectifiable stationary varifolds is wide
open, with notable exceptions provided by the small-excess (and multiplicity-one) regularity
theorem by Allard [1] and the deep structure result in the stable, codimension one case
by Wickramasekera [53], the technical requirement of almost minimality enabled Pitts—
together with later work by Schoen and Simon [48]—to recover the full regularity for the
limit varifold, proving that the singular set is empty in ambient dimension 3 <m < 7.
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The use of this min-max framework led to the solution of several long-standing problems,
including the Willmore conjecture, by Marques and Neves [35], and the Yau conjecture, by
Marques, Neves, Song and others [37, 24, 34, 50].

This theory was used also to construct free boundary minimal hypersurfaces: given
an ambient M™ and a submanifold N'—usually M has no boundary, or A is precisely
OM-—they are submanifolds ¥ with boundary (k = m — 1 for hypersurfaces), embedded
or immersed in M, which are critical for the k-area with the constraint 9% C A/. This is
equivalent to the fact that ¥ is minimal and meets N orthogonally along 9.

The most studied case is the unit ball, namely (M, N) = (Eg, S2%) with the Euclidean
metric. In [28], using an equivariant version of the Simon—Smith theory—which is itself a
less technical and more effective relative of Almgren—Pitts for surfaces, allowing for instance
to control the genus of the resulting min-max surface—Ketover built free boundary minimal
surfaces in the ball with arbitrarily big genus and three boundary components. In the
same spirit, a very recent work by Carlotto, Franz and Schulz [7] constructs surfaces with
connected boundary and arbitrary genus.

In the three-dimensional setting, within a similar min-max framework, a general existence
result was proved by Li in [31], while similar results were previously announced by Jost in
[25].

In [33, 19] the Almgren—Pitts theory for hypersurfaces in arbitrary dimension is adapted
to the free boundary case. We also mention [10] for a similar min-max theory in the free
boundary case, avoiding discretized constructions.

Several other techniques are used to construct free boundary minimal submanifolds,
including notably desingularization methods (see, e.g., [26, 27]), approximation using the
implicit function theorem (as in [14]) and the study of extremal eigenvalue problems (see,
e.g., [15]); for a survey of recent results, we refer the reader to [32].

Recently, in the closed case N' = (), another approach using the Allen—-Cahn functional
was proposed by Guaraco [20]. This theory, which started with the work of Modica [38] for
minimizers and Hutchinson—Tonegawa [22] for general critical points, interprets a minimal
hypersurface as a limit interface of a phase transition, hence as a sort of limit level set of
functions which are critical for rescalings of the Allen—Cahn energy, which should be seen
as a relaxation of the area for the level sets. This approach seems to be at least as powerful
as Almgren—Pitts; the additional structure given by having a sequence of smooth critical
functions converging to the limit already allowed to obtain finer results: see, e.g., the recent
works by Chodosh-Mantoulidis [9] and Bellettini [5].

In codimension two, interesting attempts have been made using the Ginzburg—Landau
energy for complex valued maps, by Cheng [8] and Stern [51]. This functional, which
appears formally identical to Allen—-Cahn—the latter being just Ginzburg—Landau for real
valued maps—exhibits a totally different behavior in terms of energy concentration, due to
the dominance of the angular part of the map in the Dirichlet part of the energy. This
component forces the asymptotic analysis to take place at infinitely many scales, making it
very challenging and less effective than for Allen—-Cahn. A different attempt, based on
rescalings of the Yang—Mills—Higgs energy for sections and connections of a Hermitian line
bundle, was proposed by the author and Stern [41]. In this last framework, the asymptotic
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analysis becomes much simpler and quite similar to the Allen—Cahn setting, although a
regularity theory still lacks.

Yet another framework, which is the one whose study is continued in this paper, was
introduced by Riviere [45]. It concerns minimal surfaces, but works in arbitrary codimension.
As in the classical works [11, 47], it uses parametrizations ® : ¥2 — (M™, g). On the other
hand, the area is not immediately relaxed with the Dirichlet energy; rather, we look at the
functional

E! (®) := area(®) 4 o> / (1+ |T®)?)? volg
b

for o > 0 and a fixed exponent p > 1, where the norm of the second fundamental form T®
and the area element volg are with respect to the metric ®*¢ induced by ®. By studying
critical points for E/, one hopes to get a limit minimal immersion regardless of the topology
of the closed surface ¥, while in the work by Sacks—Uhlenbeck [47]—which relaxes the
Dirichlet energy—one can just reach a harmonic map, whose minimality is not guaranteed
unless Y is a sphere. As for the free boundary case, minimality holds automatically only if
Y is a disk—a fact already exploited to solve Plateau’s problem; in fact, we mention that
the same approach developed in [47] was used to build free boundary minimal disks in [52].
Note that E’ is invariant under diffeomorphisms of ¥, whereas the Dirichlet energy is only
conformally invariant.

The main outcome of [45] is that, once a sequence of maps ®; critical for E,, is
carefully chosen, the induced varifolds converge to a kind of limit object called parametrized
stationary varifold. This notion defines a special class of varifolds which are induced by a
parametrization ®—possibly with a new domain Y due to bubbling phenomena—and a
Borel multiplicity function N defined on 3. A crucial feature is that stationarity can be
localized with respect to the domain. This allows to obtain the full regularity for the limit
object: the regularity theory was started in [46], where N =1 is assumed, and carried out
in full generality in [39], where parametrized stationary varifolds are axiomatically studied.

Later, in [40], the authors show that actually N = 1 in the variational setting, by
exploiting the results from [45, 39]. This fact allows to obtain an upper bound on the
Morse index of the limit minimal immersion in terms of the number of min-max parameters.
In this sense it is the correct analogue of the multiplicity one conjecture by Marques—Neves
[36], which has been confirmed very recently in the generic, codimension one case for the
Almgren-Pitts framework [54].

1.2. Main results. In this paper we study a similar energy for surfaces with boundary;
namely, choosing p = 2 and replacing o with o for convenience, we work with the energies

E,(®) := area(®) + olength(®|gs) + 04/ %) volg,
)

where ¥ is a fixed compact oriented surface with (possibly nonempty) boundary, and
®: Y — M™ is a smooth immersion with the constraint ®(9%) C N. The parameter o
should be thought dimensionally as a length.

In this work we fully exploit the invariance of E, under diffeomorphisms of the domain,
namely the principle that every diffeomorphism invariant quantity should depend only
on the shape of the immersed surface. In computing the first variation we will see that,
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using infinitesimal variations of the form w = X (®), all second-order terms involving w are
expressible just in terms of the second fundamental form of ®, as expected. A natural
consequence of this is that the first variation of the relaxing terms o length(®|sx) and
ot fz |]I‘I>]4 volg, for such special ambient deformations, can be bounded in terms of these
quantities themselves (and the ambient vector field X).

Moreover, working on the Finsler manifold 9t of W?2* immersions, equipped with a
norm on 79 involving the induced metric gg := ®*g, we observe that also || X (®)||¢ is
bounded in terms of E,(®), X and 0. Since in the asymptotic analysis we will use only
this particular kind of variations, we do not even need to construct critical points of Ej:
it suffices to have ||dE,(®)||¢ very small in terms of o. Since such almost critical maps
are easy to construct using pseudo-gradient flows and can be assumed, without loss of
generality, to be smooth, this makes the paper self-contained—except for the regularity
theory in Section 7.

These observations, detailed in Sections 2 and 3, represent a major simplification over the
original work [45], which appeals to either [6] or [29] for the Palais-Smale property of E/
and the regularity of critical maps. The formulas obtained in this paper are quite simple,
regardless of the ambient: differently from [45]—where M is assumed to be the round
sphere S3 in order to simplify the presentation—we can deal immediately with general
closed manifolds M and N.

As in the closed case, the main difficulty is to prove a lower bound for the area of the
immersed surface ® in suitable balls B, (p) in the ambient. This is accomplished by studying
how the ratio @ behaves as s varies, with p denoting the area measure of ® on
M. While for s < o the boundedness of the quantity o* [, IT®|* volg is enough—in that,

I we get an L*-bound on the second fundamental

heuristically, magnifying by a factor s~
form and we can apply directly the monotonicity formula—for s > o we have to use the
almost criticality of ®.

Namely, we use the same vector fields used to show the (approximate) monotonicity

Of /"‘(Bs (p))

—3—— for free boundary minimal surfaces, in order to understand the growth rate of

this ratio for our immersed surface. Oversimplifying, the quantity %4 fz |]I<I>|4 volg appears
among the error terms: since this has to be integrated between ¢ and r, this produces an
error ot log(c™1) [ [I®|* volg. As in [45], this can be assumed to be infinitesimal with a
careful selection of o and ®, based on Struwe’s monotonicity trick for relaxed energies. In
reality, the argument also requires a mazimal bound

04/ IT®[* volg < du(Bs(p)) for all s > 0.
o=1(Bs(p)

We add the additional term o length(®|sx) in E, in order to deal with the additional
challenge of having a nontrivial boundary ®|s.

The rest of the paper adapts the remaining arguments from [45] and [46] to the free
boundary case—again with some important simplifications. In Section 6 we study carefully
what happens when the conformal structure induced by ® degenerates as ¢ — 0, which is
more delicate and less well known for surfaces with boundary.

The following is the main result of this work.
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Theorem 1.1. Let (M™, g) be a closed Riemannian manifold, N™ C M a closed embedded
submanifold (possibly empty, with 1 <n < m), and let ¥ be a compact oriented surface,
possibly with boundary. Given a sequence @y of immersions which are J;z-critical for Eg,,
have bounded area and satisfy the condition

oy log ak_l length(®x|sx) + of log ak_l/ T%*|* volg, — 0,
by

there exists a subsequence such that the induced varifolds converge to a parametrized free
boundary stationary varifold for the couple (M, N'). Moreover, the connected components
Y of its domain have x(¥;) > x(X) and g(%;) < g(%).

In this statement y(-) is the Euler characteristic and g¢(-) is the genus. The last part of
the statement follows from the analysis carried out in Section 6. We refer to Definition 5.10
for the precise description of the notion of parametrized varifold; the fact that one can
localize the stationarity with respect to the domain stems from the fact that one can use
variations w = X (®) also just on a subset w C ¥, extending w to vanish on the complement,
provided X is supported far from ®(0w).

As in the closed case, we can actually assert that the multiplicity function in the

parametrized varifold is everywhere equal to 1: see Remark 7.1.

Remark 1.2. This result applies also to a compact ambient manifold M with boundary
N, such as the flat unit ball §3; note that the (almost) criticality should be understood
formally, for infinitesimal variations w which are sections of ®*T'M, with w(9X) C TN
(indeed, we can smoothly extend M to a closed Riemannian manifold and reduce to the
previous statement). However, since the space 9t of immersions is no longer a Banach
manifold in this setting, variational applications such as Corollary 1.6 below are not

immediately available.

Remark 1.3. It also applies to the case M = R™, with N' C R™ a closed embedded
submanifold: the lower bounds obtained in Section 4 (see also the proof of Proposition 5.1)
show that the varifolds induced by ®; form a tight sequence, and the result then follows
with the same proofs.

As for the regularity of the limit, we have the following.

Theorem 1.4. For a parametrized free boundary stationary varifold (3, ®, N), the map
® is smooth up to the boundary 0%, where 0,® L TN . Also, on the components of ¥
where ® is not (a.e.) constant, the multiplicity N is constant and ® is a branched minimal

immersion outside 0X%.

Remark 1.5. We stress that the limit (branched) immersion @ is free boundary minimal
in the sense that it meets the constraint A/ orthogonally along 9%. However, there could
be points z in the interior int(3) = X\ 9% with ®(z) € N—a possibility which cannot
happen, e.g., for (§3, S?) (on the components where ® is not constant); at such points the

orthogonality is not guaranteed.

A simple corollary is, for instance, the following. Note that other min-max situations can
be dealt with in the same way.
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Corollary 1.6. Given any collection F of compact subsets of the space of smooth immersions
(2,0%) = (M, N), assuming F to be stable for isotopies of this space, the min-maz value
= jaf payeree(®
is the sum of the areas of finitely many free boundary minimal (branched) immersions
;) 1 Xy — M, whose domains are connected and have x(¥(;)) > x(X) and g(X;)) < g(2).

Compactness here is meant with respect to the smooth topology, namely the subspace
topology from C°°(X, M). Stability under isotopies means that if H : [0,1] x 9t — m
is continuous, H(0,-) = idg, and H(t,-) is a homeomorphism of ﬁ, the space of smooth
immersions, then H(1,A) € F for all A € F. Such a collection could be, for instance,
the set of images f(S*) as f varies in a homotopy class in Wk(ﬁ; ®g) (for some chosen
basepoint ®g € ?SJJT)

Remark 1.7. Compared with the other min-max theories for free boundary minimal
submanifolds, the present one is restricted to surfaces (k = 2) but works in any codimension
m — 2. While we deal only with surfaces >, the proofs in the next two sections generalize
immediately to closed k-dimensional domains, with the energy
O — k-area(®) —i—/ [I®|P volg
X

for W?2P immersions ® : ¥ — M, with p > k. We get a stationary varifold in the limit,
which is rectifiable since its density is bounded below, by Corollary 4.6 and the arguments
from Proposition 5.1 (which carry over with obvious changes). Also, by Remark 5.5, it has
integer multiplicity almost everywhere. However, what seems so far out of reach (when
k > 2) is understanding how to retain a parametrized structure for the limit varifold.

1.3. Organization of the paper. We conclude the introduction with a very brief
description of the structure of the paper.

e In Section 2 we show how to deduce Corollary 1.6 from Theorem 1.1, by introducing a
Finsler manifold of maps and checking that it satisfies the conditions guaranteeing that
Struwe’s monotonicity trick applies;

e in Section 3 we compute the first variation of E, for special variations X (®), and use the
resulting formula to show that the varifolds induced by the maps ®; converge, up to
subsequences, to a free boundary stationary varifold;

e Section 4 is devoted to the proof of the lower bound for the area mentioned earlier, in
various forms;

e in Section 5 we show several structure results for the (weak) limit of the area measure
that ®; induces on ¥ and we obtain Theorem 1.1, under the assumption that ®; induces
a constant conformal structure on 3 and ignoring possible concentration points for the
area;

e in Section 6 we remove the above assumption, studying carefully how to deal with all
possible situations of degeneration of the conformal structure and describing how to
recover the energy arising from concentration points, thus proving Theorem 1.1 in general;

finally, Section 7 is devoted to the regularity part, namely the proof of Theorem 1.4.
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2. ALMOST CRITICAL POINTS FOR F,

Let (M™,g) be a closed Riemannian manifold and N C M a closed embedded
submanifold, with 1 < n < m. For simplicity, we will assume without loss of generality that
M is isometrically embedded in some Euclidean space R?, although the proofs could be
easily modified so as to avoid the Nash embedding theorem.

Also, let ¥ be a compact surface, possibly with boundary 0¥. In this paper we will study
the following relaxation of the area functional: given an immersion ® : ¥ — M, we let

E,(®) := area(®) + o length(®|sx) + 04/ IT®|* volg
%

:/V01<1> —l—J/ VOLI’\@E +J4/ ’]I‘P‘4 volg .
b ox b

Here volg and volg|,, are the (two- and one-dimensional) volume forms of the induced

(2.1)

metric ®*¢g on X and 9%, which we will often identify with the corresponding measures. In
the last term, I® denotes the second fundamental form of .

In order to construct almost critical maps for E,, with the constraint ®(0X) C N, we
introduce the topological space

M= {® € W?HZ, M) : ® is an immersion and ®(9%) C N},

with the topology induced from W?24(%, M), in turn induced from W?24(2, R?). Recall
that W24(2,RQ) embeds into C1(3,R?), so that the definition makes sense and 9 is
canonically a Banach manifold.

For each ® € 9, the tangent space TpIM identifies with the Banach space of W24
sections s : ¥ — T'M of the pullback bundle ®*T'M, with s € TN along 9.

Given ® € M, we call g := ®*g the metric that ® induces on 3. We endow TN with

the following norm: we let
Islla == [Isllze + [IVsllze + [IV25]| 2,

where V is the pullback connection on ®*T'M and the norms are with respect to the
metrics g on T M and ge on T*X. Tt is straightforward to check that this choice satisfies
the requirements to be a Finsler structure on 91 (see [16, p. 54] for the definition).

Proposition 2.1. The Finsler manifold 9 is complete.

Recall that the distance between two elements @1, Py € 9 (in the same connected
component) is defined to be the infimum of fol 17 ()ly¢) dt, as v : [0,1] — 90 ranges among
all piecewise C'! curves from ®; to ®,. It is a consequence of the Finsler structure axioms
that it induces the original topology on 9.

Proof. Let (®j)r>0 be a Cauchy sequence. Up to subsequences, we can assume that
> dist(@p, Pry1) < oo. Hence, by definition we can find a piecewise C! curve @ : [0, 00) —
M of finite length, with ®(k) = @y, for every k € N. We will use the notation ®; in place
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of ®(t). It suffices to show that ®; converges in W?* as t — co. With a perturbation
argument, we can assume that ®4(z) is smooth in the couple (z,t).

Let w; := 22t. Since w; is bounded pointwise by the summable (in t) quantity ||w|s,,
we know that ®; converges in C? to a limit ®...

Let ¢; := ga, be the metric induced by the immersion ®; on . For a fixed v € TY we

have

d d
ﬁgt(v,v) = &|d¢t[v]]2 = 2(d®[v], Vywy)

and, since |V,wy| < ||wi]|e,|v]g,, we deduce that

[ 0i0,0)] < 2900, 0) el
Hence, for v # 0, the time derivative of log g;(v, v) is bounded in L' on [0, 00). Thus there
exists a constant C' > 0 such that
C2g0(v,v) < gi(v,v) < C?go(v,v)
for all t > 0 and all v € TY. As a consequence, for any z € ¥ and any v € T, %
Vo, (d®:[o])| < [Vwelg, [v]g, < Cllwella,[v]g,,

with Vj, being the covariant derivative along the curve ®;(z). Together with the CY
convergence ®; — ®., this implies that actually ®; — ®, in C'. Note that ® is still an
immersion by the uniform lower bound on g;, which passes to the limit. Finally, given
smooth vector fields X,Y on %,

vatVX(dq)t[YD = VXVY'U)t + Rm(d@t[X],wt)(d@t[Y])

where Rm(V, W)Z = V,,,Z — V%/,WZ is the Riemann tensor of M. Again, thanks to the
comparability between go and gy, the right-hand side is bounded in L* by ||w||e,, up to a
multiplicative constant depending only on X,Y. This implies the convergence ®; — P, in
w24, O

The following variational result, essentially due to Struwe, is proved in [44]. Before
stating it, we give a notion of admissible family.

Definition 2.2. Given a Banach manifold 9, a nonempty family F of subsets of 91 is
said to be admissible if, for any continuous deformation F : [0, 1] x 9t — 9 with Fy = idgy
and F; a homeomorphism for all 0 < ¢ < 1, we have Fi(A) € F for all A € F (where
F,:=F(t,-)).

Proposition 2.3. Assume (E,)o>0 is a family of C* functionals on a complete Finsler
manifold M, with E,(x) differentiable in o and o — Ey(x), 0 — %Ea(m) both increasing
in o, for every x € M. Assume also that

(2.2) |dEs; (z5) — dEo(xj)|| — 0

whenever 1 > 0 > 0 >0, 0; — o and limsup,_,, Eq(7;) < oc.
Then, for any admissible family F, defining the min-max values

B(o) = Allelg__ilelgEg(x),
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there exist sequences (oy) C (0,1) and (zx) C I, with o, — 0, such that
d
Eo (zk) = Blow) = 0, [ldEq, (xp)]| < flow), owlog(l/ok) o~ Eo(zk)| =0,
ok

where f:(0,00) — (0,00) is any function fized in advance.

This statement is quite robust and can be adapted to other kinds of min-max problems,

where one replaces admissible families with other notions.

Remark 2.4. Actually, in [44] the functional FE, is assumed to be Palais—-Smale, and the
second conclusion becomes dE,, (zx) = 0. Without this hypothesis, we can still find almost
critical points xy, for E,,, in the sense that we can require ||dE,, (z)] to be as small as we

want, with the same proof.

Proposition 2.5. The functionals (E,)s>0 previously defined satisfy the assumptions of
Proposition 2.3.

Before proving this fact, we make an important observation.
Proposition 2.6. For X,Y wector fields on ¥ we have (Vd®)(X,Y) = I1®(®, X, ®,Y).

Proof. The left-hand side equals Vx(®.Y) — ®,VxY; since ® is an isometry from (X, go)
to the immersed surface ®, the term ®,VxY equals (locally) the Levi-Civita connection
Vo,x®P.Y on this surface; the latter equals the orthogonal projection of Vx(®.Y) onto
the tangent plane, since V is the pullback of the Levi-Civita connection from M. O

Proof of Proposition 2.5. We only need to check that (2.2) holds. We first show how to
obtain an upper bound for |dE,/(®)[w] — dE,(®)[w]|, when 1 > ¢’ > o > 0.
If ® € M is a smooth map and (P;) is a smooth variation (with &y = ®), we compute

d :/ (d®, Vw) volg,
t=0 »

— [ vol
at Js

where w := %Cbt‘ . belongs to TeM, and the scalar product (with respect to gg) in the
t=
integral is bounded by 2||Vw||p~ < 2||w]|s.
With a similar computation for the length of ®|sx, we get

%EG@)L = / (1+ o |T®|%) (d®, Vi) volg +o / (dB[r], V. w) volg,
= b

ox
—1-04/ £|]I¢t\4‘ volg,
D) dt t=0

where 7 is the unit vector (with respect to g¢) orienting 9.

(2.3)

Given a local orthonormal frame {e;, ea}, oriented as 3, define n; := d®.[e1] A dP[ea].
We have |T%| = |Vn,| and

do
Vo, Vxn: = VxVan: + Rm (dcb[X], E)nt,
where Rm(a, b)(c A d) := (Rm(a,b)c) ANd+ ¢ A (Rm(a,b)d) for vectors in TM. At ¢t = 0 the
above equals Vxw + R(d®[X], w)n, where n := ny and
w:= Ve wAd®leg] + dPlei] A Ve,w — (dPle;], Ve, w) n.

Using Proposition 2.6 we see that |V yw| < C|X|(|V2w| + |Vw||T®]).
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Finally, the contribution of the metric gp, for the time derivative of |Vng* is just
—4|Vn|? (d® ® Vw, Vn ® Vn). Combining this fact with the preceding computations, we
deduce that the time derivative of [T®*|* at t = 0 is bounded by

(2.4) % 2| V2| + 1% [Vw| + 1% [w]
up to a multiplicative constant depending on M.
Thus, using (2.3), (2.4), Holder’s inequality and Young’s inequality, we see that

o —o

|[dE; (®)[w] — dE,(®)[w]| < C Es(®)|w]le +C(0o" = 0)Ex(2)**|lwlle

for 0 < o < ¢’ < 20. Since E, and E, are C' functionals, this bound holds for general
® € M and w € TeM. Starting from this estimate, it is immediate to check that (2.2) is
satisfied. O

Thanks to Proposition 2.5, letting f(o) := ¢® we can then find sequences of numbers
or — 0 and maps ®; € 9 satisfying the conclusions of Proposition 2.3. In particular,

(2.5) 1dEq, (k)2 < o}

and

(2.6) o log(1/0y) length(®y|ox) + o log(l/ak)/ [T |* volg, — 0.
b

Since smooth functions are dense in 91, we can assume that the maps ®; are smooth.
In the following sections we will study the limit behavior of the measures v, := volg,

and the varifolds vy, induced by ®j. Note that the weight measure |v| equals (Pg ).
We conclude this section by discussing how Corollary 1.6 follows from Theorem 1.1.

Proof of Corollary 1.6. For any A € F, by compactness of A we have
max E,(®) — maxarea(®) as o — 0.
deA PecA

Hence, the min-max value (o) for E, converges to 3. Note that, although F is not
stable under isotopies of M, Proposition 2.3 still applies, since we claim that there exists a
pseudo-gradient flow preserving the subset of smooth immersions.

To check this, referring to the proof of existence of pseudo-gradients given in [16, p. 54],
observe that we can assume each W (x) to be included in a chart of 9%, centered at a smooth
immersion ® and identifying the domain with a subset of the Banach space Xg, consisting
of W24 sections of ®*T'M (via a modification of the exponential map, adapted to N).

Any other smooth immersion here corresponds to a smooth section of ®*T'M. For a
fixed x € X = 9 we can find a v(x) (constant on W (x) under the chart) satisfying the two
desired inequalities for all w € W (x) (note that the author of [16] is implicitly working in a
chart, to make sense of the second one) and smooth when viewed as an element of Xg.

The resulting pseudo-gradient is a smooth section of V*T'M at each smooth ¥ € 9 and
depends continuously on W, from the topology of 9 to the smooth one (in each chart as
above), proving the claim. We extend the pseudo-gradient to be zero on the set of critical
maps and assume that it is locally Lipschitz on the complement (using Lipschitz partitions
of unity), so that the proof of Proposition 2.3 (which uses the flow) applies.
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Taking then smooth maps ®; as above, the statement follows from Theorem 1.1,
Theorem 1.4 and the fact that

lim area(®y) = kl;rgo B(oy) = B. O

k—o0

3. FIRST VARIATION

In this section we will derive a particularly useful formula for the first variation of F, at
& € M, for infinitesimal variations w € TN of the form X (P), with X a smooth vector
field on M.

Let ® € M be a smooth map and w € TeM a smooth section of ®*T' M, with w € TN
on 0X. In the sequel, {ej,es} will be an oriented orthonormal basis at an arbitrary point
of ¥, with respect to the induced metric gg. The (1,1)-tensor J : TS — T3, given by
Jei := eg and Jeg := —eq, is parallel for this metric.

As in the proof of Proposition 2.5, we use the notation n := ®,e; A P.es and we set
/= I%2 = |Vn|2. We also define the sections I and J of ®*TM @ T*X, as well as the
section I of ®*TM @ T*E @ T*S, by

I(v) := @0, J(v) = B, (Jv), L(v,v') :=0®(®,0, ®,0"), for v,0/ € T.

Recall the following formula, which was computed in that proof:

dEq(®)(u) = [

(14 )1, Vw) + o / (o, Vw)
by

(3.1) ox

+ 40" /Z f(Vn, Vw + Rm(d®, w)n) — 40 /E FI'®Vw,Vn® Vn),
where we omit the volume forms and w denotes the infinitesimal variation of n, namely
w=VewA j(ei) —(Vuw, Bn
When the variation w has the form w = X (®), using Proposition 2.6 we get
Vw = VX (®)[P,] = VX o1,
(32) V2 e,w = V2X(D)[Due, Duej] + VX (®)[(e;, ;)]

For such special variations, (3.1) becomes

dEq(®)(u) = [

Z(1 + o1f?) <T,VXOT> —1—0/ (7, VX[D,7T])

ox

(3.3) + 4ot /Z F((Vn, Vo) + (Vn, Rm(d®, X (®))n))

- 404/ FII® (VX ol),Vne Vn).
3

We now write the term (Vn, Vw) in a way which will prove useful for our later work.
Since (Ve,n,n) = 0, we compute

(Vn, Vw) = (Vn, V(Vew A J(e:))) — (Vw, T)|Vn|?



THE VISCOSITY METHOD FOR MIN-MAX FREE BOUNDARY MINIMAL SURFACES 13

and the first term equals (V¢,n, V2 . w A J(ex) + Ve, w A ﬁ(ej, Jey)). Substituting the

€5,€k
above formulas for Vw and V2w, we get

(Vn, Vw) = (Ve,n, VEX [@ej, Duer] A J(ex) + VX [L(ej, )] A J(ex)
+ VX [®.er] AL, Jey)) — (VX, T)|Vn|?.
Thus,
(3.4) F1 (7, V) | < COMY(IVX ]| £2 + 172X | e £2).
We are now ready to state an initial consequence of this bound.

Definition 3.1. A k-varifold v on M is a free boundary stationary varifold for the couple
(M, N) if it holds that

LiE)vim| =0
whenever (F})_.ci<. is a family of diffeomorphisms of M with Fy(N) =N, Fy = id and
Fy(x) smooth in the couple (¢, x). We say that v is free boundary stationary outside a closed
set K C M if the same holds for isotopies (F}) such that F;|y = id for some neighborhood
UDK.

Definition 3.2. We denote by Xy}, the linear space of smooth vector fields X on M which
are tangent to A, namely such that X (p) € T,N for all p € N.

Remark 3.3. With X := %Ft) o we have X € Xy, and
t=

d
i I(E)-vI( )‘tzo (p.I1)EGr) (M)

where Gry(M) is the Grassmannian bundle made of couples (p,II) with p € M and

divy X dv(p, IT),

IT C TyM a k-plane. Conversely, given X tangent to N, we can take F; to be its flow.
Hence, v is a free boundary stationary varifold if and only if
/ diVHXdV(p, H) =0 forall X € be.
(p,IHEGTL(M)
Similarly, v is free boundary stationary outside K if and only if the same holds for all
X EbeﬂCgo(M\K).

Given a sequence (®g) as in Theorem 1.1, such as the sequence obtained from Proposi-
tion 2.3 at the end of Section 2, the following holds.

Theorem 3.4. The varifolds vy induced by ®p converge, up to subsequences, to a free
boundary stationary varifold veo.

A priori it is not clear whether v, is integer rectifiable. This, together with a structure
theorem for v, will be proved later on.

Proof. Fix any (F})_c<t<c as above and consider the variation (F; o &) C 9. The
corresponding infinitesimal variation wy, € Te, M is just wy = X o ®;. Hence, (3.3) and
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(2.5) give
/2(1 + ot f?) <Tk, VXo fk> + oy, /&Z ((Br) 57, VX[(Dr)57])
s + 40 /Z Fel( g, Veog) + (Vg Rm(dy, X (@))n)

—40%/ fk<fk®(VXoE€)7Vnk®Vnk>
b

4
= o(og||welle,)-
We now show that all terms where o, appears are infinitesimal as k¥ — oco. Note that

ka, VXo E»‘ < 2||VX]|| L, since the scalar product is with respect to the induced metric
ga,- Hence, by (2.6),

a,%/ f,?<IAk,VXofk> —0
b

and similarly the boundary term is also infinitesimal. Thanks to the boundedness of the
area of ®p, the pointwise bound (3.4) and Hoélder’s inequality, we deduce that also the
remaining terms in the left-hand side of (3.5) are infinitesimal, except for the first one.

We now estimate ||wy||e,. Note first that |wg| < || X||z~ and [Vwi| < ||VX|| . Also,
from (3.2) we get

IV2wi| < [V2X [z + [[VX ]| oo [T

We deduce that oy ||wg||o, — 0.
Finally, (I, VX o I )(z) = div(s,).[rx) X, so that

/(fk,vxom :/ diviy X dvy(p, 1)
b)) (p,II)eGra(M)
and, taking any subsequential limit v, the claim follows. O

4. A LOWER BOUND FOR THE AREA

In order to obtain more information for the asymptotic behavior of the measures v, and
the varifolds v introduced at the end of Section 2, we first obtain (various versions of)

a lower bound on the mass Ml(rizr(p))

. The main idea will be to mimic the proof of the
monotonicity formula for stationary varifolds; since that proof uses vector fields in the
ambient M, we will be able to use formula (3.3), involving variations of the form X (®).

The statements contained in this section make it essential to require the decays
o log ak_l Js fZ volg, — 0, as well as oy log ak_llength(q)kbg) — 0, guaranteed in ap-
plications by Proposition 2.3.

Rather than dealing with the sequence (®y), in this section all the statements concern a
general smooth map ® € 91, with a fixed value of . Of course, in order for the results
to be useful in the asymptotic analysis, the constants appearing in their statements will
depend neither on ® nor on o.

Definition 4.1. In the following statements, we say that a smooth map ® € 9 is e-critical
for Ey if ||[dE,(®)||le < €, meaning that |dE,(P)[w]| < e||w||e for all w € TepIMN.



THE VISCOSITY METHOD FOR MIN-MAX FREE BOUNDARY MINIMAL SURFACES 15

Proposition 4.2. Let ® be o®-critical for E,, © € ¥, and denote p := ®(x). Assume
U C ¥ is an open neighborhood of x. Defining the measures j = (®|)«(vols) and
A= (Dlomnu)« (0 volg|,y) + (®[y)« (0 f2 volg) on M, assume also that

A Bi(p)) < ou(Bsi(p))  for all radii t > 0,

for some 0 < 0 < 1. Given 0 < s < r < diam(M), if B,.(p) N ®(QU) = then we have

1(Br(p))

3 >(c—0C¢ log(r/s))u(i(p)) — Co?,

2

s

for some constants ¢,C > 0 depending on M and N, provided that 6 and o are small
enough.

Note that QU is the topological boundary of U in ¥ and therefore does not include
0¥ NU. Recall that f = [T?|2.
Before delving into the proof, we state without proof an immediate but useful fact.

Proposition 4.3. There exists a constant cp(M,N) such that, for every p € M, there
are coordinates

E=(&,...,&m) : Bep(p) = R™
depending on the center p, satisfying

1. .
(4.1) 9i(0) = big,  llgijllee < CMN), - S dist(-,p) < [€] < 2dist(:, p)
for the Fuclidean metric | -|. When p € N we also ask that the coordinates are adapted to
N, in the sense that B.,(p) NN corresponds to {&n41 = -+ = &, = 0}.

We also show a similar statement for radii smaller than o. The proof does not use the
almost criticality of ®.

Proposition 4.4. Let A > 1. Under the same assumptions of Proposition 4.2, if Br(p) N
®(OU) =0 then

#(Br(p) Cu(Bs(p))

4.2
(42) Bz

for all 0 < s <r < Ao and some universal ¢ > 0, provided that § and o are small enough.

In the proof we work again in the Euclidean space R?, where M is embedded isometrically.

Proof. Let By(p) := B%R{Q (p). For the varifold induced by ®|;; in R?, the generalized mean
curvature on a ball By (p) has total mass at most 2 Jo, II® | +length(®| 55w, )+C (M) u(Bi(p)),
where U, := UN®(B,(p)), provided that ¢ < r/2 and that o is so small that B,(p) "M C
Bat(p). _

The monotonicity formula in the ball By(p) (see, e.g., [49, eq. (17.4)]) and Holder’s
inequality then give

p(Bi(p)  #(Bija(p))

2 (t/2)?
—Ct (o A(Bu(p)*u(Bu(p))*/* + ' A(Bu(p)) + n(B(p)))
> —Ct Yo 6 + 6716 + 1) u(Baoe(p))

(4.3)

v
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for t <r/2 < Ao, if o is small enough.

We can assume s < 1¢5. Let 25 < ¢ < & be the biggest radius such that “(ig(p)) > “(gis)g"”.

If £ > g5 then we are done, thanks to the inclusion By (p) 2 M N By(p). Otherwise, (4.3)

gives

p(Bi(p)  #(Bija(p)) Caga gy A(Bas(p)
— > —Ct ) 1) ————=
2 Gz = Ot )T
fort <t < 5. Settingt := 27%(r/40) in the last inequality and summing on k = 0, ..., ko—1,
where kg is the biggest integer such that 27%0(r/40) > 7, we get

BT B; — B ] B s
N((T//fg)(f)) > M(izgp)) — Cr(o 16V 4 1)N(B§2(p)) > (% B 051/4+Ca) p(B;(p))

and claim (4.2) follows again, for 0 and o small enough. O

Proof of Proposition 4.2. In view of Proposition 4.4 and the assumption r < diam(M),
without loss of generality we can also assume r, ¢ < ¢’ for a constant ¢’ < cr to be chosen
later. Once we get the desired estimate with these constraints, the statement follows in
general with possibly different values of ¢ and C.

We will imitate the proof of the monotonicity formula, using now our equation (3.3).
Assume first B,(p) NN = (. In this case we can find coordinates £ : B.(p) — R™ as in
Proposition 4.3. Given a decreasing cut-off function y € C2°(]0,00)), with x =1 on [0, 1/4]
and x =0 on [1/2,00), for 0 < 7 <7 we set x, = x(|¢|/7) and X := XTfia%i'

Note that, by (4.1), we have |[VX,| < C, |[V2X,| < Cr~! and
€l

T

(4.4) divi(X7) = (2= C7)xr + (1 4+ C7)X/(|€]/7)

for any p € B-(¢q) and any 2-plane IT C T, M (recall that x’ < 0).
We now want to apply (3.3) with the infinitesimal variation w := X (®)1y, which is
admissible since X vanishes near ®(0U). By (3.4) we have

U4f <Vn, Vw) < 004(f2 + 7—_1]03/2)lspt(w)§
hence, the corresponding term in the first variation is bounded by
OB (p)) + Cor " N(B-(p))* (B (p)/* < C(6 + 077" u(Bs-(p)).

Similarly, the curvature term in (3.3) is bounded by Cou(Bs,(p)), while the last term is
again bounded by Cou(Bs-(p)). Also, the boundary term vanishes since the support of w
does not intersect 0.

Finally, as in the proof of Theorem 3.4, we have

1/4
fullo < 12X e+ 19X im+ ([ (92X + VX 2 vl

spt(w)
< C+Cr7 (B (p))/* + 07 A(B- (p)) /4
<C+ 0+ o7 u(Bs(p)),

so that from (2.5) we get |dE,(®)[w]| < Co® + Cou(Bs,(p)) for 7 > 0.
Hence, defining h(7) := 772 [;; x+(®) vole, (3.3) and a straightforward computation give

(4.5) (1) > =C(8 +ar )1 °u(Bsr(p)) — Cm 2 u(Bsr (p)) — Co?
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for 7 > o. Call 7 the biggest radius in [s, 7] such that
#(Br(p))  p(Bs(p))
72~ 2
For ¢ > 7 >7 > 0, (4.5) becomes

W(t)>-Crt+or 2+ 1)M(i52(p)) — Co?.

Integrating this inequality between 87 and ¢ we get
W > h(r/5) > h(8F) — C(6log(r/s) + o5+ + T)M(B;Q()) Co?r,
unless r < 407, in which case the statement follows trivially. Since r and ¢ are both
bounded by ¢, observing that h(87) > £ (Z;(QP ) > (gfg D we arrive at
(B, 5(p))
(r/5)?

and the statement follows in this case, once we impose 2C¢’ < 6—14.

> (6%1 — Célog(r/s) — 200,)/1(3532(;0)) — Co’r,

If v/ .= dist(p, N') < r, we let ¢ be a nearest point to p in N (hence, ¢ = p when ' = 0).
If v > s, we know that the claim holds with 7’ replacing r; so it follows also for r if either
s >r/8or 1’ > r/8, with possibly different constants. Assume in the sequel that ', s < r/8.
For 7 > 2r' + s we have

A(Br(q)) < A(Bar(p)) < du(Bior(p)) < dp(B2o-(q))-

So, using now coordinates centered at g and adapted to N and defining h as before, we get

W(r) > —CEr +or? 4 1) B2 @) o2
T

for 7 > 21" + s > o} note that now also the boundary term in (3.3) is taken into account,
giving again a contribution bounded by C773\(B-(q)) < Cd73u(Bao,(q)) in the previous
right-hand side. Similarly to the above, assume 27" + s <7 < r/2 to be the smallest radius
in this interval such that £ (BTE(Q)) <k (isz(p )
u(Br/z(q)) > /.L(Bs(p))

for 7 € [, r/2]; if such radius does not exist,

then we have and we are done thanks to the inclusion B,(p) 2 B, /2(q).

Integrating from 87“ to r/40 (agam we can assume 7 < z55), we conclude that either
1 r/40(Q)) ( 1(Bs(p)) 2
— > -l 2C >7 - Co?,
(r/40)2 64 o8(r/s) =20¢) == 7

in which case we are done since j(B(p)) > p(B,/40(q)), or

,U’(Br/40(Q)) > M(BQT’+5(Q)

1(Bs(p))
(r/40)2 = 64(217 + 5)2 — (Colog(r/s) +20¢) E=582 — O™,

52

N(BQT’+S(‘1)) > u(Bs(p))

In this second case, if ' < s then we use the inequality and we are

(2r'+s)?2 = (3s)2
done. Otherwise, if v’ > s we use the inequality “((B;ir,/j;)(zq ) > K (g;ﬁ)(g)) and we conclude
using the already obtained lower bound for this last ratio. O

Remark 4.5. A similar choice of test vector fields gives the following monotonicity for
general free boundary stationary varifolds v: given p in M, one has

(4.6) w > (1+ C(M,N)\/;)_lw

r S
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for 0 < s <r < diam(M) if p € N, and for 0 < s < r < dist(p,N) otherwise. Indeed, it
suffices to establish (4.6) assuming r small, and also s > 7, since for s < § we can then
compare dyadic radii 7, 5, ..., 27k until 2%~ < s. Pick coordinates as in Proposition 4.3,
with | dist(-,p) — |¢|| < Cdist(-, p)?, and take now y such that x =1 on [0,1 —2y/7], x =0
on [1 — /7, 00) and |x/| < Cr~Y/2, so that x, is supported in B,(p) for 7 < 7. Setting

h(t) := 72 [\, xr d|v|, the stationarity of v and (4.4) then give
W (1) > =Cr=>2|v|(B,(p))
(for s < 7 <), which, integrating from s to r, implies

V(B (p))  [VI(Ba—cyms(p
7"2 N 32

) / W (r)dr > —Cr=3v|(B.(p)),

and (4.6) follows easily. Hence, the density
_|VI(Br(p))
=1
Ov.p) =l
exists at any p € M. It also follows that

(4.7) V(B (p) < C(M,N)|v|(M)r?

for all » > 0: this is clear if p € N, while for p € N and r > dist(p, N') we have
B.(p) C Ba,(q) for some q € N, so that |v|(B,(p)) < C|v|(M)(2r)?, and (4.7) follows
also for r < dist(p, N) thanks to (4.6) again. In the same way, using the inclusions
Bs(p) 2 Bs—_4(q) and Bay(q) 2 Ba(p), with d := dist(p, N') and ¢ € N a nearest point to p,
we deduce that |v|(Bs(p)) > cs%0(v,p) holds even for 3d < s < diam(M). Thus,

(4.8) VI(Br(p) = (M, N)B(v. p)r?
for all p € M and all 0 < r < diam(M).

We also have the following, which follows immediately from Proposition 4.2 (applied
with s := o) and Proposition 4.4 (applied with 7 := o and s very small), together with the

fact that limg_sq % > .

Corollary 4.6. Under the same assumptions of Proposition 4.2, if o < r < diam(M) and
B, (p) N ®(0U) = 0 then

1(Br(p))

3 > ¢ — Célog(r/o) — Co?,

provided § and o are small enough.

5. ASYMPTOTIC BEHAVIOR OF THE AREA, IN X AND IN M

We now investigate the asymptotic behavior of the maps ®; introduced in Section 2.
Recall that vy is the area measure of ®; on ¥, meaning that v;(U) is the area of the
immersion ®|y for any open set U C X. Also, let py := (®g)«x be the corresponding
measure on M, and recall that vy is the 2-varifold induced by @, namely vi := (). (),
the varifold pushforward of the canonical multiplicity one 2-varifold on X.

Up to subsequences, we can assume that ug, v, and vi converge weakly to limits oo,

Vso and Vv, in the sense of Radon measures and varifolds.
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In this section we show structure theorems for the limit measures v, tieo and for the
limit varifold v, namely Theorem 5.2, Theorem 5.3 and Theorem 5.12. The regularity of
Voo Will be studied in Section 7.

We will assume for simplicity that the maps ®; induce the same conformal structure on
>:; we will discuss the general case later, in Section 6.

Given a reference metric gg (on X) compatible with this structure, voly, will denote
either the corresponding volume form or the associated measure.

Note that v, = %|d<I>k|§O volg,. Hence, viewing M C R€, the maps @}, are bounded in
WhH2(3,R?) and, up to subsequences, we can extract a weak limit ®.,. Note that we have
the strong convergence in L? for the maps ®; — ®, and the traces ®x|sx — Poo|ox; hence,
D, and its trace |9y take values into M and N, respectively.

Proposition 5.1. Given x € X, fix a local conformal chart centered at x such that the
chart domain corresponds to U' := B} if x ¢ 0%, or to U’ := B} N {S(z) > 0} if x € 9%.
Given 0 <1 <1, assume that ®x|gp2qy converges to the trace ®oclgp2ny in C°, and that
s := diam @ (B2 NU’) < ¢y, with cy the constant appearing in Lemma A.J.

Then either lim supy,_, . vk (B2NU’) > cq, with a constant cg > 0 depending only on M
and N, or spt(u) is included in a 2s-neighborhood of ®(0B2 N U"), for any weak limit p

of (®k|p2nu )V

Here the letter @ in cq stands for quantization; it is not related to the dimension of the
Euclidean space R?.

Proof. Assume limsupy,_, ., vx(B2NU’) < cg, for cg to be specified below, and let u be
the weak limit of (®x|p2ny)«Vk along a subsequence (not relabeled). The maps ®x|p2ngr
induce varifolds vy.

If x € 9%, then we can repeat the proof of Theorem 3.4 with vector fields X supported
outside I' := @, (B2 N U’), with the corresponding variation wy, given by wy, = X (®) on
B2N U’ and wy, = 0 on the complement (in ). We deduce that the limit (up to further
subsequences) Vo, is a free boundary stationary varifold outside T'. If z ¢ 0%, then v
is actually stationary outside I', since any vector field supported outside I' produces a
variation which does not change ®;, outside B2.

Also, if z € 9% we let py € ®,(0B2 N {S(2) =0}) € N and call p any limit point; we
then have p € TN AN and I' C By(p). If z € 9%, we just take any p € I' and again we have
I C B (p)-

Observing that (®k|p2npr)«vk = [Vi| converges both to u and to |[Veo|, we deduce
i = |Voo|. Also, Voo has density bounded below by a certain constant ¢, on M \ I". To
show this, it suffices to prove that
(5.1) lim sup [Vg|(Bi(qx)) > ct?

k—ro0
for all 0 < ¢ < liminfy_, o dist(gx, ') and all sequences g € M\ Fj, where F}, is a set such
that |vg|(F%) — 0. This can be obtained with Corollary 4.6 and a covering argument: let
Ul := B2NU’ and, if x € 9%, define T := U/ N {S(z) = 0} (otherwise set 1" := ); the
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measure
A i = (Prl1y)« (o) volgy |, ) + (Pl )« (oI [* 1)
satisfies A\ (M) = 10;5_1 by hypothesis, for some sequence 6 — 0. Let Fj be the set of
points ¢ such that ’
1) ~
Me(Bi(q)) > ——— [¥|(Bss(q)), for some s > 0.
log o,

Then, by Vitali’s covering lemma, we can find a subcollection {B;, (¢;)} of disjoint balls such
—1
that Iy, C |, Bss,(¢;). This gives |[vi|(F)) < 10g§c:k- Ak(M) = i, which is infinitesimal.
Hence, for any 0 < ¢ < liminfy_, . dist(gg, '), Corollary 4.6 eventually gives
vi|(B 0
[Vkl(Bi(gr)) ;(qk)) >c—-C kil log(t/oy,) — Cos.
t log o,

The right-hand side converges to ¢ > 0 as k — oo, giving (5.1).

Hence, if x € 0, then v, satisfies the assumption of Lemma A.4 (with ¢ in place of ).
Choosing cg < cyc, we must then have spt(u) = spt(|Veo|) C Bas(p), as desired. Otherwise,
we can conclude using Remark A.5. g

Theorem 5.2. The limiting measure Voo has finitely many atoms (possibly none), with
weight at least cg. On the complement s of this finite set of atoms, veo 1s absolutely
continuous with respect to voly, and @, has a continuous representative. Moreover, for
every open subset w CC % with veo(Ow) = 0, we have (Pplw)sti — (Poo|w)sVoo-

Proof. Given an atom {z}, we fix a local conformal chart centered at x, identifying its
domain U with the unit disk U’ := B? if z ¢ 0%, or with U’ := B? N {S(z) > 0} if = € 9%.

For all 0 < r < 1 we can select § <t < r such that fanmU/ |d®Poo|? < %fBEﬂU/ |dP o |2
and such that the trace |, B2ny’ has a W12 representative, with weak derivative given
by the restriction of d®o; and Pi|ypznyr = Poslopzay in CY along a subsequence, which
we do not relabel (see, e.g., [39, Lemmas A.3 and A.5)).

1/2

Then, by Cauchy—Schwarz, s := diam(®..(0B? N U’)) < C'(fBsz, ]d@oo|2) and

hence Proposition 5.1 is satisfied, if r is small enough. Identifying vk with measures on
U’, we deduce that either v (E? NU’) > cq or, for some p € M,

Voo( BENU') < liminf vy (B NU') = liminf(®p| g2 )« (M) < liminf pg(Bss(p))
k—o0 k—o0 aa k—o0

< 1oo(Bss () < Cs? < o/ dog
B2

The penultimate inequality follows from (4.7). For r small enough this second possibility
cannot happen, since v ({0}) > 0. Hence we deduce vo({x}) > c¢g and thus there are
finitely many atoms.

Assume now that K is a compact set containing no atoms. Assume that K C U for a
chart domain U; we identify K with a compact subset of the unit ball or half unit ball U’
as above.

We deal with the half-ball case, whose proof covers also the case U’ = B?. We denote
U :={z € U’ : 3(z) = 0}. Fix an intermediate set K C V CC U’ open in U’ (hence, V is
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allowed to contain points in OU’). Since v, has no atoms on U, we can find a radius r > 0
such that B2,.(y) C B?, B2.(y) NU’ CV and vao(B2.(y) NU’) < cg, for all y € K.

Taking a maximal subset of centers {y;} C K with pairwise distances at least 5, we can
cover K with a finite collection of balls {B2/2(y2)} with 32,12 (y < C.If BQ( N Ccu
then we set y; := vy and r; := r; otherwise we choose y; to be a point in Bf(yz) NoU’, and
we set r; := 4r. Note that BTZ,/2 (yi) C Bf /Q(yi) and B2 (y;) € BZ.(y}), so the collection
of balls Bfi/Q (ys) still covers K and has ), 1p2 (y) < C. Moreover, either B2 (y;) CV or
yi € OU’, with B2 (y;) N U’ C V. Also, veo(BZ (y:) NU') < cq.

We can fix t; € (%,r;) such that (bk’aBQ ot — Poo \aBz (yoynu’ 0 C? along a
subsequence independent of i, and such that the dlameter s; of @ (8Bti (y;) NU') satisfies

s2<C / |d® 2.
BZ (ys)nU’

We now work along this subsequence, which we do not relabel. By Proposition 5.1, if r was
chosen small enough, any weak limit of the measures (®y| B2 (yi)mU/)*l/k is supported in

Bss, (pi) for some p; € M. Hence,
(52) i (#4200 (M\ By, () = 0.

Since v, = %|d<1>k]2 L2 on U', setting h; := (dist(-, p;) — 3s;)* we deduce that h; o @ — 0
in W2(B? (y;) NU’). Hence, the essential image of Poo| g2 (y,)nyr 18 included in Bss, (pi)-
We deduce '

/ dist(®y,, Poo) dvp < Z/ dist(®y,, Poo) dve
K

yl nu’

< Z GSZ'I/k Bti(yi) N U/)

+ diam(M) Y ( @kl 2 (y)007) k(M \ Bas, (1)

A

< C(sup si)vg(V) + CZ @il B2 gy ) (M Bss, (pi))-
In the limit £ — oo, using (5.2), we get

lim sup/ dist(®p, Poo) dvg, < C(Sup 8i)Veo (V).
k—o00 K 7
Since we could arrange that sup; s; is arbitrarily small, we arrive at

(5.3) lim dist (P, Poo) dvy, = 0.
k—o0 K

Also, choosing 1 so small that any ball Bg(y) is included in some Bfi (yi), for all y € K, the
essential oscillation of @ | B2(y)NU" is then bounded by sup,; s;. Since the latter is arbitrarily
small, it follows that ®., has a continuous representative on K, hence on 3.

Finally, if EQ(K ) = 0 then, arguing as in the first part of the proof, we have

<Zl/oo (i) ﬂU)<hm1anyk yz)ﬁU <C’Zs

<C’Z:/2

|d®o|* < C/ |d®o|2.
14

(ys)NU’
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Since V is an arbitrary neighborhood of K, we deduce voo(K) < C [ [d®so|? = 0. The
absolute continuity of v, with respect to voly, on 5 follows.
Given w as in the statement and covering @ with finitely many charts, it follows from

(5.3) that limy_,oo [ dist(Pg, Poo) dv = 0. Hence, for any ¢ € CO(M),

lim /wofbkdyk = lim /1/10¢’oode 2/1/10¢’ood%o

k—oo J,, k—oo J, w
the last equality coming from the continuity of 1 o ®,, near w and the assumption
Voo(Ow) = 0. The weak convergence (Pglw)«vk — (Poolw)sVoo follows. O

Theorem 5.3. The absolutely continuous part of v, which we denote by m voly,, has
m =0 a.e. on the set of points where d®, does not have rank 2. Moreover, m = N J(d®)
for a bounded, integer valued function N > 1.

In the statement J(d®) denotes the Jacobian of @, with respect to the volume form
volg,. Hence, in a conformal chart, we are asserting that the absolutely continuous part of
Voo 18 N |01 @ oo A D2 @0 | L2.

Proof. Working in a conformal chart for int(X), we fix a point  which is Lebesgue for
d®o, and such that v ({z}) = 0. We have to show that %ﬁ(w)) — N|01 P A 02Poo|()
for some bounded integer NV > 1, as r — 0 along some sequence.

We can assume x = 0. For all » > 0 small enough, call v, the varifold induced by
®k|p2. We can select an arbitrarily small r such that the trace ®|gp2 has

Do (ry) = Poo(0) + rd®oc(0)[y] + ofr)  for |y| =1

and such that the traces ®|pp2 converge subsequentially to ®|gp2 in CY (see, e.g., [39,
Lemmas A.4 and A.5]). By Proposition 5.1, any (subsequential) weak limit of |vy .| is
supported in a ball Be,(p), with p := ®,,(0) and C depending also on |d®(0)].

Moreover, any (subsequential) limit v = limy_,o0 Vi, is stationary in M \ @ (9B?) and
satisfies |v|(Bs(q)) < Cs? for all ¢ € M, since the varifolds v, induced by ®; (from the full
domain) have trivially |vy| > |vi | and, by Theorem 3.4, they converge subsequentially to
a free boundary stationary varifold v, for which (4.7) gives the desired bound.

Hence, with a diagonal argument, we may find a subsequence of k’s (not relabeled) and
a sequence of radii r; — 0 such that the dilated varifolds v}, := (1, ( — p))«Vi,, in R?
form a tight sequence, converging to a varifold v, which has

(5.4) IV |(B9(q)) < Cs?® for all ¢ € R? and all s >0
with a constant C' independent of z, has compact support and is stationary in R% \ C, with
C= klgn;o(rgl¢m(533k) —p) = {d®(0)ly] | y € OBT}.

We can also assume that

B
Tk
and that
1% _B2 v BQ
VLI(RD) = lim [VhI(RD) = tim 2= gy )
—00

k—o0 7"]% k—o0 T’k
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since the convex hull co(C) of C has area 7|0 Poo A D2Poo|(0), we are left to show that
Vil (R?) = NH?(co(C))

for some bounded integer N > 1. By [49, Theorem 19.2], which holds for general varifolds,
|v’.| is supported in the convex hull of C. If d®.,(0) has rank less than 2, then C is either a
segment or a point. Hence, we can cover it with O(s~1) balls of radius s; recalling (5.4), we
deduce |vL |(C) = 0 and hence v, = 0. Thus the claim follows in this case.

If instead d®(0) has rank 2, we first observe that the area of the map ¥y, := r,?l ((Dk|B72‘k -
p) is, up to an infinitesimal error, at least the area of co(C) in the plane II containing it:
this follows immediately considering the composition ¥, of this map with the projection
onto II, and noting that any compact subset K C co(C) \ C belongs eventually to the image
of U}, since ¥}, has (eventually) nontrivial degree relative to the points in K. Hence,

v 2
(56) #2(eo(C)) < lim ’“Sf?k) — VL I(R?).

Up to rotations, we can assume II = R? x {0}. Since C is a smooth curve, we have
v/ |(C) = 0. Also, v/ is stationary on R? \ C and supported on II. By the constancy
theorem [49, Theorem 41.1], it follows that v/ is rectifiable and equals a multiple N of
co(C). By (5.6) we have N > 1, while from (5.4) it follows that N < C. We are left to
show N € N.

Fix a > 0 such that C encloses a ball B3, in the plane II. Consider a family (p;) of
mollifiers in R, namely nonnegative smooth functions supported in 139 with fRQ pr=1
and |dp,| < C7=9~1. For any vector field X € C°(B2 x R®~2 R?), we define the vector
fields X3 and Yy on My := r;l(./\/l — p) given pointwise by the projection of X and p;, * X
onto the tangent space to My, respectively, with 7 := r;lak.

Since M}, converges to an m-plane graphically (in any neighborhood of 0), we have

Q
(5.7) V3 X = Vi~ X| < GlldX || oo o]
for some sequence d; — 0 and any v € T M. Also, we have
(VME)2Ye] < Cllpr, * Xllee < O HIdX ||

Note that ¥, when extended to ¥ with the same formula r,;l(q)k — p), is Tp-critical for
E;, for the manifold M, and the corresponding Finsler manifold 91;: indeed, identifying
T, M and Ty, My, with subsets of W24, RY), for all w € Ty, M. we have

(A B, (Uy)[w]] = 12| d B, () [riw]] < vt o |wlle, < ri7|w]|a,
and it is immediate to check that ||w||e, < rk_3/2\|wH\yk <r.?||lw||w, (assuming ry < 1).
For the vector field Yy, recalling (3.4), the term f (Vn, Vw) in (3.3) is bounded by
O [ VMY [ oo + CILY* P (V)2 Wy e
< O™ |* + 7 HEYEP) X | e

We now use the almost criticality of ¥y with the infinitesimal variation Yy (W), or more
precisely Yk(\lfk)lng for the extension r;l(q)k —p) € My of U, For k large enough,
\Pk(8BEk) does not intersect B%a x RQ=2, where Y}, is supported, and hence this is an
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admissible variation. As in the proof of Theorem 3.4, since the immersions ¥ have bounded
area we obtain

1/4
I (0e) o < CllaX 1o + OV oo+ [aX ([ ¥ vola, )
B
Tk
1 4170 14 1/4
< O X (14 (/ I voly, ) )
B2
Tk
for some C independent of X. Hence, (3.3) and the Tli’—criticality of Uy, together with
Young’s inequality, give

‘ / <E€, VY, o EC> voly,
B2,

< ClldX Lo /2 (7Y% |* + 7 [T ]%) voly,
B
Tk

+ O ||dX || pos,

where I (v) := (¥3),v. Since TAHIYE* = o TP |4, Holder’s inequality gives the upper bound
3/4
C(T’k_QO'é/ [T®*|* volg, —1—(7“,;2(7,%/ [T®*|* volg, ) + TZ}) |dX || o
B2 B2
Tk Tk

for the previous right-hand side. In view of (5.5), it follows that

(/B <ﬁ,vykoﬁ> volg,
%

for some ), — 0 independent of X. Also, replacing Y3 with X}, is not harmful, since the

< O lldX || e

last integral is the first variation of the area and thus

‘/ <E€,V}/]€ OEC> VOlq/k /
ng B

< 2/ |H*||p,, ¥+ X — X| volg,
2

B2

< ch||dX|yLoo/2 1% voly,

Tk

<Eg, VXk ¢} fk> VOlq;,c

2
Tk

is infinitesimal with respect to ||dX||z~. Choose now X := xX(z1,z2), with X €
C>(B2,R?), identified with a vector field on R?, and y € C°(R?) a fixed cut-off function
equal to 1 near Eg NII. In view of (5.7) and the varifold convergence v) — v, , the

previous integral (with X}, replacing Yy) is just

J

<fk, VXk ] Eg> VOlq/,C = / diVHY VOl\pk
2 B2
(5.8) r *

= /2 (<81X, €1> + <82X, €2>) VOI\pk,
B
Tk

up to another infinitesimal error. Let J; denote the Jacobian of the orthogonal projection
from the tangent plane of the immersed surface W, onto II. The varifold convergence gives

/2 |Jk; — 1| VOlq;k — 0,

Tk
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so that we can insert the factor Ji in (5.8), up to another error which is infinitesimal with
respect to ||dX||r. Hence, by the area formula, the projection v} of v}, onto II has an
integer multiplicity Ny, satisfying
‘ Ny div XpdC?| < 8/|dX ||z with 87 — 0.
B

So, by Allard’s strong constancy lemma [2, Theorem 1.(4)], it follows that Ny is close in
L' to a constant N}, on the ball 32/2, with a distance O(9}). As Ny, is integer valued, it
follows that dist(Ny, N) — 0. Finally, since v} converges to v/, we have

m(a/2)2N = klglgo o NpdL? = klggo (o /2)* Ny
a/2

and we deduce N € N. O

Remark 5.4. Note that, in the previous proof, testing immediately the stationarity of ¥y
against X would have run into trouble, since we would have got a bound for f g2 NiOip
depending also on the Hessian of X, making it impossible to apply Allard’s strong constancy

lemma.

Remark 5.5. As already mentioned in the introduction, in the closed setting N' = 0, if &
has dimension d > 2 we can still conclude that the immersions ®; converge to a stationary
rectifiable varifold (up to subsequences). Now, for any point p € M C R? such that the
limit varifold admits a tangent plane Il with multiplicity 6, we can select radii s — 0
and repeat the last part of the previous proof with ¥y := sgl(@k — p), on the domain
U, 1(B?) = &, (B (p)) in place of B2 . Condition (5.5) is replaced by

_ 2 _
55, daZ/ ,f/ dvy — 0, s Lo — 0,
v, (BY)

where p > d is the exponent (replacing 4) in the energy E,. Since the limit v/ equals
B? N IT with multiplicity 8, we deduce 6 € N; hence, the limit of the immersed surfaces ®y
is an integer rectifiable varifold. Note that this proof does not involve the conformality of
U} in a fixed domain chart, which cannot be guaranteed when d > 2.

Definition 5.6. Given an open set w C f], we define the subset G, C w \ % of Lebesgue
points for d®., where this differential has rank 2. We equip the image ®.(G,,) with the
multiplicity
0u.(p):= >, N
2€GL NP (p)
Note that, by the area formula (see, e.g., [39, Lemma A.2]), ®(G,) is 2-rectifiable and

0, is well defined as a function in L'(H?L ®+(G,)). We can then view this set, with
multiplicity 0,,, as a rectifiable varifold in M, which we call v,,.

Note that, by Theorem 5.2, Theorem 5.3 and the area formula, the weight |v,,| coincides
with (Peo|w)«Voo-

Proposition 5.7. Given an open subset w CC X with v (dw) = 0, the immersions ®y|,,

converge to the varifold v,,.
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Proof. By splitting w into finitely many pieces with v..-negligible boundary, we can reduce
to the case that w is contained in a local chart; in the sequel, we identify w with a subset of
C = R2.

Let Vi 1= (Pr)«(w) be the varifold induced by ®i|,. Viewing vy, (for k < 00) as a
varifold in R?, by the area formula and Theorem 5.3 it suffices to show that

(5.9) /w(‘bk(fﬂ),d‘bk(w)[TzE])de(x) —>/<P(¢m(x)7d@oo($)[Tx2])dVoo(x)

for any ¢ € C}(Gra(R?P)). The last integrand is meant to be zero at points where
d®., does not have full rank. In order to simplify the notation, we indicate the plane
d®(2)[T,Y] = d®y(x)[R?] by I (z).

Let G/, be the subset of G,, consisting of the points 2 where additionally |’ B2(z) |dP oo —

d®o (7)]? = o(r?). For any point x € G, pick a sequence of radii r satisfying
|Poo (2 + 1Y) — Poo () — dPoo(2)[ry]| = o(r) for |y| = 1.

Given any € > 0, we claim that

(5.10) lim sup/ (@, ;) — (P (), T ()| duy, < er?
k—oo J B2(z)

for r small enough in this sequence. If this is not true, then using a diagonal argument as

in the proof of Theorem 5.3 we may find a subsequence of k’s (not relabeled) and radii

ri, — 0 such that
(5.11) [ 1ol = (@), M) o > e
B

as well as
e (B (2)) — voo (B, (2))| — 0,

and such that the varifolds induced by ¥y := 7} (@ 52 (@) — Poo(x)) converge tightly to a
Tk

rectifiable varifold v/ supported in a bounded subset of Il (). In particular, the vg-measure

of the set of points in B, () where || > r;1/2 is o(r?). Since @y = Poo(z) + rp ¥y, we

deduce that

) [ s o ABRTIE) = (2T i < 3l B, 0) + ol = ol
as k — oo. Also, testing the tight varifold convergence of Wy to v/ against the function
|o(Poo (), ) = ©(Poo (), oo (2))], we get

(513) / s (20 1) = P Cen(a) T e = o)

Combining (5.12) with (5.13) we get a contradiction to (5.11). By the Besicovitch covering

lemma, we can then cover any fixed compact set K C G/, with finitely many balls {B;}
included in w such that (5.10) holds, for B; = ij (z;) in place of B%(x), as well as

/B [ (Poos Too) — P (Poo (), oo (5))] dree < €17,
J

using the approximate continuity of d®., at points in K, and such that > 1B, < C.
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Let B; := B;j \ Uy; Be and U := |J; B; = U, B; C w. Since }_; 7"]2- < C, we deduce that

k—o0

timsup | [ (@0 T i [ oo, i) di|
U U

SZlimsup‘/B‘go(éoo(xj),ﬂoo(xj))dyk—/ O(Poo(x), Io(25)) dveo | + Ce.

k—o0 B;
The sum vanishes, since Vo (0B;) = 0. Also, since v (0w) = 0, we have
limsup vg(w \ U) < voo(w\ U) < veo(w \ K)
k—o0

and this quantity can be made arbitrarily small, proving (5.9). O

Definition 5.8. We say that a property holds for a.e. w C X if, for every nonnegative
p € C™(%), it holds for a.e. superlevel set {p > A} with A > 0. Similarly, we say that it
holds for a.e. w CC int(X) if we have the same for every nonnegative p € C2°(int(X)).

Definition 5.9. A map ® € W12(X) is weakly conformal if, for a.e. x € X, its differential
at z is zero or a linear conformal map 7,3 — Tg(,) M.

Definition 5.10. Let ¥ be a compact Riemann surface, possibly with boundary, ® €
WL2(3, M) weakly conformal with ®(9%) C N, and N € L>(%, {1,2,...}). The triple
(3, ®, N) is a parametrized free boundary stationary varifold if, for almost every w C X, the
varifold @, (Nw) is free boundary stationary (for M, N) outside ®,(0w) (see Definition 3.1)
and if, for almost every w CC int(X), ®.(Nw) is stationary outside @ (Ow).

The pushforward ®,(Nw) in this definition has to be interpreted as the varifold v,, in
Definition 5.6, using the subset of w made of Lebesgue points, for & and d®, where d® has
rank 2.

Remark 5.11. In this definition, Nw is viewed as a 2-varifold in the surface X, equipped
with a metric compatible with the conformal structure; however, ®,(/Nw) is independent
of the choice of the metric. Note that dw is a compact one-dimensional submanifold
and the trace @[y, has a continuous representative for a.e. w: this follows, e.g., from [12,
Theorems 4.21 and 5.7] applied to the regular level sets of f; ®(dw) implicitly refers to the
(compact) image by means of this continuous map. Note also that the definition does not
depend on the representatives of ® and V.

Theorem 5.12. There exists a compact Riemann surface X' and a quasiconformal
homeomorphism ¢ : ¥/ — X such that (X', @ 0 o, N 0 ) is a free boundary parametrized
stationary varifold for (M,N).

We refer the reader to [23, Chapter 4] for basic properties of quasiconformal homeomor-
phisms.

Proof. For a.e. w C %, ®1|a,, converges in C? to @ s, (up to subsequences) and dwN.A = (),
with A the finite set of atoms for v.

With respect to the fixed metric gy on ¥, we can find an arbitrarily small radius r > 0
such that for any z € wN A we have B, (r) CC w and ®|sp, () also converges in CY to
PooloB, (z) (up to subsequences). Let w := w \ U,epna Br()-
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Repeating the proof of Theorem 3.4 with vector fields in X, supported outside ®o,(0w),
we deduce that the varifold limit of ®|3 is free boundary stationary outside this set;
by Proposition 5.7, this limit is vg. Since the images ® (0B, (x)), for x € w N A, have
arbitrarily small diameter (see, e.g., [39, Lemma A.3]), we deduce that v, is free boundary
stationary outside (P (0w) and) a finite set F'. However, since @, also converges to the free
boundary stationary varifold v, > vy, by (4.7) we get |v,|(Bs(p)) < Cs? for p € F. Hence,
given X € Xy, supported outside ®.(0w), we can multiply it by the product Il,erep), of
cut-off functions ), with ¢, = 0 on By »(p), ¢, = 1 outside Bs(p) and |do,| < Cs™1. Tt
is then straightforward to check that the stationarity with respect to the cut-off vector
field gives the one for X, as s — 0. The proof that v, is stationary for a.e. w CC int(X) is
analogous.

Finally, we show how to obtain a weakly conformal reparametrization. Note that, by
Theorem 5.3,

1
N|81CI)OO A 82(1300‘ > §‘d(1)oo|2

a.e. in a local conformal chart h : U — U’ (with U C X)), since the left-hand side is the
density of v (in U’) and thus, for any open set V. CcC U N 5,

1 _
/ ~dPoo|? dL? < liminf (V) < veo(V) :/ N|01Poo A Do®oo| AL,
v 2 k—o00 v

from which the previous claim follows. Call C' an upper bound for N and assume that
the image U’ of the chart is either the ball or the half-ball. Arguing as in the first part

—2
of the proof of [39, Theorem 4.1], we can find a g :—quasiconformal homeomorphism

¢ : C — C such that ®,, o h~! o p~! is weakly conformal on ¢(U’); using the Riemann
mapping theorem and Carathéodory’s theorem, by composing 1) with a conformal map,

we can replace ¢ with a homeomorphism U’ — U’, with the additional property that it
preserves U’ N {S3(z) = 0} (as a set) in the half-ball case. Recall that 1! is quasiconformal,
as well (see, e.g., [23, Theorem 4.10 and Proposition 4.2]).

Set § := h™lo4y™! : U’ — U. Note that, given two overlapping charts Uy, Us, the
corresponding homeomorphisms ¢; and 6, differ by a conformal map, namely 6, 166, is
conformal on 65 1(U1 N Us). This holds since a.e. the differential d®, either vanishes or has
rank 2 and, by construction, 6; is weakly conformal at a.e. x; such that d®,(6;(z;)) = 0; on
the other hand, the two maps d(Wo, 06;)(2;) = dV¥o (0;(2:)) 0db;(2;), with 21 := 0, 0ba(x9),
are both nontrivial linear conformal maps for a.e. x5 such that d®..(62(x2)) # 0, so that
df1(x1) ! o dfy(z2) is conformal at these points.

In this argument we used the facts that a quasiconformal homeomorphism carries negligible
sets to negligible sets [23, Lemma 4.12] and satisfies the chain rule [30, Lemma III.6.4].

Note that the Cauchy-Riemann equations satisfied by 6, 16 0y give its smoothness away
from the boundary and, by the Schwarz reflection principle, this map is smooth up to
05 LOX NU, NU,). Thus, the maps A~ define an atlas for a new smooth and conformal
structure on ¥; calling ¥/ a copy of ¥ with this structure, we can just take ¢ to be the
identity X' — X.



THE VISCOSITY METHOD FOR MIN-MAX FREE BOUNDARY MINIMAL SURFACES 29

Finally, as explained in Proposition 7.3 (whose proof does not use that ® is weakly
conformal), the stationarity property holds on ¥ for all domains; the same then holds for
Y. O

6. DEGENERATION OF THE CONFORMAL STRUCTURE AND BUBBLING

In this section we describe how to recover all the area in the limit as a sum of masses of
parametrized (free boundary) stationary varifolds, without the assumption that the maps
®;, induce a fixed conformal structure on 3.

Namely, denoting by vy, the varifold induced by @ as in Section 2, we show that the limit
varifold v, is the superposition of finitely many parametrized free boundary stationary
varifolds.

Before dealing with possible concentration points, we focus on how to remove the
assumption of the fixed conformal structure.

First of all, recall that on the oriented surface ¥, which can be assumed to be connected,
there exists a metric g, which is conformal to the induced metric g, = ®}g, has constant
Gaussian curvature either 1, 0, or —1, and makes the boundary 9% geodesic. Precisely, the
curvature is 1 if ¥ is (diffeomorphic to) a sphere or a disk, 0 if ¥ is a torus or an annulus,
and —1 otherwise. This is in agreement with Gauss—Bonnet, which says that the sign
of this constant curvature agrees with the sign of the Euler characteristic of X, given by
X(2) =2 —2g — b, with g the genus and b the number of boundary components.

We also recall that (3, gx), up to a change of orientation, is conformal to a surface Xy
which is the standard sphere, hemisphere, a torus C/(Z + Z\;) (where we can assume
Ael > 1, |R(A\g)| < 3), an annulus S* x [0, €], when ¥ is (diffeomorphic to) the sphere, the
disk, the torus, the annulus, respectively.!

Hence, when X is the sphere, up to precomposing ®; with a diffeomorphism we can
assume that ®;, induces the standard conformal structure on ¥ = S2; note that this leaves
the diffeomorphism invariant conditions (2.5) and (2.6) unchanged. The same holds for the
disk case.

Before discussing the other situations, let us state a useful modification of Proposition 5.1.

Proposition 6.1. Consider open domains Uy, C X2 whose boundary Uy, is contained in the
union of two compact curves a1 and oy 2, and call dy; the diameter of ®p(ay ;). Assume
that Uy, does not contain any entire boundary component of X.. Then

lim sup v (Uy) < 6(lim sup max{d1,dk 2}, C),

k—o0 k—o0

unless the left-hand side is at least cq, the same constant appearing in Proposition 5.1. In
the last inequality, C is a constant depending only on (®y) and the function § is given by
Lemma A.6.

In this statement, Uy may contain points in 8% and OUy = Uy, \ U, denotes its topological
boundary in X.

IThis is an easy consequence of the Riemannian uniformization theorem, applied to (%, gx) if X = 0, or

to the doubled surface obtained by gluing two copies of ¥ along 93.
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Proof. Note that ®(ay ;) is contained in a ball Edk,i(pk,i)- After extracting a subsequence
realizing lim supy,_, . vx(Uy), we can also assume that py; and dj; converge to p; and d;.

The proof is now analogous to the one of Proposition 5.1: the maps ®|y, induce
varifolds whose (subsequential) limit is free boundary stationary on the complement of
By, (p1)UBg,(p2), has mass at most Cr2 on balls of radius r, and has density bounded below
by a constant ¢ < 1 (the same as in that proof). The claim follows from Lemma A.6. O

6.1. Flat case. We now treat the torus case in detail, deferring the other cases to a later
discussion.

If ¥, = C/(Z + Z)y), setting £y := |\x| > 1, we can also assume that ¢ — l € [1,00]
up to a subsequence. If /o, < 0o, assuming Ay — A and defining ¥ := C/(Z + Z\), we
can find diffeomorphisms ¢y, : ¥oo — ¥ such that the pullback of the conformal structure
(9o, ] converges smoothly to the flat one.

Since the area of @, is bounded, the sequence ®;, o ¢y, is then bounded in W2(X ) and
we can extract a subsequence converging to a weak limit ®,,. Defining the area measure
VL On Yo as in the previous section, note that again their limit in the sense of Radon
measures (up to subsequences) is also equal to the limit of %]d@k|2 voly,__ .

All the proofs in Section 5 carry over, just replacing ®; with ®; o ¢ and (X, gg) with
(Yoo, g5, )- Assume in the sequel £ — lo = 0.

Remark 6.2. Actually, in the proof of Theorem 5.3 we used the conformality of the maps
®y.; since the proof was local in int(X), we can precompose ®; with a conformal map
hy : B? — (X, gx) which is a diffeomorphism with the image and converges smoothly to the
inverse of a conformal chart for ¥ = ¥,. The statement for the sequence (®;) then follows
from its validity for the conformal maps ®y o hy.

Note that, since [R(Ag)| < 3, we can use instead ST x £,S1 as a domain for j, with the
induced conformal structure becoming asymptotically the flat one. Given a big parameter
L, we can subdivide the circle £;S! into Ny arcs Iy 1,. .., It N, with L < |1}, ;| < 2L. Note
that the boundedness of the area of ®; gives

| ez
S1x. 81

for some constant C' independent of k.

Hence, for each k, there is only a bounded number of indices j such that % STy |d®y|? >
%Q, for the constant cg from Proposition 6.1. Up to subsequences, we can then find a
nonempty collection of arcs Jj 1, ..., Ji , which are unions of the previous intervals, in such

a way that
L < lim |[Jg ] < oo, dist(Jy , ) — oo for j # 5’
k K 2 2

and %fslekj |d®y|? < %Q whenever [, ; is not included in one of the arcs Ji1,..., Ji -
We now claim that

(6.1) lim sup

/ |d®|> -0 as R — oo,
koo JS1x (0 SN\U'_; R ;)

provided L was chosen big enough. Here RJ ; C {;S lis the arc dilated by a factor R,
with the same center.
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Once this is proved, we can fix j € {1,...,h} and, shifting J; ; to be centered at 0, we
obtain a (local) weak limit ® ; : S I'x R — M of the maps @}, viewing these as maps
defined on bigger and bigger subsets of S' x R. We can again repeat the analysis which
was done in the previous section.

Note that in the limit we get a map with domain S' x R. Since this cylinder is conformally
the same as the sphere minus two points, we can see the domain as the sphere: note that
replacing the cylinder with the sphere preserves stationarity, by the same argument used in
the proof of Theorem 5.12 to remove the set of atoms.

By (6.1), the sum of the masses of the limit varifolds for j = 1,...,h is equal to the limit
of the area of ®y, up to the contribution of concentration points in the h copies of S x R.
We will discuss later how to recover the area which gets concentrated at these points.

In order to prove (6.1), fix k and j, and let Iy, ..., I} 54+ be the intervals lying between
two consecutive arcs Jj, ; and Jj j1 (with indices modulo N}, and modulo h). We claim
X Ioii $|d®y|? > 2 for any 1 <t < t. Assume
by contradiction that ¢’ is the minimum index such this holds. Since the energy carried by

that eventually we cannot have >t [ 51

each S1 x I k,s+i 1s at most %Q we deduce that the previous sum is less than %CQ.

Since |I;| > L, we can select a € I}, 541 and b € Iy, 5441 such that fslx{a,b} |d®y| <
CL~'/2; we can apply Proposition 6.1 with Uy := S x [a,b] and deduce that eventually
fslx[a,b] +|d®y|? is either at least Zcg or at most 26(CL~Y2,C). Since the first possibility
cannot happen, we are in the second case. Hence, we get %Q <26 (CL*I/ 2 (), which is a
contradiction for L big enough, since §(CL~1/2,C) — 0 as L — oo.

But then we can repeat the argument selecting a’ in the part of RJj, ;\ (R/2)Jy ; following
Jy; and b in the part of RJj j11 \ (R/2)Jk j1+1 preceding Ji ji1, with fSlx{a’,b’} |dPy| <
CR~Y/2. We already know that the area carried by the region S* x [a’,b'] is eventually less
than <2, so we deduce that it is bounded by 26(CR~/2,C), and (6.1) follows.

In the case of the annulus, namely X = S* x [0, £;], up to subsequences either we are in
the easy case that £ has a limit in (0,00), or ¢ — oo, or £, — 0. The second case can be
dealt with in the same way as before, by subdividing the interval [0, ¢x] and making sure
that I 1 € Ji1 and I n, € Ji 5. In this case, Jj ; produces again infinite cylinders, or
equivalently spheres, in the limit for 1 < 7 < h. On the other hand, J;; and Jjj produce
(possibly constant) limit maps whose domain is S x [0, o), which is conformally the disk
minus the origin. We can thus view their domain as the full disk.

In the last case £, — 0, we can replace S x [0, ;] with the conformally equivalent
surface [0, 1] x EI;IS 1. We then subdivide the circle and argue in the same way as before.
In the limit we get maps with domain [0, 1] x R, which is conformally a disk (minus two
boundary points which can be ignored).

6.2. Hyperbolic case. We now explain how to deal with the hyperbolic case x(X) < 0.
In this case there is no straightforward description of all the possible conformal classes
of surfaces. In case ¥ has no boundary, by Bers’ theorem we can decompose (X, gx) into
hyperbolic pairs of pants, with lengths of their boundaries bounded above in terms of
the topology of 3: see [21, Theorem IV.3.7] for a self-contained proof. We call {3;} the
collection of closed geodesics, depending on k but with fixed cardinality, which bound the
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pairs of pants. Up to subsequences, we can assume that the combinatorial configuration of
the decomposition does not depend on k, with a consistent labeling for the curves ;, and
that the length of ; converges to a finite number as k — oo.

Then we can apply [21, Proposition IV.5.1] to the connected components of the surface
(X, gk), cut open along those geodesics {f;}ic; whose length converges to 0. We get a
possibly disconnected limit surface ¥, which equals a closed Riemann surface minus finitely
many points (two for each degenerating 3;), and diffeomorphisms ¢y, : Yoo — 3\ U7 Bi
such that the pullback metric 17 gy converges locally to the metric of ¥,. Then we repeat
the analysis with the maps ®j, o ¢y and obtain a limit parametrized varifold, whose domain
Yoo can be replaced with a (possibly disconnected) closed surface. Apart from concentration
points, part of the area of ®; could be concentrating in collar neighborhoods of the geodesics
B;, for i € I. These neighborhoods can be conformally identified with cylinders S x [0, Ly ;],
with Ly; — oo as k — oo, and one can recover the missing part of the area as in the
degenerating cylinder case; note that the pieces S* x Ji,1 and S Ix Jk,n from that analysis
have to be discarded, since their contribution is already given by ¥, while all the other
pieces produce varifolds parametrized by spheres.

If 0% # 0, let us call 71,...,7, the boundary components of X. We cannot directly
decompose ¥ into pairs of pants whose boundary curves have bounded length, since the
length of some ~; with respect to g could fail to stay bounded as k — oc.

Instead, we first glue two copies of (X, gx) along the geodesic boundary 9% = Ui'):l Vi
obtaining a hyperbolic surface 3. This surface comes equipped with a canonical involution
ix, which flips the two glued copies.

For a decomposition for ik as in the closed case, we can assume that all the simple
closed geodesics of length less than 2sinh™'(1) appear in the collection {3;}: see [21,
Lemma IV.4.1] and the proof of Bers’ theorem.

The thin part Ty, := {z € 5 : inj(z) < A} is invariant under iz, since i, is an isometry.
For A small enough, it consists of finitely many disjoint annuli containing a (simple closed)
geodesic of length at most 2, which is then in {3;}: see the proof of [21, Proposition IV.4.2],
which also shows that the curves §; with length bigger than 2\ are disjoint from 7}. Hence,
choosing A small enough, we can assume 3; N T}, = () for the indices j ¢ I corresponding to
non-degenerating curves.

The boundary of Tj, has a constant geodesic curvature & = (\). Let Sy, := 3 \ int(T},).
Taking a limit Yo as in the previous discussion, the proof of [21, Proposition IV.5.1]
shows that we can assume w,;l(Sk) to be a constant domain S, whose complement is
the union of finitely many cusps {C;};cs. Namely, each C; is isometric to the quotient of
{S(2) > A} C H by the standard parabolic isometry z +— z + 1, for some A > 0 depending
on A.

The maps 1/;,;1 o iy, o Yy, converge locally smoothly to an isometry i : Yoo — f]oo, since
i 1s an isometry for flk. The components of 9T}, meeting 9% C f]k are necessarily invariant
sets for iy, so that 90X meets 07T} orthogonally on 9% N 0Ty. Also, we have a lower bound
on the injectivity radius on Sy; this implies that a shortest path « joining a point in S N~;
to another curve ;s has length bounded below by A, since the geodesic iy o a has the same
endpoints; similarly, a shortest path between two close points in S; N ~; must be ~y; itself.
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Also, the length of a geodesic ; intersecting Sy cannot be smaller than 2A. These remarks
imply that on S, the one-dimensional submanifold zp,;l(az) converges graphically to a
limit 'y C {x € S : iso(x) = x}, which meets S+ = 0T orthogonally.

Thus, the domains zp,;l(z) converge graphically on Sy to a domain S’ bounded by
I'. If C is an ig-invariant component of T}, either i interchanges the two circles in
OC or it preserves them (as sets). In the former case, the core geodesic of C' appears in
both collections {v;} and {f;}, and equals 0¥ N C. In the latter case, there are just two
diametrically opposite fixed points of ig on each circle, so 3% splits C' into two isometric
pieces; we can thus assume that w,;l(E N C) equals two half-cusps in this case.

Hence, T7, = 1, (¥ N T) is a constant union of cusps and half-cusps. The union
S UTY is the desired limit surface, which is a compact Riemann surface Yo, minus finitely
many points (in the interior or on the boundary). The area contribution which gets lost
because of degenerating geodesics can be recovered as in the case of degenerating tori or
annuli.

Note that X, has at least b(X) — |I| boundary components. Also, the Euler characteristic
of its double is

2(2 — 29(To0) — b(Eo0)) = 2X(Zoo) = X(;) + 21| = 2x() + 2|1
=2(2—-29(¥) - b(X2)) + 2|1

and we deduce X (o) > X(¥), 9(Ee0) < g(¥).
Note, however, that the number of boundary components could increase in principle:
for instance, if 3 has genus one and one boundary component, (X, gx) could degenerate

conformally into an annulus.

6.3. Concentration points. We finally deal with concentration points for the area, or
equivalently for the Dirichlet energy. The problem is local; since there can be only finitely
many concentration points, we can deal with just a single one. Let U’ denote the ball or
the half-ball. Up to precomposing the maps @, with suitable diffeomorphisms U’ — U C %,
we can assume that the induced conformal classes converge smoothly to the standard one,
and that we have the tight convergence

1
V]/f = §’d®k|2£2 — m£2 + ady

of measures on U’. Looking at a sufficiently small neighborhood of the concentration point,
we can assume that fU’ m < %Q, while from Theorem 5.2 we have the lower bound a > cq.

Let B2 (x;) be a ball of minimal radius such that [y, (@x) $ld®y> > a — %2, so that
Tk

nu’
the integral is exactly o — %Q and necessarily rp — 0, x — 0. It suffices to show that
(6.2) limsup v, ((Bf—1 (21) \ B, (1)) NU') = 0 as R — .
k—o00

Once this is done, we deduce that the area (or Dirichlet energy) measures of ¥y :=
Oy (x + ri-) converge subsequentially to a measure v (on the plane or a upper half-plane)
of total mass . There could be further concentration points for this new sequence of maps,
but their masses are at most o — %Q: this is obvious if there are at least two such points; if
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there is only one point T of mass bigger than o — %Q, then eventually

1 1
/ |d@k\2=/ f]d\Ilk]2>a—C—Q,
B, j2(@p+riz)NU’ 2 B2 (z)NU], 2 2

1/2
where U}, := r;l(U " — xp), contradicting the minimality of 7. Thus, this blow-up process
has to be iterated only a finite amount of times.
The proof of (6.2) is similar to the one of (6.1). Select radii RY/?r, < a < Rrp and
R~ < b < RY2 such that

/ v 2 [ dd P < 2
OB2 ()L’ alogR™ Jop2(zy)nu blog R
where C' is an upper bound for [, |d®|?; this can be done since the right-hand sides
integrate to C' on the two intervals. Now the length of ®|, B2ny and Dy B2NU is bounded
by %, for a different constant C. Since the area of ®; between the two radii is bounded
by a + fU/ m— (a— %Q) + o(1), whose limit is less than cq, for R big enough we can apply
Proposition 6.1 and deduce that
imsup (B o) \ BE(en)) n0") < (1 E ).

Since B%_, () \B%%rk(ka) C B}(xx) \ B%(xy), this proves (6.2).

The limit maps produced by concentration points have domains which are the plane or a
half-plane, hence conformally the sphere or the disk (minus one point).

Proof of Theorem 1.1. Thanks to the arguments from this section and the previous
one, we obtain disjoint domains Uy, 1,...,U; v € X such that the varifold induced by
®y|y, ; converges to a parametrized free boundary stationary varifold, as k& — oo, and
fE\Ui Ura volg, — 0.

Since we can merge the domains of these parametrized varifolds into a (possibly

disconnected) compact Riemann surface, the statement follows. U

7. REGULARITY

From the previous section we know that the limit varifold v, is a parametrized free
boundary stationary varifold (X', ®, N’), for some weakly conformal map ® : ¥/ — M with
®(0Y') C N and N' € L>(¥',{1,2,...}). This parametrized varifold gives rise, in local
charts for ¥’ to a local parametrized stationary varifold, as defined in [39, Definition 2.9]
(see also [39, Remark 2.3]). The main result of that work, namely [39, Theorem 5.7], tells
us that N’ is locally constant and @ is a branched minimal immersion, on (the interior of)
the components of ¥/ where ® is not (a.e.) constant.

Hence, in order to study the regularity of ®, we can discard these trivial components and
replace N’ with 1, without affecting the stationarity property enjoyed by the parametrized
varifold (recall Definition 5.10).

Remark 7.1. Actually, the main result of [40] still applies in this setting, so that we have
N = 1 automatically for ® arising as a limit of the maps ®. Indeed, [40, Theorem 3.2] (with
T,f in place of 7',3) still holds for smooth maps ¥y, : Eé — Myt With M, 4 = E,;l(/\/l—pk)
(px € M), which are 70-critical on the interior for E,, (where the term 7 length(®|ss) can
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be now ignored): see also Remark 1.3. The other property needed for that paper is that if
U, with values into M,, ¢, is 7%-critical for E,, then A\™H(¥ — q) is (7/X)%-critical for E,
(with the manifold My 4 x¢), Whenever A < 1: this also holds and was obtained along the
proof of Theorem 5.3.

Under the assumptions of Section 5, this gives |d®;|? L2 — |91 Poo A 0P| L2 <
3|d®o0|? £2 in local charts, far from the concentration points.

This implies that ®; — ®, in T/Vlif here, so that @, is still weakly conformal; hence,
there was actually no need to reparametrize it. These remarks, however, are not needed in
the present section, which establishes the regularity of general parametrized free boundary

stationary varifolds.

For simplicity, since we will not need to refer back to the original setting, we will write X
in place of ¥’ in the rest of this section. In order to prove Theorem 1.4, we wish to show
the following result. The fact that ®|x\ g5 is a branched minimal immersion then follows as
discussed in the last step of the proof of [39, Theorem 5.7].

Theorem 7.2. The map ® : ¥ = M is C*®-smooth up to the boundary 0¥ and has
0,® L TN at 0%.

As already mentioned, the interior regularity was already established in [39]. Here
we show again how it can be obtained when N’ = 1—a fact proved in [46] and used in
[39]—presenting a slightly simplified proof which covers also the boundary regularity.

We first show a simple strenghtening of Theorem 5.12. In the sequel, given w C ¥ open,
we let v, := O, (w).

Proposition 7.3. The map ® is continuous and the stationarity (respectively, free boundary
stationarity) of v, in Definition 5.10 holds for any domain w CC X\ 0% (respectively,
wCX)

Proof. The continuity of ® can be obtained by the same arguments used in the proof
of Proposition 5.1 and Theorem 5.2. Specifically, around any point of ¥, we can find a
ball (or a half-ball) U such that vy has small mass and is stationary (respectively, free
boundary stationary) on the complement of ®(9U). Then, by the monotonicity formula
(respectively, Remark 4.5), its density is bounded below on this complement. Hence, since
the diameter of ®(0U) can be made arbitrarily small, the same holds for the support of
|vir], by Remark A.5 (respectively, Lemma A.4), and thus also for the oscillation of ®|;.

As for the second statement, given w C X and a vector field X € X, supported outside
®(0w), we can find a nonnegative smooth function p € C°(w) such that p = 1 near the
compact set ®1(spt(X)) Nw. The stationarity of v,, against the vector field X then follows
from the same property for the varifolds vy, \y, for 0 < A <1, each of which agrees with
v,, near spt(X). The proof in the case w CC ¥\ 9% is analogous. O

Let us fix a metric on ¥, compatible with the conformal structure. As in [46], we first
show that

(7.1) ® is smooth near G,
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with G’ C ¥\ 9% defined to be the set of points = such that d®(z) has rank 2 and, in a
chart centered at @, [, |[d® — d®(0)]* dL? = o(r?).
Before proving this, let us set B := %\ G, B:= & }(®(B')) and G := ¥\ B.

Remark 7.4. Note that B and G C G’ are both ®-saturated: this means that whenever
®(x) = ®(y) and = € B, the same holds for y, and similarly for G.
Arguing as in the proof of Theorem 5.2, we have

lve|(®(B)) < 0/ |d®|? voly, = 0.
B/
Hence, as [vy| = @,(3]d®|? voly), we get d® = 0 a.e. on B.

Proof of (7.1). Given x € G, we can choose a conformal chart centered at x, mapping a
neighborhood U of = to B?. Viewing M C R?, we can then select an arbitrarily small radius
r > 0 such that ®(ry) = ®(0) + d®(0)[ry] + o(r), for |y| =1 (see, e.g., [39, Lemma A.4]).

Moreover, [p, 3|d®[2dL? = 7s? + o(r?), with s := [9;®|(0)r = |8,®|(0)r. Hence,
assuming that thre above error o(r) is less that dr, for a fixed 0 small enough, we can apply
Allard’s regularity result [1, p. 466] (see also [49, Theorem 23.1]) on the ball B(@Qlié)s((I)(O))7
where the varifold vp2 has generalized mean curvature bounded in L*, small excess (for r
small), and total mass 7(1 — §)2s? + O(8)s>.

We deduce that on some ball ng (©(0)) the varifold vp: agrees with the graph S of a
smooth function f : R? — R9~2, with multiplicity one, up to rotating the coordinates.?

Selecting a new radius ' much smaller than 6, such that ®(r'y) = ®(0)+d®(0)[r'y]+o(r’),
from the continuity of ® we deduce that |v Bf/’ is supported in S. Hence, viewing G N U
as a subset of B? and setting G:=G HEE,, from |VB§,| = (<I>|Bf/)*(%\d¢|2 £?) we deduce
D(y) e Sforallyeq.

Thus, the map dist(®, S) is W2 on Bf, and vanishes on G , and hence its differential
vanishes a.e. here. But d® = 0 a.e. on B; it follows that this function is constant, giving
@(Ei) C 5. Thus, ®|52, factors as (id x f) o ¥ for a suitable map ¥ € con W1’2(§3,,R2).
By the chain rule, any Tpoint Yy € G is necessarily Lebesgue for d¥, with d¥(y) invertible.

For any y € G there exist arbitrarily small radii s such that vp2(,) is supported in .S and
has density at least one at ®(y). As v B?, has multiplicity one on ng , this implies that ® is
injective on QN

But then, recalling Remark 7.4, it follows that ®(y) & @(Efl \ {y}) for all y € G, and the
same follows for ¥. Given y € G close to 0 and choosing a homotopy in Ei/ \ {y} between
the circles B2 (0) and dB2(y), with their canonical orientation, we deduce that the maps
\11|an, — ¥U(y) and ¥|ypz(,) — ¥(y) determine the same element in (R2\ {0}).

But the first map is homotopic to W[yz2 — W(0), provided ¥(y) is close enough to
¥(0), while the second is homotopic to d(ID(yT)| g1 if s is selected in the same way as r. We
deduce that d¥ is either always orientation preserving or always orientation reversing on G ,
near 0. Thus ®, in local coordinates for S, solves the Cauchy—Riemann equations (up to
conjugation) near 0, establishing (7.1). O

2The smoothness of f can be assumed by standard Schauder theory, since f satisfies an elliptic equation

on a small ball.
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Remark 7.5. We implicitly ask that the chosen representative of d® agrees with the
classical differential on the regular set of ®. Hence, by what we just proved, G’ is open. It
follows that B’ and B are closed, so that G is open again.

Remark 7.6. Given z € G and a neighborhood U CC int(X) such that @[y is a
diffeomorphism with the image, we can express any section w € C(U) of ®*TM
as w = X (®), where X is a (smooth) vector field on M vanishing near ®(0U). Hence,
using Proposition 7.3, we get

/ (Vw, d®) voly, =0,
U
so that ® solves the harmonic map equation V*d® = 0 on G.

In order to show Theorem 7.2, let y € 3 and pick a conformal chart U — U’ centered at
y, with image equal to B? if y ¢ 9% and to B? N {S(z) > 0} otherwise. By continuity of ®

we can assume that ®(U’) is contained in a coordinate chart for M. We call {z!,... 2™}
the coordinates and we let ®' := 2% o ®. We can also require that N corresponds to
{z"tl = ... = 2™ =0} if y € 9%, with g;; =0 for i <n and j > n on this set.

Then, writing e, := %, it suffices to show that

(7.2) / (V(fer),d®) dL* =0

for all K = 1,...,m and all nonnegative f € C°(U’), with the additional constraint
feCxU\oU'") if k > n and y € 9%, where we write U’ := U’ N {S(z) = 0}.

Indeed, once this is done, if y ¢ O then ® = (®!,..., ®™) is a weak solution of the
system

— 0i(gjk (@)D, ®7) + T (®)gjq ()9 PP 0,1,

where Fik is defined by the relation V. ey = I‘ikej. The smoothness of ® then follows from
Proposition A.1 and Remark A.3.
If instead y € 0%, we get a weak solution to the system

= 0i(gjk(®)D7) + T, (2)gjq(2)0; BP0 D7 = 0,
0,8, =0 on U, for k < n,
®, =0 on dU', for k > n,

in the sense specified in Remark A.2, and regularity follows again from Proposition A.1 and
Remark A.3.
By the coarea formula, (7.2) is equivalent to

/Ooo ( - /E){f»} (ex(®),0,P) + /{f»} (V(ey 0 ®), dc1>>> d\ = 0.

In order to conclude, we will show that the quantity between brackets vanishes for a.e. A.

Proposition 7.7. For almost every value of A > 0, for w :={f > A} cC U’ it holds

_/ (ex(®), 0, P) +/ (V(ex o ®@),d®) = 0.
ow

w
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Proof. Fix X such that w has smooth boundary, transverse to U’ if y € 9% (recall that we
set OU' := {2z € U’ : 3(z) = 0}), and such that the trace ®|s, is W12, with differential
given by the restriction of d® and vanishing a.e. on dw N B. For all € > 0, we call B, the
closed e-neighborhood of B in U’.

Take a smooth function p vanishing near ®(0w N B;). Then @ is a smooth immersion in
a neighborhood of S N dw, with S := spt(p o ®), since SN odw C G.

We can cover SN 0w with finitely many disjoint compact curves {;} C G (which are
either arcs or loops), with endpoints in 9U’ U B, = B, so that ® is an immersion near
each of them. Fix now a smooth unit vector field 7 on 0w which points towards w, with
v € TOU' on the finite set dw N OU’. We can find functions f; : 7; — [0, 1) such that the

curves

Vi = A{x+ fj(@)v(z) | v €75}
are disjoint, included in G, have endpoints in U’ \ S, and have images I'; := ®(;) transverse
to each other (meaning also self-transverse). Note that all f;’s can be chosen arbitrarily
close to 0 in the C'*° topology.
We now consider the domain

0 ::w\U{x+sfj(x)a(:g) |0<s<1,x€n7}.

Note also that we can assume the sets in the last union to be disjoint and
(7.3) p=0mnear ®({z + sfj(z)v(z) |0 < s <1})
whenever x € B is an endpoint of one of the curves «;. This implies

(7.4) QNS C | Jint(F)),
J
where int(7;) denotes 7; minus the endpoints.

Fix a smooth function x : [0, 00) — [0, 1] with y =1 on [1,00) and x = 0 on [0, 3]. Let
I':= Uj I'; and x, := X(dl%(’r))

Let I denote the closure of |J; ~HT,) \ U; 7, together with all the endpoints of
the curves 7;. By transversality and conformality of ®, for each x € |J ; 7; \ F' we have
dist(®(z — sv(x)),T') = 5|0, P(x)| + o(s), where v is the outward unit normal for 2, and the
gradient of dist(®(-),I") at  — sv(x) is —|0,P(z)|v(z) + o(1), where o(1) is infinitesimal as
s = 0 (s > 0). These estimates hold uniformly on compact subsets of [J;7; \ F.

Moreover, by transversality again, for any fixed small r > 0 the support of (1 — x,) o ®
intersects the r-neighborhood U, of |J;7; in the union of an O(n)-neighborhood of {J; 7,

plus a set of measure O(rn). In view of these remarks,

lim p(®) (ex(®) ® d(xy o @), dP)
=V Jonu,
=1%Z// (AN XL 0,0, 0,8) 2) s+ 01

—— [ (tpen)®),0,2) + O().
:

J
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Also, note that ®(B) NT' = () by Remark 7.4; hence, for  small, x,, = 1 near ®(B) and we
deduce that spt((1 —x,) o ®) C G. Recalling also (7.4), we can integrate by parts as follows:

[ 0@ (@)@ dix, 0 0).d)
QU
— [ =)@ enl@) @ dipo #),d0)+ [ (o1 x)(®) (V(er(®)),d2)
O\Ur O\U;
s [ =) (@) (l®).0.9),

where we used the harmonicity of ® on G and denoted by v the unit normal pointing
outside U,. The convergence (1 — x,)(®) — 0 a.e. on 2\ U, and on 90U, (for r small
enough) implies that the right-hand side is infinitesimal as n — 0.

But, by the stationarity property of v, setting X, := px,ex we have

/ (V(X, 0 @), dd) —
Q

since X, vanishes near ®(J€) by the choice of x;, and (7.3). Hence, from the previous
computations we deduce

X | o® ex(@).0,0) + [ (ex@) 2 dlpo@).a0) + [ (@) (Ver(@)la0],a0) =

Lettlng fi — 0 we deduce our claim, provided we can replace p with 1. This is achieved as
follows: the compact set T := ®(0w N B;) has

HYT) < / |d®|.
OwNBe

Hence, we can cover T' with finitely many balls By, (p;) intersecting 7', such that

(7.5) 23 r; g/ dD| + ¢

and r; < €. Take now cut-off functions 0 < p; < 1 which equal 0 on B,,(p;) and 1 on
M\ Ba,, (p;), with |dp;| < Cr; . Then the function p := [], p; satisfies
(7.6) / |dp|(®)|d®|? < C’Z 1/ de)> < CY i,

B2r (pz i

because (®).(3]d®[?) < vy and vs(Bay,(pi)) < Cr? (see (4.7)). Note that the right-hand
side of (7.5) becomes infinitesimal as € — 0, as [, ;3 |[d®| = 0.

Finally, writing T, and p. in place of T" and p to emphasize the dependence on ¢, we
have p.(®) — 1 pointwise on G: indeed, since T, — ®(dw N B) in the Hausdorff topology, if
pe(®(x)) does not converge to 1 then ®(x) € ®(dw N B) and thus, by Remark 7.4, z € B.
Hence, recalling from (7.6) that [ [dpe|(®)|d®|* — 0, we arrive at

0= —/aw p-(®) <ek(<1>),8yé>+/w<ek(<1>)d(pao<1>)7d<1>>+/wpa(<1>) (Ver(2)[d®], dP)

— — (ex(P), 0, D) +/ (Ver(P®)[dD],dD) ,
Ow w
as desired. O
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APPENDIX

Proposition A.1. A continuous, W12 map u : B — R™ solving a linear system of the

form
(Al) — 8i(gjk8iuj) + bkpqaiup&uq =0,

with g > A > 0 symmetric and continuous and b bounded, is VV;)CT for all r < 0.
The same holds for u defined on the half-ball U' := B3 N {S(z) > 0}, if in addition we
have

ouf =0 fork<n, u*=0fork>n,
as well as gi; =0 for i <n, j > n, on the boundary OU’, for some 0 < n < m.

Remark A.2. The condition d,u* = 0 could be written more faithfully as gjk&,(bj =0
and is of course meant in a weak sense, coupled with the equation: namely, we require
S (9i10i fOU + bipg fOuPO;u?) = 0 for all f € C°(U’) and k < n, allowing f to be

nonzero on OU’.

Proof. Assume u is a solution on the unit ball. Then, for any ball B3.(x) C B, we can
integrate the equation against n%(u — (u)B2 (2)); Where ) € CZ° (B3,.(z)) is a cut-off function
satisfying 7 = 1 on B2(z) and |dn| < 2. Recall that the notation (u)s indicates the average
of u on a set S. This gives

A / nldul? < C / nldul dlJu — () gz (] + C / 0| dul? osc(u, B, (x))

and, applying Young’s inequality, it follows that

/ |dul? < CTQ/ lu — (U)Bgr(x)P < CTQ(/
B2(z) B2 () B

2
du])
2r (CE)
whenever osc(u, B2 (z)) is small enough. The classical Gehring’s lemma (see, e.g., [17,
Theorem V.1.2]) then implies that du € L"(B) for some r > 2 and any fixed ball B CC B?
(with r depending on B). Then the nonlinear term byp,0;uP0;u? is L"/?(B) and standard

elliptic regularity theory gives du € L7 (B), with % =2 _ 1 50 that s > r; iterating, we

loc r 27

2
2r

get du € Lt for any ¢ < 0.

loc
If we are in the half-ball case, then we can reduce to the previous case by reflection. We

extend g and u to g and @ on the ball B?, by means of the formula

ﬂl ul
g(57 _t) = Ug(S, t)Ua (87 _t) =U (87 t)
u™ u™
. . I
for (s, —t) in the lower half-ball, with U := I . Note that, by our hypotheses
—4Im—n

on g, g is still continuous. Also, it is straightforward to check that u solves
— (GO ) + bypgOuP D! = 0,

with Ekpq extending by, according to the following rule: if & < n then Ekpq(s, —1) = bppq(s, 1)
if p and ¢ belong to the same set in the partition {{1,...,n},{n + 1,...,m}}, and
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gkpq(s, —t) 1= —bppqg(s, t) otherwise; if & > n then the opposite holds. Then from the case
of the full ball we deduce du € L} , for any t < co. O

Remark A.3. If the coefficients in (A.1) are smooth functions of u, then u is smooth. To
check this, note that in the full ball case u is C’loo’? for any a < 1. The same is then true for
the coefficients g;i(u). Since the nonlinearity byy,0;u”0;u? belongs to L; . for all r < oo,
classical Schauder theory then gives du € CZOO’? for all a < 1 and bootstrapping we reach
ue C™.

In the half-ball case, we can still argue in the same way that du € CZOO’? for all @ < 1. So
g is locally Lipschitz and we deduce u € I/VZZOCT for all r < co. Differentiating the original
equation in the first variable preserves the boundary conditions and leads to an equation of
the form

9i(9;k0i(01)) + fr =0

with fi € Lj,. for all r < oo, and the same reflection trick (applied to w := 0yu) gives
oiu € VVlzocr for all r < oo. Iterating we get the same for all derivatives 8{%. Now
the equation allows to deduce inductively that u € W'llf)g for all k, since g;,(u)Auw/ =
—6i(gjk(u))87;uj + bpq(u)juP Oju?; this expresses dxu in terms of 911w and lower order
derivatives and hence, for any multi-index o = (a1, ag) with as > 2, we deduce that
0% = 07" 05°u € Lj,, for all r < co from the same property enjoyed by M T2952 72y, and
lower order derivatives of .

The following statements deal with general varifolds. It is clear that we can assume the
smallness constant ¢y appearing in all of them to be always the same.

Lemma A.4. There exists cy (M, N) > 0 with the following property. Given p € N and
0 < s < ey, for any 2-varifold v on M which is free boundary stationary outside Bs(p) and
has density 0 > 0 on spt(|v|) \ Bs(p), either spt(|v|) C Bas(p) or [v|(M \ Bs(p)) > c/0.

Proof. Pick v > 0 small, to be fixed along the proof; we will choose ¢y < 7, so that the
varifold is free boundary stationary outside EV (p) Possibly multiplying v by g_l, we can
assume 0 = 1. Note that if ¢ € spt(|v]) \ B2y (p) then by (4.8) we have

(A.2) VI(B5(q)) = (M, N)7?0(v],q) = (M, N)Y>.

Otherwise, |v| is supported in By, (p). Assume we are in this second case and pick a
set of coordinates (z1,...,%m) : Bsy(p) — R™ centered at p, with A corresponding to
{Zn41 =+ =2y = 0}. We can impose that ||g;; — d;;[|c1 < 7 (in coordinates), for v small,

independently of p € N.

On this ball, we define the vector field X to be X (x) := X(]a;|)a:ia%i, where x : [0, 00) —
[0,1] is smooth and such that x' > 0 on [0,37], x = 1 on [25,37], x = 0 on [0, §s] U [47, c0).
Assuming {|z| < 4y} CC Bsy(p), we can smoothly extend X to all of M, with X =0
outside the ball. For  small enough (independently of p and s < 7), the C* closeness of
gij to 6;; guarantees

divip X >0
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for all (p,II) € Gra(M) in the support of v, since we can assume spt(|v|) C {|z| < 3v}:
indeed, here the contribution of x’ is nonnegative, while the one of the position vector xia%i
is close to 2 (multiplied by x(|z|)). Also, the inequality is strict if [z(p)| > 3s. Moreover,
X is tangent to V. We can also assume that B(p) CC {|z| < %s}; hence, we can test the
stationarity of v against X and reach the contradiction

0= / divy X dv(p,II) > 0
(p,IT)€Gra(M)

unless spt(|v|) is contained in {|z| < 2s}. Since the latter can be assumed to be included
in Bas(p), the statement follows from (A.2). O

Remark A.5. The same statement holds if v is stationary outside By(p), without the
assumption p € N. The proof is analogous (but simpler, in that we do not need coordinates
adapted to ).

Lemma A.6. There exist cy > 0 and § : (0,00)? — (0,00), with lims_06(s,t) = 0 for
every t, satisfying the following property. Given two points p1,pe € M and a radius s > 0,
let B := B(p1) U Bs(p2); if a 2-varifold v on M is free boundary stationary outside B, has
density 0 > 0 on spt(|v]) \ B and satisfies the bound

v|(B,(q)) < r* forallge M, r >0,

then either |v|(M) < 05(s,c'/0) or |v|(M) > cv@. The constant cy and the function §
depend only on M and N

Proof. We can assume § = 1. From (4.8) it follows that any nontrivial free boundary
stationary varifold v/ with density at least 1 on spt(|v’|) has |[v/|(M) > A(M,N). Let
d(s, ) be the supremum of all possible masses |v|(M) which are smaller than ¢y, for
v as in the statement, with ¢y to be specified below. Take a sequence s — 0 of
positive numbers and a sequence vj satisfying the assumptions with s = s, as well as
5(Sk,C,) —27k < |Vk|(M) <cy.

Up to subsequences we get a limit varifold v, which is free boundary stationary on the
complement of two points p; and py. We still have |voo|(B;(q)) < ¢'r? for all centers ¢ and
all radii . This upper bound implies easily that actually v is free boundary stationary
on the full manifold: see the proof of Theorem 5.12 for the details. Also, by (4.8) it has a
lower bound ¢ < 1 for its density on spt(|vs]|). Hence, |[veo|(M) > ¢\ unless v, = 0.

Since |Veo| (M) = limy_yo0 [Vi| (M) < ¢y, choosing any ¢y < ¢ forces vy, = 0, so that
d(sk,c’) — 0. This shows that 6(s,¢’) — 0 as s — 0. O
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