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ABSTRACT. We study a new notion of critical point for the area of surfaces under the Legendrian
constraint, first introduced in [29] and called parametrized Hamiltonian stationary Legendrian var-
ifolds (PHSLVs). We establish several fundamental properties of these objects, including their
sequential compactness and an optimal regularity result, showing that they are smooth immersions
away from a locally finite set of branch points and Schoen—Wolfson conical singularities. This gen-
eralizes in particular the regularity theory of Schoen—Wolfson for minimizers [31] to general critical
points.

This theory can be used to show two new variational results: every min-max operation with
the area of (closed, immersed) Legendrian surfaces in a closed Sasakian 5-dimensional manifold is
achieved by a Hamiltonian stationary map with this regularity; also, the minimal area in any given
exact isotopy class of Legendrian immersions of S? is realized by such a map.

Along the way, we prove an effective monotonicity formula for general two-dimensional stationary
varifolds in the Legendrian setting, as well as the closure of integral stationary varifolds among
rectifiable ones, in spite of the lack of compactness of the latter.
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I. INTRODUCTION

In the early 90’s, Oh in [20] introduced the problem of studying critical points of the area among
Lagrangian surfaces in an arbitrary symplectic Riemannian manifold. Such surfaces are called Hamil-
tonian stationary or H-minimal surfaces. This variational problem is motivated by natural questions
such as the study of the Plateau problem in Lagrangian homology classes or the construction of
calibrated minimal surfaces within given Hamiltonian isotopy classes in Calabi—Yau geometries
(Thomas—Yau conjecture); more recently, the second-named author stressed the importance of the
study of area variations among Lagrangian surfaces for the min-max construction of minimal sur-
faces in the sphere S™, in relation to the Willmore conjecture, or other special ambients [27].

1.1. The parametric approach. While considering variational problems for Lagrangian surfaces,
it is natural at first to adopt the classical parametric approach of Douglas and Radé, who gave at the
time a successful framework for the resolution of the Plateau problem in a Euclidean space or more
generally in a Riemannian manifold (after the work of Sacks and Uhlenbeck). The central objects in
this parametric approach would be, in the Lagrangian-constrained case, weakly conformal W12 maps
v from a Riemann surface into the symplectic manifold (M™, g,w) canceling the symplectic form:
v*w = 0. In their pioneering analytical work on the area variation under the pointwise Lagrangian
constraint, Schoen and Wolfson [31] adopted this framework to prove the existence of area minimizers
in any Lagrangian homology class, enjoying also some partial regularity that we are going to make
more precise below.

While the existence part can be obtained by using relatively mild arguments, the regularity of a
minimizer poses serious difficulties which eventually have been overcome by Schoen and Wolfson.
One of the new challenges posed by the Lagrangian constraint, compared to the classical “isotropic
case” (i.e., the unconstrained case of Douglas, Radé, and Sacks—Uhlenbeck), comes from the Euler—
Lagrange equation. Even while considering the simplest possible framework of maps v from a closed
Riemann surface ¥ into C2, equipped with the standard symplectic form w := dz; A dze + dzg A dzy,
the constraint v*w = 0 is generating a Lagrange multiplier which happens to be a map, the so-called
Lagrangian angle g : ¥ — S', on which absolutely nothing is known from a function theoretic
perspective. For any Lagrangian immersion v : ¥ — C2, the Lagrangian angle is given by

v*(dwy A dwy) = gdvoly,
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where wy = 21 + iz9, w9 = z3 + 124, and dvol, is the volume form induced by the immersion v.
A classical result, due to Dazord (which extends to general Kahler-Einstein manifolds [7]; see also
[5]), gives the expression of the mean curvature of the immersion into C? in terms of the Lagrangian
angle:
ﬁv = 271971697

where ﬁg is the intrinsic gradient of the complex-valued function g on the immersed surface (recall
that, in a conformal chart (z1,z2) for the immersion v, one has g_lﬁg = e 2*g7 Vg - Vv, where
e is the conformal factor). Coming back to the variations of the area under Lagrangian constraint,
the corresponding Euler—Lagrange equation formally reads in isothermal coordinates as follows:

div(g~tVov) =0
(1) {div(g_1Vg) =0.

If v is a smooth conformal immersion, this equation is characterizing the Hamiltonian stationary
Lagrangian surfaces. From a purely variational perspective, however, in absence of any information
on g and assuming only v € W12(X,C?), one cannot even give a meaning to the Euler-Lagrange
equation (for instance, we would need at least g € H'/2(D2,S 1Y in order to give a distributional
meaning to the second equation in (I.1)). In order to overcome this major obstacle and perform a
PDE analysis for a minimizer in a Lagrangian homology class, Schoen and Wolfson restricted atten-
tion to area variations given by infinitesimal deformations in the target preserving the Lagrangian
constraint v*w = 0. Such compactly supported variations, called Hamiltonian variations, are of the
form
Vi = JVCF,

where F' is an arbitrary compactly supported function in C?, called a Hamiltonian potential, and
the criticality of a conformal map u can be formulated as follows:

(L.2) / V(J(VCQF) ov)-c2 Vodaz® =0 for all F € C°(C?).
b

Obviously this condition by itself is not strong enough to help developing a regularity theory:
even in the isotropic case (i.e., in absence of the Lagrangian constraint) a condition of the form
[s V(X ow)-Vu dz? = 0 for any compactly supported vector field X does not imply that v is
harmonic and smooth.

1.2. Lagrangian versus Legendrian. As a first step, while performing a compactness and regu-
larity theory for a variational problem on the area allowing exclusively variations in the ambient,
we look for a monotonicity property. However, it has been discovered by Minicozzi [19, Section
3] and Schoen—Wolfson [31] that Hamiltonian stationary Lagrangian surfaces, even in the simplest
framework of C? equipped with the standard symplectic form, do not enjoy a monotonicity property
of the area.

Nevertheless, Schoen and Wolfson also discovered that an monotonicity property exists for the
Legendrian lifts (when they exist) of these surfaces, called Hamiltonian stationary Legendrian sur-
faces. A Lagrangian map v from a surface ¥ into C2 is said to admit a Legendrian lift (or to be
exact) if there exists a global function ¢ : 3 — R such that

dipy = v1 dvg — vo dvy + v3 dvg — vy dus.

In other words, denoting

H? := C% x R,
which has a natural group structure called the Heisenberg group, the map u := (v, @,) : ¥ — H? is
canceling the canonical contact form a on H?, i.e.,

w'a=0, a:=—dp+2z1dzy— 2odz1 + 23dz4 — 24 d23,
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where we use coordinates (z,¢) on C? x R. Observe moreover that the tangent map 7, to the
canonical projection 7 : H? — C? realizes an isometry from the horizontal planes H := ker(a) onto
C? for the metric
Im =T gez +a® a.

Hence, the area of any Legendrian lift coincides with the area of the Lagrangian map, and locally
the study of area variations for the former under Legendrian constraints corresponds to the study
of area variations for the latter under Lagrangian constraints.

At the Legendrian level, the vector fields preserving infinitesimally the Legendrian constraint are
called Hamiltonian vector fields and have the form

2Wp == Jy VI F — 2F0,,

where F is an arbitrary smooth, compactly supported function on H? called a Hamiltonian potential,
V# is the orthogonal projection of VF onto H, and Jy is the pullback by 7 (on H) of the canonical
complex structure J on C2. Hence, the stationarity condition at the Legendrian level reads

(1.3) / V(Wrgou) gz Vudz? =0 for all F € C°(H?).
C

In [31] it is proved that every C' Lagrangian map admits locally a Legendrian lift, and that this
property extends to W12 area-minimizing Lagrangian maps [31, Corollary 2.9]. The Hamilton-
ian vector fields Wr at the Legendrian level are obviously more numerous than the ones at the
Lagrangian level; in particular, one of the key insights of Schoen—Wolfson is that the infinitesimal
action of dilations at the Lagrangian level (which is known to be the action generating monotonicity
properties) is Hamiltonian at the Legendrian level but not at the Lagrangian one: we have

4
—2W, = szVsz + 200,
j=1

while 2?21 20, is not equal to JVF for any F' : C? — R. This explains why a monotonicity
property should hold “upstairs” for the Legendrian lifts while it does not hold “downstairs” at the
Lagrangian level.

1.3. Area minimization in Legendrian homology classes. Due to the existence of a mono-
tonicity formula for Legendrian stationary maps it is then natural to pose the regularity question at
the level of Legendrian maps into HZ2. Thanks to a result by Godlinski, Kopczynski, and Nurowski
[13], the Heisenberg group H? is the infinitesimal model for any Sasakian manifold; recall that a
Riemannian manifold (M3, g, ), where « is a contact form, is called a Sasakian manifold if the
cone (Ry x M® k := dt? + t%g) with the non-degenerate symplectic form 271d(t?«) is Kihler (a
standard example is S°). Letting J be the compatible complex structure, the tangent vector field
along M? given by R := J(t0;) has unit norm and is orthogonal to the horizontal hyperplanes given
by H = ker(a); such a vector field is called a Reeb vector field for the distribution H.

Moreover, this distribution of planes is invariant under the action of .J in the cone Ry x M?.
Thus, Sasakian manifolds are the “odd-dimensional counterparts” of Kéhler manifolds (see a more
detailed discussion in [29, Section 6]). The main result of Schoen and Wolfson, formulated at the
Legendrian level, is the following.

Theorem I.1. [31] Let (M?,g,a) be a Sasakian manifold. Any Legendrian homology class in M
1s realized by an area-minimizing Hamiltonian stationary Legendrian map from a closed Riemann
surface to M. Moreover, this map is weakly conformal and is a smooth immersions away from
finitely many branch points and isolated conical singularities. O

The possible existence of these conical singularities, called “Schoen—Wolfson cones,” is one of the
main discoveries in [31]. It has been proved moreover in [18] that for some particular homology
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classes (in certain ambients) any minimizer must have such singularities. These have been classified
in [31] and their blow-up is of the form

r\/ITq ipf
Up.q C— (CQ’ (7“, 9) — ﬁ (Z \/geei(ﬁ) )
where p,q € N*. The intersections with S are the (p,q) torus knots. These singularities are of
topological nature. The space of oriented Lagrangian planes in C? is A(2) = U(2)/SO(2). The
determinant operation gives a well-defined map from A(2) to S!. The restriction of this map to
the tangent bundle of the immersion u,, on any positively oriented circle surrounding the conical
singularity gives a map S' — S! of topological degree p — ¢, called the Maslov class at the point.

Understanding the possible locations of the Schoen—Wolfson cones is still an open problem in
general. Some progress in answering this challenging question has been made in [12] and [11].

The proof of the regularity part of Theorem I.1 is based on a monotonicity formula (established
for regular enough Hamiltonian stationary immersions), a small tilt-excess regularity theorem, a
classification of the tangent cones, and the property satisfied by minimizers in homology classes
that weakly converging sequences of such maps are in fact strongly converging in W2, This last
property is reminiscent of the one discovered in [30] by Schoen and Uhlenbeck and is established in
[31] using a comparison argument, which is not viable for general critical points.

I.4. The notion of parametrized Hamiltonian stationary Legendrian varifolds (PHSLV).
As announced in the abstract, one of the main goals of the present paper is to extend the Schoen—
Wolfson existence and regularity theory to non-minimizing Hamiltonian stationary Legendrian sur-
faces. This ambition faces numerous new difficulties, among which we are listing the following two
major ones:

(i) find a suitable class of Legendrian “weak surfaces” for which a min-max theory can be devel-
oped;

(ii) bypass the problem that the Euler—Lagrange equation (I.1) is not well-posed while studying the
regularity of non-minimizing Hamiltonian stationary Legendrian “weak surfaces,” thus avoiding
comparison arguments.

A more comprehensive discussion of new phenomena and new difficulties arising in this Legendrian
setting is provided later in the introduction.

As a chief example, we would like to stress that, in contrast with the now well-understood
unconstrained case, also called isotropic case in this paper (i.e., critical points of the area without
the Legendrian constraint: minimal surfaces), the possible existence of conical singularities, whose
number is a priori totally uncontrolled, and the possible formation of a “continuum” of those
along a weakly converging sequence, is creating a completely new technical challenge, which in the
minimizing case in [31] was solved by the property that

(P) W2 weak convergence <= W2 strong convergence.

This last property is a priori not available anymore in the general case and one of the main achieve-
ments of the present work is to obtain the same optimal Schoen—Wolfson regularity result without
property (P).

In [29] the second-named author proved that every nontrivial min-max operation on the area
among Legendrian surfaces in a closed Sasakian five-dimensional manifold (M?,g,«) is always
achieved by a parametrized Hamiltonian stationary Legendrian varifold (PHSLV). A PHSLV is a
triple (X, u, N) where:

(i) X is a possibly open Riemann surface without boundary;
(i) u e VVZI’2(E,M5) satisfies

oc

wa=0 and Ou®du =0,
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that is, u is Legendrian and weakly conformal;

(iii) N e L5 (3,N%);

(iv) for any f € C*(X,R4) and for a.e. t > 0, given a compactly supported Hamiltonian vector
field Wr on M? such that

spt(F) € M\ u(f7(1),
there holds
NV (Wgou) - Vudz? = 0.
F>t
Observe that, compared to the parametric approach of Schoen and Wolfson, this class of objects
differs by two main properties:

(i) the definition of PHSLV allows for general integer multiplicity N, which is needed to guarantee
general compactness properties of this class, while in the minimizing case from [31] one can
restrict to N = 1, since in compactness and blow-up arguments property (P) ensures that
N =1 still holds at the limit, while this is a priori not true for general critical points;

(ii) the stationarity condition is much more general than (1.3): it permits to “localize” the station-
arity property of the varifold associated with (X, u, N) in terms of the domain of u (in [31] the
localization property is sometimes implicitly used, often in conjunction with the minimizing
hypothesis, whereas it is systematically introduced and then exploited at several crucial points
in the present work).

The simpler notion of parametrized stationary varifold (PSV) has been introduced in [26], where the
main result of [29] was established for the area in the isotropic case inside any closed Riemannian
manifold. The existence of a parametrization, together with the corresponding localization property,
was compensating for the absence of a PDE while considering the resulting stationary varifold, and
opened the door to the optimal regularity result proved by the authors in [23], as well as a better
understanding of parametrized varifolds arising variationally [24, 22]. It has been proved by the two
authors in [23] that the space of PSVs in a closed Riemannian manifold is sequentially compact in
a suitable sense. One of the purposes of the first part of the present work is to extend these facts
to the Legendrian framework.

Our ultimate motivation is to study the regularity of a PHSLV in an arbitrary Sasakian five-
dimensional manifold, and in particular the realization by Hamiltonian stationary surfaces of an
arbitrary nontrivial min-max value for the area among Legendrian surfaces in such a manifold. The
present work is the second step after [29] in this program. Since we are interested in local properties
of PHSLV, we will mostly work in the Heisenberg Group H?, which is the universal blow-up of
such manifolds, but throughout the paper we will point out the correct analogue of each important
statement in a general ambient (which does not enjoy the dilation symmetry).

1.5. Main results of the present work. In the first part of this work, we begin with a general
theory of Hamiltonian stationary Legendrian varifolds (HSLVs), which was missing in the litera-
ture, providing a geometric measure theory toolbox which is going to be used heavily later on. In
particular, we show an effective monotonicity formula, generalizing [28] (which required having a
smooth immersion) to an arbitrary HSLV. For simplicity, we state it in H? =2 C? x R, where we use
coordinates (z, p) and let t4 := |2|* + 4p? and o := 2p/|z|? (whose arctangent is a smooth function

on H?\ {0}).
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Theorem 1.2. Given a HSLV v on H? and a suitable cut-off function x : Ry — Ry, letting

@X( I M i d
q,a) = e X' (tq/a) dv(P,p)
q

2 _
_/G[igqa "X (tq/a) arctan o, | dv(P,p)

1
+ 1 /Gt;*vp arctan o - Vp[tqfsa*lxl(tq/a)arctan a4l dv(P,p),

we have
0 < ©X(g,a) < O©X(q,b) forall0<a<b,
as well as
0¥(a)+ [ 9P axctana, Pdv(P.p) < Cb VI (B3(0) \ By(a))
0<try<d
where 0X(q) = lim._,0 ©X(q,¢) € Ry exists and is called the density at q. O

Here t4, pq4, 04 are defined by left translation, shifting the origin to ¢. Compared to similar state-
ments in [31] and [28], this is a true monotonicity at all scales and works for general (Hamiltonian
stationary) varifolds. In turn, this is used to show the following. Note that monotonicity does not
hold for higher dimensional objects, as shown in [21, Appendix BJ.

Theorem 1.3. The class of rectifiable HSLVs v with % € N* a.e. on spt|v] is closed among
rectifiable varifolds. O

We observe that compactness of such integral HSLVs fails, even in a closed ambient. The following
counterexample is inspired by a similar one in H? by Orriols [21]; the varifolds v}, are in fact smooth
Hamiltonian stationary Legendrian embeddings.

Theorem 1.4. In (S°, g, ), with g the round metric and o the canonical contact form, there exists

a sequence of rectifiable HSLVs vy, with %ﬁ:’q) € N* for all q € spt|vg|, such that v — v for a
non-rectifiable limit vy, supported on a Hopf fiber. O

We should also mention that the previous results, namely monotonicity and closure of integral
varifolds among rectifiable ones, require some completely new ideas, as discussed more in detail
later in the introduction.

After developing this general theory, we turn to the structure of parametrized varifolds and their
sequential compactness. The following theorem is one of the main achievements.

Theorem 1.5. In a closed Sasakian ambient M, given k € N, the set of varifolds induced by
PHSLV*s (3,u, N) with closed domain ¥ and genus(X) < k is sequentially closed under varifold
convergence. O

In this statement, ¥ is possibly disconnected and genus(X) := )¢ genus(S) as S varies among
the connected components of . This result holds assuming the slightly stronger notion of PHSLV*,
given in Definition V.1; for a smooth immersion in a Kihler-Einstein M?, the latter is equivalent
to the fact that the closed one-form *g~! dg is exact. We also have the following.

Theorem 1.6. In a closed Sasakian ambient M?, the set of varifolds induced by PHSLVs (X, u, N)
with a fired closed domain ¥ and controlled conformal class is sequentially closed under varifold
convergence. [

However, we stress that, differently from the isotropic case, the statement fails in the class of
PHSLVs, as shown by the previous counterexample.

The question whether or not the weak sequential closure holds in the class of PHSLVs while
assuming a control of the Legendrian Morse index is under investigation by the two authors (the
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latter is the dimension of the largest subspace of Hamiltonian variations where the second variation
of area is negative definite).

In situations where degeneration of the conformal class do not occur, this weak sequential closure
holds in the class of PHSLVs. In the regularity theory we mostly deal with domains such as D or
C (and we need to consider sequences of maps with energy lower than possible bubbles, such as
blow-ups). This explains why our regularity theory assumes just the notion of PHSLV. In particular,
we can classify blow-ups of an arbitrary PHSLV.

Theorem 1.7. Given a PHSLV (3, u, N) in a closed Sasakian ambient M® and xo € X, there exists
a notion of parametrized blow-up at xo. The image of any such parametrized blow-up (C, uzy, Ny )
is either a plane or a Schoen—Wolfson cone in C? C H?. O

The sequential compactness of PHSLVs (in low energy regime, or equivalently when M? is rescaled
to resemble H?) is then exploited in successive steps to reach the following optimal reqularity result,
which is the first main outcome of this work.

Theorem 1.8. Every PHSLV (3,u, N) in a closed Sasakian manifold M® is a smooth immersion
away from isolated branch points and isolated conical singularities (whose blow-ups are Schoen—
Wolfson cones), with N constant on each connected component of ¥. O

In the previous statements, we tacitly assume that u is not constant on any connected component
of X. The classification of blow-ups is obtained in tandem with the regularity theorem, proceeding
by induction on supy, N (roughly speaking). Again, there are several new difficulties compared to
the isotropic case [23], whose discussion is postponed.

Let us now come to variational applications. Given (M?, g, o) a Sasakian manifold, and ¥ a closed
oriented surface, we introduce the set M of Legendrian W?24(X, M) immersions from ¥ to M. It
is proved in [29] that 9 has the structure of Banach manifold and possesses a compatible Finsler
structure for which the associated Palais distance is complete.

A collection A of compact subsets of 91 is said to be an admissible family if it is invariant under
the action of homeomorphisms of 9t isotopic to the identity (in fact, one can also require this just
for deformations that agree with the identity except near the energy level W defined below). The
min-max value, also called the width associated with A, is

W(A) := inf maxarea(u).
AcA ueA

Our second main result, which is obtained by combining Theorem 1.8 with the main result of [29],
is then the following.

Theorem 1.9. Let (M?®, g, ) be a closed Sasakian five-dimensional manifold. Let A be an admissible
family in the Banach Manifold 9 whose width

W(A) > 0.

Then W (A) is the area of a smooth Hamiltonian stationary Legendrian immersion u : X' — M,
possibly with isolated branch points and Schoen—Wolfson conical singularities, whose domain ¥’ is
a possibly disconnected closed oriented surface with genus(X') < genus(X). O

In order to state another application, we recall a classical notion from Legendrian co-bordism
theory originally introduced by Arnol’d. A regular isotopy u; : ¥ — (M?®,g,a) of Legendrian
immersions is called exact if there exists a family of Hamiltonian functions f; : ¥ — R such that
the variation of u; is the Hamiltonian vector field generated by f;. In conformal coordinates for wuy,
calling e* the conformal factor, this reads

du

i eIV i - Vg — 2£,0,.

If u; is an embedding for every t, this notion of exact regular isotopy coincides with the classical
notion of Hamiltonian isotopy.
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Theorem 1.10. Let M? be a closed Sasakian manifold and let € be an exact regular isotopy class
of Legendrian immersions of a closed surface S* into M such that

2 := inf area(u) > 0.
uel

Then A equals the area of a smooth Hamiltonian stationary Legendrian immersion u : X' — M,
possibly with isolated branch points and Schoen—Wolfson conical singularities, whose domain ¥/ is
a union of spheres. O

Observe that, even though it is dealing with a minimization problem, this result cannot be
deduced from the main result in [31]. Indeed, the regularity results proved in [31] are based on
comparison arguments replacing v with maps within the same homology class, but a priori not in
the same isotopy class. Theorem 1.10 is particularly interesting since Hamiltonian isotopy classes
are known to be immensely more numerous than Lagrangian homology classes.

1.6. New phenomena compared to the isotropic setting. We now highlight some of the chief
novelties of the Legendrian setting creating some of the new difficulties that we face, compared to
the simpler isotropic situation. Besides these, there are several additional technical difficulties: just
to mention another one, it is sometimes hard to come up with efficient proofs which in the isotropic
case just come from an intuitive choice of a vector field, since in the definition of stationarity we
are restricted to Hamiltonian vector fields Wy, which involve two differentiations of F' intertwined
with the rotation Jg.

Broadly speaking, there are three major phenomena, appearing at increasing levels of weakness
of the notion of Hamiltonian stationary Legendrian surface that we consider. We discuss them in
H?2, for simplicity.

(i) Assuming that we have a smooth conformal immersion u, for the projection v := 7 ou we have
a PDE of the form

Av+1iVp-Vu =0.

This differs from the usual Laplace equation (that one would have in the isotropic case) by a
term involving a harmonic one-form h := df. In spite of its qualitative smoothness, we do not
have any quantitative bound on h a priori. Indeed, it appears as a sort of Lagrange multiplier
associated to the pointwise Legendrian constraint. This makes it difficult to derive useful elliptic
estimates from the PDE.

(ii) Removing smoothness assumptions on u, we face the presence of Schoen—Wolfson conical sin-
gularities, which naturally appear even for minimizers. Since JH is parallel to the cross-section
for such cones [31, Section 7], assuming that these singularities xj are isolated we see that,

across them,
dh =" by,
k

is a sum of Dirac masses. Further, the number and location of such singularities is uncontrolled
as well, and these could even be not isolated a priori, rendering the PDE practically useless.

(iii) Finally, at the varifold level (i.e., for a HSLV), sequences of integer rectifiable HSLVs can con-
verge to a non-rectifiable limit, differently from the isotropic case where Allard’s compactness
holds. This reflects the highly anisotropic nature of the Carnot—Carathéodory metric, or the
Korényi metric on H?, for which curves such as Reeb integral curves have Hausdorff dimension
equal to 2 instead of 1.

Let us now discuss very briefly how each difficulty in the previous list is overcome in our work.
The first two appear in particular while showing the crucial fact that a parametrized blow-up arises
as a strong W12 limit (thus, we manage to show property (P) at least for blow-ups).

(i) Sequential compactness of PHSLVs (X, u, N), which does not use the PDE, allows to derive
local doubling bounds for the Dirichlet energy measure |Vu|? dz?, just in terms of ¥ and the
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total mass. Assuming smoothness (which can be done inductively on lower multiplicity regions
in the regularity proof), we can use these doubling bounds together with a Liouville-type
argument to obtain local bounds on h = dgj.

(ii) After showing that such Schoen—Wolfson singularities are isolated (in suitable pinched-density
sets) by a standard dimension reduction technique, we face the issue that they could become
denser and denser along a sequence of rescalings w; giving a blow-up. However, failure of a
strong W2 convergence is detected by a jump in the multiplicity in the limit, which is ruled
out by a careful continuity argument (at small scales, Schoen—Wolfson singularities are well
separated, and thus here we are close to a picture with no multiplicity jump).

(iii) The last issue is circumvented by assuming a stronger definition of stationarity compared
to the initial PHSLV definition. In turn, this yields a point removability result for limits of
such varifolds, which rules out this phenomenon in applications. Moreover, in the context of
bubbling, we show that no energy dissipates in neck regions just assuming the PHSLV definition
(while for collars, appearing when the conformal structure degenerates, this fails: see Theorem
Al).

Note that the third point is related to the second derivative of F' appearing in Wg, due to
which points are not always removable singularities for a two-dimensional HSLV (while they are for
two-dimensional stationary varifolds in the isotropic setting).

Remark I.11. The third point also leads to the speculation that failure of compactness of integer
rectifiable HSLVs is solely due to the possible appearance of stationary Reeb integral curves in the
limit v, such as Hopf fibers in S°; indeed, the proof of Allard’s rectifiability theorem in this setting
shows that, for |v|-a.e. p, the blow-up at p is either a Legendrian plane or a varifold supported on
the Reeb axis of H?2. O

1.7. Comparison with existing regularity results. Let us now briefly compare our optimal reg-
ularity result (see Theorem VIII.1 for a precise statement) with other ones which already appeared
in the literature. The comparison with the work of Schoen—Wolfson [31] is quite straightforward, in
that both [31] and the present paper deal with arbitrary W12-parametrized surfaces with the only
a priori bound of having finite area, and while [31] considers minimizers we are able to deal with
general critical points equipped with L°° integer multiplicities.

Roughly speaking, one of the core difficulties in the regularity theory (and also in the variational
construction) of Hamiltonian stationary Legendrian parametrizations is that the Dirichlet energy
involves the same order of differentiation as the Legendrian constraint. One of the first works dealing
with a similar situation is the one by Evans—Gariepy [9], who studied area-preserving maps on the
plane. Here the authors manage to obtain a partial regularity result (by transforming the situation to
a scalar problem by a clever change of variables), although at the expense of considering minimizers
and assuming artificially that the map is Lipschitz.

In other works, such as [2] by Bhattacharya—Chen—Warren, the full regularity is obtained for
Hamiltonian stationary Lagrangian submanifolds, but with the a priori assumption that they are
C'. While this leads to a full regularity, as showed also by Schoen—~Wolfson in [31, Theorem 4.1] by
linearizing the PDE to the biharmonic equation, this assumption automatically rules out Schoen—
Wolfson singularities (which could appear among minimizers), and thus is again quite artificial in
a geometric variational setting.

In the work [3] by Bhattacharya—Skorobogatova, Hamiltonian stationary Lagrangian graphs are
considered, with the a priori assumption that they are Lipschitz. In this interesting work, viewing
these as graphs of gradient maps (thus generated by a W?2° function), the authors study the
resulting fourth order nonlinear scalar equation, reaching a conditional regularity result. However,
again the graphicality assumption rules out Schoen—Wolfson singularities (which are never graphs).

Given that our work assumes only finite area (the weakest possible assumption required by the
study of variations of the area, i.e., having a W'? weakly conformal parametrization), it makes a
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significant leap in the regularity theory, at least for two-dimensional objects. We expect that our
techniques will shed new light in similar problems, where so far the understanding is restricted to
Lipschitz graphs.

Finally, let us mention that, in higher dimension, using the intrinsic approach of currents (thus
avoiding parametrizations), Orriols recently developed an existence and partial regularity theory of
area minimizers under the Legendrian constraint [21]. From a technical perspective the use of the
monotonicity formula, which is proven to fail in higher dimension for general Hamiltonian stationary
Legendrian varifolds, is replaced by the combination of comparison arguments with an isoperimetric
inequality for Legendrian currents.

1.8. Strategy of proof and organization of the paper. The paper is structured as follows. In
Section II, after some preliminaries on the Heisenberg group and the Legendrian constraint, we give
the precise definition of PHSLV (see Definition II.5).

In Section III we define and study general Hamiltonian stationary Legendrian varifolds (HSLV). In
particular, we prove a monotonicity formula (see Theorem III.6 and Corollary II1.12), by carefully
refining and generalizing the one originally introduced for immersions in [28] to a much weaker
framework, exploiting the Hamiltonian arctan o (which happens to be smooth and 0-homogeneous
on H2\ {0}) suitably cut-off with the Folland-Koranyi gauge t, and we derive a number of standard
consequences, such as upper semi-continuity of the density, in space and under varifold limits.

In Section IV we prove the best possible analogue of Allard’s compactness of integral stationary
varifolds [1], namely we show their closure among rectifiable ones (see Theorem IV.1). Although the
scheme of proof is standard, one particular step turns out to be very subtle in this Legendrian setting:
namely, to show the fact that a HSLV with zero tilt-excess is a union of parallel planes (Lemma
IV.4), we have to perform an iterated blow-up, obtaining more and more algebraic constraints until
we are able to close the loop.

Section V is dedicated to a point removability result for PHSLVs (Proposition V.5), itself deduced
from an analogous result for general HSLVs (Proposition V.7), assuming in both cases a slightly
stronger notion of stationarity; note that, since the second derivatives of the Hamiltonian F' appear
in the associated vector field W, this does not simply follow by a capacity argument.

The goal of Section VI is to prove a number of structural properties of PHSLVs, such as a
universal lower bound for the density (Proposition VI.6), a quantitative continuity of the underlying
map (Proposition VI.2), the rectifiability of the support (Proposition VI.7), and the upper semi-
continuity of a better representative N of the multiplicity function N (Proposition VI.13).

The proof of Theorem 1.5 is the main purpose of Section VII, where a more complete formulation of
the result is also given (Theorem VII.1); its proof is based on an important energy quantization result
(Lemma VIIL.4). Since this is the only part of the paper where there are significant simplifications
in H? compared to a closed Sasakian ambient M® (due to the symmetry by dilations, reflected in
the absence of bubbling in H? and in the fact that here most statements are effective at all scales),
we will often comment on what are the relevant changes in a general closed M?°. We also discuss
how to deal with bubbling and degenerating conformal class (see Remark VII.10, Remark VII.11,
Lemma VII.12, and Remark VII.13).

In Section VIII we start developing the regularity theory (see Theorem VIII.1 for the precise
statement) and we explain the induction process governing the proof. We also prove a rigidity result
for blow-ups (Proposition VIIL.7); in the classification of tangent cones, it allows to assume that
the multiplicity N has a strict maximum at the origin, thus triggering the inductive assumption
on the complement. Inspired by [23], we also define admissible and strongly admissible points (see
Definition VIIIL.3), and we complete the base case of the induction, by showing that all points are
admissible in this case and appealing to a small tilt-excess regularity theorem of Schoen—Wolfson
(see Proposition VIII.8).
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In Section IX we start attacking the inductive step, classifying tangent cones at admissible points
by exploiting the inductive assumption (see Proposition 1X.6 and Corollary IX.7). Moreover, we
exploit this understanding of blow-ups, and in particular the fact that there the Dirichlet energy is
a doubling measure, to deduce again that in fact all points are admissible (see Proposition 1X.9). We
also show that Schoen—Wolfson singularities cannot accumulate among points of similar multiplicity
N (see Proposition IX.15).

We finish the inductive step of the proof of regularity in Section X, by looking at a point Z of high
multiplicity, at the boundary of a region consisting of lower multiplicity points (an idea borrowed
from [23]). Roughly speaking, we can reach the conclusion that such high multiplicity points are
isolated if we can prove that any blow-up at T satisfies property (P), i.e., if we can upgrade the a
priori weak W12 convergence of the rescalings of u to a strong one (see Proposition X.1). This is
carried out first assuming that there are no Schoen—Wolfson conical singularities, and then including
this possibility, by two different arguments, as explained before in the introduction.

Finally, in the appendix, we give an explicit example (Theorem A.1) showing that integer rectifi-
able HSLVs, and even PHSLVs, can converge to a non-rectifiable limit in a closed Sasakian manifold
such as S°, a phenomenon ruled out in applications by requiring a stronger notion of stationarity
(see Definition V.1).

Acknowledgements. The authors are grateful to Filippo Gaia and Gerard Orriols for many useful
conversations. They also wish to thank Mario Micallef and Richard Schoen for their interest in this
work.

II. PRELIMINARIES

II.1. Geometry of the Heisenberg group. We give here some fundamental notions from the
Heisenberg group geometry that we will use in this work. A thorough and way more complete
presentation can be found in [4]. We denote by H? the Heisenberg group over C2. The coordinates
in H? will be denoted (21, ..., 21, ¢), where the last coordinate ¢ is called the Legendrian coordinate.
The canonical projection from H? onto C? which consists in “forgetting” the Legendrian coordinate
 will be denoted 7.

(21, ..oy 24,0) = (21, -, 24)-
The so-called horizontal hyperplanes H are spanned at every point by the following four vectors:
0 0 0

0
= — 29— = —— 4295 1—, forj=1,2.
J 822]'_1 27 6(,0’ J 622]' 27—1 8@7 J )

We define a Riemannian metric on H? by requiring that (X1, Y1, X2, Y2, 8,,) realizes an orthonormal
basis at every point. Thus, the tangent map m, : TH? — T'C? to the canonical projection 7 : H? —
C? given by

0 0 0
7T*XJ —m, 7'('*}/] —@, 71'*%—0
realizes at every point an isometry between H and T'C?. In particular we observe that
2
(H.l) g2z = 7T*g(c2 +a®a, a:=—dp+ Z(ZQj_l dZQj — 29 ngj_l).
j=1

Observe at this stage that the metric on H? is equivalent to the Euclidean metric of R® on any
compact set. Also, for an H2-valued map, requiring it to be in L7* for this metric on H? is equivalent
to the same requirement for the Euclidean one, a fact that will be tacitly used later on.

On H we define the following complex structure:

JHXj = }/J
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The Riemannian manifold (H?, gg2) becomes a Lie group with the operation

2
(z,0)*x (2, )= 2z+ 20+ ¢ + Z(sz—lzéj — 295295 1) |
j=1

where the neutral element is (0,0) and the inverse to any element (z, ¢) is obviously given by
(z,9) 7" = (-2, —9).

Remark II.1. The vector fields X, Y; and the metric gy, as well as «, the hyperplane distribution,
and Jg, are preserved by left multiplication, i.e., by the diffeomorphism ¢,(z) := p*x, for any given
p € H2. O

We denote (as in [28])

2
p2::Zz]2», J::p—f, o= pt 4+ 49?.

4
—

J

The function o will be called the phase, while t is the Folland—Kordnyi gauge.
For t € R, the dilation map 6, : H> — H? given by

(I1.2) 61(z, @) == (tz, t%9)
is obviously a group homomorphism. Moreover, given A € U(2), we introduce the rotation R4 :
H? — H? given by

(IL.3) Ra(z,¢) = (A2, ),

which is again a homomorphism since
2

(H.4) Z((Uz)gjfl(UZ/)gj — (UZ)Qj(UZ/)ijl) = <iUZ, UZ,> = <U(ZZ), UZ,> = <Z, Z,>.
j=1

We introduce the map on H? x H? given by
(11.5) dc(5,0), (2 6) 1= (2, 9) L5 (,4)
and, viewing z, 2/ € C2?, we compute for any choice of pair of points p := (v, ¢) and ¢ := (w, ) that
tHp*q) = |v + w|* + 4|¢ + o + viws — vowy + v3wy — vyws|?
= |lv+wl* + 2i (¢ + ¢ + (v, w)) [
= ||v]? + 2i¢ + |w]? + 2it) + 2(v, w) + 2i(iv, w)|?
< [IJo]* 4 2i| + [Jw|? + 2it)| + 2|(v, w) + i{iv, w)|]*.
Observe that the first two terms inside the square are t?(p) + t2(g), while
[0, ) + i, w) 2 = (v, 0)? + {iv, w)? < ofwf?,
as v L v. Since |v| < t(p) and |w| < t(g), we then have
t(pxq) < [¢(p) + *(q) + 2e(p)e(@)* < Je(p) + x(a)|".

This inequality, together with the definition of dx, imply immediately the following classical lemma
(see for instance [4]).

Lemma I1.2. The map dg : H? x H? — [0,00) defines a distance, called Koréanyi distance. O
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Remark I1.3. Clearly, dx is left-invariant, in the sense that

dK(CL *p,ax Q) = dK(p7q)
Moreover, a straightforward computation gives a~'sp*a = px(0,0,0,0, 2 Z?Zl(p2j‘_1agj —P2ja2j—1));
plugging p~! * ¢ in place of p, we obtain the bound

dg(pxa,qxa) =x(a " * (p~ xq)xa) <t(p™' xq) +2¢/p(p~" * ¢)p(a),
di(p*a,q*a) <di(p,q) + 2y pla)\/dk(p, q)

for all p,q,a € H?. O

and hence

We will denote by HY the s-dimensional Hausdorff measure constructed out of this distance.

Remark II.4. The maps §; and Ry satisfy §fa = t?a and R« = «, thanks to (I1.4). In particular,
they are isomorphisms preserving H (for ¢t # 0). They also preserve Jy, since this holds at the origin
and Jg is left-invariant (note that, for an isomorphism 1, we have 1) 0 £}, = £y, 0 1). Moreover, we
have

dx (0+(p), 6¢(q)) = |t] - dx (P, ),
while R4 is an isometry. O

I1.2. Hamiltonian deformations. Observe that
do = 2dz1 Ndzg + 2dz3 A dzy = 275w,

where w = dz; A dzs + dz3 A dzy is the standard symplectic form on C2. We now consider vector
fields W on H? such that the associated flow W; preserves the kernel of a.. This is equivalent to the
existence of a function f; on H? x R such that

Uia = fio.
Taking the derivative with respect to ¢t at ¢ = 0 and using Cartan’s formula, we obtain
0
87]7? tioa(Z) =Lywa(Z) =dla(W))(Z) + da(W, Z).

We denote by W = WH + WV the orthogonal decomposition of W along H and Oyp. Let F(z,p) =
a(W) =a(WV), so that WY = —F0d,,. Plugging Z in place of Z gives
0 =dF(Z1) + 2m*w(W, Zz1)

= (VIF 2% 4 2w(m,WH 7,21

= (VHF, 21y + 2(in, WH 7, Z1)

= (VEF 4 2g,WH 71
where VZ F := (VF)H is the orthogonal projection of VF onto H. Since this holds for any choice
of Z, we obtain 2WH = Jy V7 F. Hence we conclude that
(IL.6) o2W = JgVHIF —2F0,.

Starting from an arbitrary function F', we can also reverse the argument and conclude that W =: Wg
given by (I1.6) generates a flow preserving the kernel of a. Since
2 2
VAF = ZKdFv Xj>Xj + (dF, Y])E] = Z[(aZQj—1F - ZQjaGDF)Xj + (8Z2jF + ZQj—laWF)Yj]?
Jj=1 J=1
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we have the expansion

2
2Wp = Z[(az2j—1F - ZQjaSOF)Y} - ( szF + ZQj—la@F)Xj] - 2F6<P
(IL.7) =

d,.

2 4 4
= [(02;  F)0ey; — (02, F)0a; ] = 0,F > 20z + | Y 240, F — 2F

j=1 k=1 k=1

Before defining the main object studied in this work, we need a few more basic definitions. A
(locally bounded) smooth or Sobolev map u of a surface 3 into H? is called Legendrian if it is
tangent to H at every point. This is equivalent to the contact condition u*a = 0. Composing a
Legendrian map u with 7 gives a Lagrangian map v := 7 o v into C?, namely a map satisfying
v*w = 0.

Let u = (uq, ug,ug, us, u,) € WH3(X, H?). Assume u is weakly conformal: namely, in any local
conformal chart (z1,z2) for ¥, a.e. we have

2 2
1) el = 1Oeatl
Oz, U g2 Og,ut = 0.
We also assume that w is Legendrian. Observe that, since the canonical projection m, realizes an
isometry between H and C?, we have

IVulfs = |Vo2e,

where v := 7 o u. We have also

2
2

(IL.9) Vulgs = [Vo|* + | ugj 1 Vg — ug;Vug; ]| < [1+4 [v?]|Vo[Z..

j=1
Hence, if a Lagrangian map is assumed to be in L N W12(X,H?), it is automatically in L N
W12(%,R%) and there holds

(I1.10) /\vu|H2 d:c2§/ Vulgs da® < [1+\|vygo]/ Ve dz?.
by b b

We now introduce the main variational object studied here, which is a parametrized version of a
constrained critical point for the area (the constraint being the Legendrian condition).

Definition II.5. Let ¥ be a Riemann surface and let uw € L N W1’2(E,H2), as well as N €

loc loc

L>(X,N*), where N* := N\ {0}. Assume that u is Legendrian and weakly conformal. The triple
(3, u,N)
is a parametrized Hamiltonian stationary Legendrian varifold (PHSLV) if given f € C°(X,Ry), for

almost every ¢ > 0 and for any function F € C°(H2 \ u(f~1(t))), it holds for the associated vector
field W given by (I1.7) that

(IL.11) 0= NV (Wr ou) -2 Vudz?,
>t

where we use local conformal coordinates on X.. O

Remark II.6. In this definition, we implicitly restrict to those ¢ > 0 such that the level set
{f =t} is a disjoint union of embedded smooth loops and the restriction u|{;_s has a continuous
representative (which holds for a.e. ¢ > 0), so that u(f~'(t)) C H? is a compact set. In the sequel,
when we say that a property holds for a.e. domain w CC ¥ we mean that it holds for w := {f > t},
for any choice of f € C2°(X,Ry) and a.e. t > 0. O
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Remark I1.7. More generally, we say that a triple (3,u, N) is a PHSLV on an open set U C H?
if the previous requirement holds for all F' € C°(U \ u(0w)), for a.e. w CC X. O

Remark I1.8. When N = 1 and u is a Legendrian lift of a smooth Lagrangian immersion v : ¥ — C?
(namely, we have 7 o u = v), then this notion is equivalent to the H-minimality introduced by Oh
[20], since . (2Wp) = Z?Zl[(asz_lF)agj — (02y; F)O2j-1] whenever F' depends only on z. O
Since 7, is an isometry, writing X, and Y} in place of X, ou and Y, o u for simplicity, there holds
2
(I1.12) 0= NY [(V(Wrou) g2 X¢) - Vugey + (V(Wr o u) g2 ¥7) - Vugy] da.
>t
Recalling (I1.6), we have for £ = 1,2 that
2V(WF e} 'LL) ‘H2 X[
= V(JHVHF (¢) u) ‘H2 Xg
(I1.13) 2
= Z V[(@Z%lF ou— UQ]‘&’OF o u) Y} — (82«2].17 ou + Ugj_la@F o u) Xj] w2 X
j=1
= —V (0, F ou+ugy_10,F ou),
where we used the fact that the differentials V.X; and VY; have image in the span of J,, and thus
orthogonal to H. Similarly, we have

2V(Wpou) g Y, =V (9

220—1

Fou—uzg&pFou).

Hence, combining these identities, the stationarity condition becomes

2
oF oF
0= NE Vug; -V ou| —Vugj_1-V ou|| dz?
/f>t j:l[ N [3%‘—1 } o [3223‘ ”

4
Ia
—/ NE Vuk-V[ukaou] dz?.
>t dp

III. GENERAL MONOTONICITY FORMULA

(11.14)

In this section we consider a more general class of varifolds, defined as follows.

Definition ITI.1. Let IT : G — H? denote the Grassmannian bundle of Legendrian two-dimensional
planes in H?; we denote elements of G as P, or as pairs (P,p) when we want to emphasize the
underlying p € H?. Given an open set U C H2?, a Hamiltonian stationary Legendrian varifold
(HSLV) v on U is a Radon measure on I1-1(U) such that

/ din WF dV(P, p) =0
=1(U)

for all Hamiltonian vector fields Wr as above. O

With a little abuse of notation, we will often write a domain of integration in H? to mean its
preimage under II.

Remark III.2. Given a PHSLV (X, u, N) and a.e. domain w = {f > ¢t} CC X, we have an induced
varifold v,, given by

2
v (B) ::/ N|V2u| dz?, for BC G,
wNu*B

where u*B = {z : (img Vu(z),u(z)) € B}. This varifold v,, restricts to a HSLV on H? \ u(f~1(t))
(open for a.e. t > 0). O
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II1.1. A pointwise identity. Let P be a Legendrian two-dimensional plane in H2. Let (Z1, Z2) be
an orthonormal basis of P. Note that [X;, X;] = [X;,0,] = 0, and similarly for Y;; by the Koszul
formula, we then have
Vx;0p w2 Xj = Vy,0p -2 Yj = 0.
Thus, we can discard the vertical part WV in the computation of divp W. We then have by definition
2 2 2
divp W =Y Vo WH g0 Z; = 3" Vg (W me X)X w2 Zj + Y Vg, [(W g Y)Yy 2 Zj.
J=1 Jt=1 gb=1
Observe that, for any choice of {A, B,C} C {X1,Y7, X9, Y5}, the commutators [A, B], [B,C] and
[C, A] are orthogonal to H; hence, the Koszul formula implies that V4B -z C = 0. This gives
2

divp W =Y Zj(W -2 X¢)(X¢ 12 Z;) ZZ w2 Yo) (Yo w2 Z;)

(IIL.1) P L
= Z VP (W 2 Xo) w2 X+ Z VP (W g2 Y2) -2 Yo
(=1

For 2Wp = JyVHF — 2F0, as above, since V29,1 = X; and VH 25y =Y}, there holds

2divp Wg

2 2

= — Z VP(@%F + ng_lﬁsDF) . VPZQg_l + Z VP((?Z%AF — ZggagpF) . VPZQK

(IIL2) “! =

2 2
== VP00 F) V21 + > V(0 F) - V20
=1 =1
— |VP2P0,F — 27 'V (9,F) - V¥ p.
Assuming now that F is a function of (p?, o), there holds
OF 8F OF OF
dF = —— dp* + — dp = 22, — dz, + — dop,
p 0p? O
and hence ‘gf = 22,98 52 Inserting these identities in (IT1.2) and noting that
2

V2 = (2a01Ye — 220X0) = > (220 1V 200 — 220V 200 1),

M)

/=1 /=1

we obtain
2 2
2divp Wp = =2 Z VP(2258P2F) . VPZngl + 2 Z VP(Z%,lasz) . VPZQZ
/=1 /=1
(IT1.3) — VP29, F — 27'VP(9,F) - VP p?
oF oF oF
_2P B v ’P27_2*1 PIZE . 772'
\Y 82]Vg0 Wz‘(‘)gp \Y% 90 Vp

It can be checked that |[V7z|? = 2, but for now we keep this factor so as to keep more homogeneity
in the computations below. Let v be a HSLV, so that for any smooth compactly supported function
F depending on (p?, ) we have by definition

F F F
2‘1/ vPp? - vP {8] dV(P,p)Jr/ !VPZ!QadV(Pp)—?/ VP V7 [8 2] dv(P,p) = 0.
e e G e e 0
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We now consider a smooth cut-off function x on Ry such that x’ <0 and
1 fort<1
x(#) = {0 for t > 2.
Letting 0 < € < 1, we consider
F(p?,¢) = (x(r) — x(t/e)) arctan o,

where arctano is extended by continuity to H? \ {0} (so that it equals sgn(¢)% on the @-axis
{p = 0}). We compute, away from {p = 0}, that

oF  Or do 1
1114 I ) — ey _ 90 _1
(IIL.4) 95~ ap X () memx(v/e)arctana + (x(v) = x(v/e)) 5015
Away from {p = 0} we have
do 1 2 1 2 _2p?

3 _ 2 _ — —
A e A S pa el e P

We note in passing that the previous expression is smooth on the whole H? \ {0}. Hence,

(IIL.5) or _ 22 (X' (t) — e 1y (v/e)) arctan o + 2(x(v) — X(t/a))pj
' 0y 3 vt
Similarly, we compute
2
3 p° Oo 1 1 @
=2 = _ - 9 - ¥ _ _9F
e 27 0p21+o02 1+ 02 pt vt
and so away from {p = 0} we have
(I11.6) - pi(x'(t) — e7lY/(v/e)) arctan o — 2(x(x) — x(t/e) 5
' op?  2t3 td’
Remark III.3. This computation shows that arctano is of class C'*° outside of the origin, and
hence F is of class C™ on the whole HZ. g
Proposition II1.4. On the open set H2\ {p = 0} we have the identity
OF OF OF
2—1v77 2_v7> et v'P 27_2v73 ‘vp i
VPr|? _ 2 _
= o) — /) + 1974 |22 ) — Y (e/2) rctano

4
- %Vp arctano - V7 [ 3 (\/(v) — e 1/ (¢/e))arctan o]

+2|V7 arctan o* (x(v) — x(v/e)),

for the function F introduced above. O
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Proof. Away from {p = 0} we have
OF
2—1v77p2 . v'P |::|
dp
1P 2 oP [ PP 1,/ P 2 TP P
=27Vt VI g () — e (/e)) arctana | + VEp - VI (x(x) — x(v/e)) 7

= 27| yP 2P [%(X'(c) — e~ 1y/(v/e)) arctan a}

2
“1gP 2 . TPy | P (W () o107 g
+271VPp v ULg(x(t) e x<r/e>>(arctana+1+02>]

2
+271VPp? . Ve [_3540(/(0 — e 1/ (¢/¢))o arctan a]

2

+ 2717 p? . VP [':g(x”(t) —e72\"(t/e))o arctan 0]

,02 P 2 Pl 1.7 P 2 P P2
F VP2 VP () e (/) + VPV [4] (x(6) — x(e/2)).

We also have

p_120F P2 | P s -1 p2
VLG = 2V | S0 - e s/ aretano + (x(1) ~ x(5/2) 5 |
and finally, using the fact that p* = 15;2, we compute that
OF
owwPy.vP | ==
Ve [aPQ}
P2 p 1 ¥
= V7o) VP | g5 ((0) — e Y /) anctano| = 4970 97 [(x(9) < x(e/2) 5]
1 _ IVPa|? 1t -
P 2012 | = _ 1 YV _ 1
= VPP | () = Y (e anctano] + 0 200 - = (/)

2
Po P2 | P (v () — ey 7
+V7o-V'p 2t3(x (v) —e X' (t/e)) (arctano+1+02>}
P 2 P 3%, —1.1
+V7p®- Ve —ﬁ(x (tv) —e "X'(v/e))oarctan o
3 arctan o
P oPe| 2y 1 arctan o
+ V7o Vt|: 2(x(t) € X(t/E))1+02:|
2
+VPp? . VP [Zptg(x”(t) — e %Y (¢/¢))o arctan a}
P P | Y =2 arctan o
+V'o-V t[z(x (v) —e “x (t/zs))il_i_a2 ]

—45VP6 - VP () = =X (/) = 4VP - VP [ ] (x(6) = x(v/2)).
We now claim that
(IIL.7) 271 p?|V72? = p? VP p? + V7 gl
Indeed, as above, given a Legendrian plane P € G, let (Z1, Z2) be an orthonormal basis, and let
Z, := m.Z; € C% Since 7, is an isometry, (Z], Z}) is still an orthonormal pair of vectors in C?,
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spanning a Lagrangian plane P’. Hence, (Z], Z4,iZ},iZ}) is an orthonormal basis of C?, giving

=2 =12 21+ |2 Zol® + |2 -iZ1)* + |2 - i 2o
We also have

4 2 4 2
VP2 =120 V2P =YY | Ze- el =
k=1 (=1 k=1 (=1
where (e1, e, €3, e4) is the canonical basis of C2, while the identity
4
22 Zp = 22(Zs- V2) = Z, -V p?
k=1

gives
2

VP
Sole- Zy = S = VPP
/=1

Similarly, since iZ; = Zizl(Zé cep)iex and VP = 21 VH 29 — 20V H 21 + 23V H 24 — 24V 23, we have
2-iZy=(Z)- ez — (Z)-ea)z1 4+ (Z) - e3)za — (Z) - e4)zy = —Zy - Vi,
and hence )
> lz-izy? = VPl
=1

the claim follows by combining the previous identities.
We apply the previous claim to the following sum:

VP vp< >+2yv7’z|2” +4vPe . VP (t)

V7 p?|? P VPt V7 pl|? VP2 P VPt
= 7‘ ") ’ —p2v 02-78 —|—4p2‘ 1 —{—8‘ 4‘ —4pV7p - 3

1 P P P VP [p* + 4p? V7P p|? P V7P pt
=a [2|V p2|2—|—8|V go]z—pQV p2-—[ o, ]—32g027| o | -2V 802'71‘4

1 _r P 212 _‘ﬁ 732_&2732'732
= 211 IV7™p |—|—814t4 V7l 8t4V,0V<p.

é

Recalling that t* = p (1 + 02), the previous expression equals

L[ 20 _pap, 8% op 1o 2P 2 P, 2
t4[1+02!v P IVl 2P VeV
8 _ _
T [ep 2V 0?12 + VP o|* = 20p72V7 p? - V7]
8 P —29P 2|2
T P11 0?) V5o —orVr
8 —29P P 2|2
:7(1+02)2 |p Vipe+eV'ip ‘ .

Hence we have established the following identity:
(IIL.8) VPp? . VP ( ) +2|vP2 \2’) +4vPy. vp( ) = 2|V arctan o|?.

Combining the previous computations, we see that the terms multiplying y and x” match in the
two sides of the statement. As for y/, the same holds once we use the simple identity

VP p? VP + 4oV o VP = 2|VP %,
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after a number of cancellations. [ |

II1.2. Monotonicity formula and its consequences. We start with a direct consequence of the
previous proposition.

Proposition II1.5. Let v be a Hamiltonian stationary Legendrian varifold (HSLV). Then, under
the previous notation, the following identity holds:

P2
0=2 /G VI ) — e /e v (P.p)

T

+ [ VP2 [Qtf(x’(t) — e Y/ (¢/e)) arctan | dv(P,p)
G

(IT1.9)
I Pro=3( /() _ =1/
5.t V7 arctano - V7 [t 72 (x'(v) — e "X/ (v/¢e))arctan o] dv(P, p)
G
+ 2/ V7 arctan o|?(x(¢) — x(t/€)) dv (P, p),
G
where G denotes the Grassmannian bundle of Legendrian two-planes over H?. O

Proof. We already observed that the function F' considered above is smooth and compactly sup-
ported on H?. Hence, for the associated Hamiltonian vector field Wr, we have

/ din WF dV(P,p) =0.
G

Now the left-hand side of the identity stated in Proposition I11.4 is equal to —2 divp Wgr. While this
identity was obtained only on H? \ {p = 0}, it is valid everywhere (once we replace the left-hand
side with — divp W), since both divp Wy and its right-hand side extend continuously to all of G:
indeed, recall that arctan o is smooth outside of the origin. Hence, the claim follows directly from
Proposition I11.4. [

In the sequel, we slightly restrict the class of cut-off functions x. Namely, besides the condition
that x = 1 on [0,1] and xy = 0 on [2,00), we also require that

—x' =n?% for some n € C°((1,2)).
Given a HSLV v on an open set U C H? and a ball B},(¢q) C U, we now consider the quantity

0X( P w -1,/ d
q, CL) L G N a X (tq/a) V(Pvp)
q

2
(III.10) —/G{lﬁqa_lx/(tq/a)arctanaq dv(P,p)
q

+ i /Gt;lvp arctano, - V7 [t;3a_1x'(tq/a)arctan a4l dv(P,p),
where we let ty(z) := v(¢~! * z), and similarly we define ¢, and arctan o,. We will often drop the
superscript y in the sequel, writing ©X in place of ©.

The following statement is a monotonicity formula for the area in this Legendrian setting. It con-
stitutes one of the fundamental tools in the present work and it improves on a weaker monotonicity
statement obtained by Schoen—Wolfson [31], both in terms of effectiveness and simplicity of proof
(we just mention that in [31] the proof involved solving a certain wave-type equation and relied
on certain properties of special functions). A more similar version of it was obtained for smooth
immersions in [28].
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Theorem IIL.6. Assume that v is a HSLV on an open set U C H2. Then we have
0 < ©X(g,a) < OX(q,b) forall0<a<b<dg(q,H*\U)/2.

Moreover, the density

1 VP |2 20
X — 1 - / q q
0%(q) : ;1_% 8/Gx(tq/e) T —i——tg arctanog | dv(P,p)

exists in Ry = [0,00) and we have
X(q) = 1i X
0*(q) = lim ©X(q, ¢),
as well as

6X(q) + / IV arctan ogl2 dv(P, p) < Cb2|v|(Byy(a) \ Bola)).
0<ry<d

for a constant C' > 0 depending only on x. O

Remark IIL.7. Up to harmless error terms, a similar monotonicity formula holds in arbitrary
closed Sasakian manifolds, whose infinitesimal model is H? (see [29, Section VI] and the references
therein), with a similar proof. Of course, in this case monotonicity is only effective at small scales.
However, in all of the following arguments, we can always work at small enough scales; in particular,
blow-ups are again varifolds on H?2. O

Remark ITI.8. Although the integrand defining ©X is not guaranteed to be nonnegative, we observe
that the one in the definition of #X is always nonnegative, since x’ < 0 and (away from {p, = 0})
¢q has the same sign as o4, so that ¢, arctanog > 0. g

Remark IT1.9. Any blow-up of v at ¢ has V7 arctano = 0 on its support (away from the origin):
indeed, the rescaled varifold vy 4 := (01/4 © £4-1)«V satisfies

/ VP arctan 0| dv, (P, p) = / |V7 arctan a,|? dv(P, p)
0<t<R 0<ty<Ra
for all a, R > 0 with 2Ra < dg(q,H?\ U), so that the left-hand side converges to zero for fixed
R >0. O
Proof. First, note that we have

VP22 =2
for any P € G: indeed, letting (Z1, Z3) be an orthonormal basis of P, we have

2 4
|V7DZ|2 = Z Z ’vHZg . Zk’2'
k=1 (=1

The claim now follows from the fact that VH22];1 = Xj and VHzgj =Y;.
In the sequel, we can assume that ¢ = 0 and b = 1, up to a left translation and a dilation. Assume
momentarily that

e—0

(II1.11) lim inf/ \V” arctan o|? dv(P, p) < oo.
e<r<2¢e
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We rearrange (I11.9) as
2 [ |97 arctan o (x(s) = x(¢/)) d¥(P.p)
G

P..|2 4
Ly / Ve avip.p) - [ e e arctano dv(P.p)
G

(IT1.12) +1/ t!VP arctano - VP [t 371y (¢/e)arctan o] dv (P, p)

P2
/ V7 t| t)dv(P,p) — /G4(§X/( t) arctan o dv(P, p)

+2/ t!V7 arctan o - V7 [t 3y/ (v)arctan o] dv (P, p),
e

which proves that ©X(q,e) < ©X(q, 1) for 0 < & < 1, and thus the inequality ©X(q,a) < ©X(q,b) in
the statement.
Since x'(r) vanishes outside the set {1 < v < 2}, the right-hand side above is bounded by

C 1dv(P,p).
1<e<?2

Moreover, the first three terms in the left-hand side are nonnegative. To conclude, we need to control
the last term in the left-hand side of (IT1.12). A simple expansion (using also the fact that v € [e, 2¢]
on the support of x'(t/e)) shows that it is bounded by the integral of

C|V7” arctan o)X/ (v/e)| + Ce VP arctan | |[V7¢|(|x/ (t/e)| + |X" (t/€)])-
Since —x’ = n?, we have |x"| = |(n?)'| = 2n|n/| < Cnl( 2), so that

o
Ce YV arctan o||Vt||x" (t/¢)| < —?X’(t/e)|vpt|2 + —1ocewn |V arctan o|?

5
for an arbitrary § > 0. Similarly, the term Ce~!|V” arctan o||V7¢||x/(t/¢)| obeys the same bound.
Thus,

/ VP arctan o - VP [t =31y (/e )arctan o]| dv(P, p)
G

WPt‘Q o1y 2
<C$§ X (t/e)dv(P,p) V” arctano|? dv (P, p).
5 <t<26

[VPe?
v

Choosing § > 0 small enough, we can absorb the integral of — 71X/ (t/e), which appeared in

the left-hand side of (III.12). Once we let ¢ — 0, we deduce that

2/ |V” arctan o|? dv (P, p)
0<r<1

<C 1dv(P,p) + Climinf/ e 2|VP arctan o|? dv(P, p),
<t<2e

1<e<?2 £—

which is finite by our assumption (II1.11). In particular, the integral of [V* arctan |? on {0 < v < 1}
is finite, so we can upgrade (III.11) to

lim sup / \V” arctan o|? dv(P, p) = 0.
<r<2e

e—0
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Reinserting this information in the previous computation, we deduce

/0<t<1 Q\VP arctan o|?(x(¢v) — x(t/€)) dv(P,p)

. VP oy,
+ lim sup —2(1 = C6)———¢ X'(v/e) = ¢ X' (v/e)arctano | dv(P,p)
e—0 G T L%
<C Ldv(P,p)
1<ep,<2

for an arbitrarily small § > 0. Thus, in (II1.12) we see that the last term in the left-hand side goes
to zero as ¢ — 0; it follows that the limit defining 6X exists, and moreover we have

6X(q) = lim 0X(q,¢),

since the third term in (II1.10) goes to zero as € — 0, as we showed above.

We now remove the technical assumption (II1.11). Note that, by homogeneity of arctan o under
dilations, we have |V” arctan o[> < Ct~2. In particular, the statement holds at all points p € U \ S
(for radii 0 < 2r < dg(p,H? \ U)), where the exceptional set S is given by

S = {p e U : limsup8_2|V|(B;(p)) = OO} :
e—0

A simple application of Vitali’s covering lemma shows that H2-(S) = 0. In particular, U\ S is dense
in U. We can then take a sequence p; — 0, with p; € U\ S, and repeat the previous proof to obtain

/ V" arctan oy, |> dv(P,p) < C Ldv(P,p),
0<tpj<1/2

1/2<tpj <1

which is bounded by a constant independent of j. By Fatou’s lemma, we obtain

/ |VP arctan og|? dv (P, p) < oo,
0<r<1/2

showing that (III.11) holds also at p = 0. |
Corollary II1.10. Assume that v is a HSLV on an open set U C H2. Then the density 0X of v is
upper semi-continuous on U. ]

Proof. Fix ¢ € U and consider a sequence g — q of points in U. Given any A > 0, we need to show
that eventually

0X(qx) < 0X(q) + .
We let b > 0 such that Bj,(qx) C U for all k. Clearly, we have

GX(Qk) = hH(l) @X(qkaa) < @X(Qk7b)7
a—

as well as ©X(qx,b) — ©X(q,b), since the integrand defining ©X is cut-off near the center. Thus,
eventually we have

A
0% (ar) < ©X(g,0) + 5
Finally, since ©X(q,b) — 6X(q) as b — 0, we can choose b > 0 so small that

A
O%(g,b) < 0%(a) + 5,

obtaining the claim. |

The same argument shows the following more general fact.
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Corollary III.11. Assume that vy, is a sequence of HSLVs on an open set U C H? converging to
v. Then v is a HSLV and, given any sequence q, — q € U (with q, € U ), we have

0X(v,q) > lim sup 60X (v, qx).
k—o0

In particular, if 0X(vi,p) > v > 0 at |vi|-a.e. p then this actually holds for all p € spt |vg| and
0X(v,p) >v >0 for all p € spt|v|,
as well as
spt |[vi| — spt |v]
i the local Hausdorff topology. O

The following statement gives upper density bounds on the support, at macroscopic scales. As a
consequence, a H%-negligible set is also |v|-negligible.

Corollary II1.12. There ezists a universal constant C > 0 such that the following holds. Assuming
that v is a HSLV on U 2 Bj(q), we have

VI(Br(@) _ VI(B5s(9) \ Bi9)
2 = 52
for all 0 < r < s/2, where |v| := Il,v denotes the weight of v. O

Proof. By a left translation and dilation, we can assume that ¢ = 0 and s = 1. By Theorem III.6
we have

/ |V” arctan o | dv(P, p) < C|v|(B5(0) \ B(0)).
0<t<1
Thus, employing the same absorption used in the proof of Theorem III.6, we see that
VP2 4
I(e) := —2/ tt‘e_lxl(t/s) dv(P,p) —/ t—fe_lxl(t/e) arctan o dv(P, p)
G G

is bounded by the same quantity (for a possibly different C' > 0), for all 0 < e < 1/2.
Now we compute that

2 4
JHVH% = Ju Y 2 Vz = Ju(21 X1+ 2Y1+ 23 Xs + 21Y3) = 21Y1 — 22 X1 + 232 — 2 Xo = Vo,
j=1
and hence
e 2 o
(I11.13) ST (Vi) = JHVHZ + JgVH? = p?VHp — 2<pVH§ = ?VHO',

an identity that we will use later on. Since >Vt = pQVHg +20pVH p and VH§ 1 VHy are two
vectors with the same norm p, we have

4 22 2 4 2 2
Hy2 P |gHP dp” o o P TAT 5 p 1
Moreover, we have %—f = 0'%2 = \/SFT off the ¢-axis {p = 0}, and actually (discarding the inter-

mediate equalities) this holds also on {p = 0} \ {0}, provided we interpret \/117 = sgn(y) here;
indeed, recall that o = sgn(y) - (+00) on this set. Thus, we obtain

2 1+ oarctano L
I(e) = —— 'tst_l[—vp 2] dv(P,p).
0 == [ X/ [FEDRT v av(Pup)

Now an elementary computation shows that

| < 1+ oarctano <

T V1402

s
92 )
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while thanks to (III.13) we have
P 12 2
o [Viol®  © op 2
m = Z|V arctana\ s
again an identity which extends to all of H? \ {0}. Hence,

2
2 [ W@l IV R av) < 000 [ (9P arctanol av(Pop)
G

e<t<2e

8
VP2 = 4’%6|v7’a|2 =

Since this term obeys the desired bound, we obtain
2 _
=2 [ Xe/ep! < Clvi(B3(0)\ Bi(0)

5
for all € € (0,1/2]. Taking x such that x’ < 0 on [4/3,5/3], we deduce

[VI(B./5(0) \ Bi./5(0)) < C£2|v|(B5(0) \ Bi(0)),

from which the conclusion easily follows. |

IV. CLOSURE OF INTEGRAL VARIFOLDS AMONG RECTIFIABLE ONES

Using the monotonicity formula from the previous section, we now prove a suitable version of
Allard’s compactness of integral stationary varifolds in this setting, a statement which is perhaps
interesting on its own. The proof is essentially a very careful adaptation of the original argument
by Allard [1], although we follow more closely the presentation from [8, Section 6] and some steps
are much subtler in the present setting (see, e.g., Lemma IV.4 below).

Theorem IV.1. Assume that vy, is a sequence of rectifiable HSLVs on an open set U C H2,
converging to a rectifiable varifold voo, here. If 6X(vi,p) € 27N* for |vi|-a.e. p, then the same holds
for the limit varifold. O

Remark IV.2. Differently from the isotropic situation, the rectifiability of the limit has to be
assumed and does not come for free. A counterexample was found in [21, Appendix B]; we also refer
to Theorem A.1, where we give a counterexample in a closed ambient, namely in the sphere S°.
Rephrasing slightly the example from [21], we consider

Y= C/27Z(1 — i) = R?*/277Z(1, 1)
and u : ¥ — H? given by
u(x) = u(xy, x2) := (cos(x1),sin(x), cos(xs), sin(ze), r1 + z2),

which has
Oz;u(x) = —sin(x;) X; + cos(z;)Y.
Thus, the differential is a linear isometry at each point and w is a Legendrian lift of the map 7 o u,

which parametrizes the Clifford torus. It is easy to check that u is a proper embedding inducing a
HSLV on H? (cf. [20, Theorem 2.7] and Remark I1.8), whose blow-down is

v(P,p) = 2m - u(P) ® (H'L L) (p),
where L := {z = 0} and p is the uniform measure on the torus of Legendrian planes

(%, e®) s P .= span{cos(a) X + sin(a)Y7, cos(b) Xa + sin(b)Ya}.



A VARIATIONAL THEORY FOR THE AREA OF LEGENDRIAN SURFACES 27

Moreover, observing that [VHt| = 0 (by (II1.14)) and v = /2| on spt |v|, we see that

6X(v,0) = lim —/ (v/2]pl/e) M dlv|

e=0 € \/8 ’
—;1_13(1)—5/ (V2 /&? 27rd<p
[e.e]
= 272 / X' (t) dt
0
= 27r2,
so that v is not rectifiable and on spt |v| we have g—jr =7n¢N. O

The following is a useful observation showing that two rectifiability conditions based on the
Fuclidean and Heisenberg geometries agree.

Lemma IV.3. Given an open set U C H? and a HSLV v on U with 6X(p) > v > 0 for |v|-a.e. p,
the varifold v is rectifiable if and only if, for |v|-a.e. p, any anisotropic blow-up of the form

hm(él/r e} €p71)*v
along a sequence of radii r — 0 equals 2£rp) times a Legendrian plane, depending only on p (recall
that £,-1(x) := p s x). If either holds, then at |v|-a.e. p the isotropic blow-up (in terms of guz)
agrees with the anisotropic blow-up. O

Proof. Note that X > v on spt|v|, by Corollary III1.10. We disintegrate v(P,p) = u,(P) ® |v|(p),
where p, is a probability measure on II"!(p). By left-invariance of G, we can identify y, with a
probability measure on Gg := II~1(0). We now consider the set A of approximate continuity points
for p — p, (with respect to the weak-* topology on probabilities), in terms of dg-balls: namely,
p € spt|v| belongs to A if, for any continuous f : Gy — R (or equivalently for a countable dense
collection of such functions), we have

/Bt( | | (1g) = flup)l dvI(@) = o([VI(B:(p))) ase—0,

or equivalently if this integral is o(e?), in view of Corollary II1.12. We have p € A for |v|-a.e. p:
indeed, note that |v| is locally a doubling measure on the metric space (spt|v|, dx).

If v is rectifiable, then for |v|-a.e. p we have y, = dg(y) for some Legendrian plane Q(p) € Go.
Assuming also p € A, any blow-up w satisfies the assumptions of Lemma IV.4 below (up to a
rotation), which tells us that w is a constant multiple of Q(p). Since 0X(w,0) = 6X(v,p), this
proves one implication.

To see the reverse implication, we consider a point p € A where any blow-up is w times a
plane Q(p). In particular, we have p, = dg(p)- Up to a translation and a rotation, we can assume
that p = 0 and Q(0) = span{X;(0), X2(0)}. By a straightforward compactness argument (using
Corollary II1.11), we see that ¢(q) = o(p?(q)) as ¢ — 0 in spt |v|. Hence, we easily deduce that

B.(0 (B0
lim YIB=O) _ ) WIBEO) _ gy, ),
e—0 82 e—0 2’52
as well as

(V 0)

lim & 2(51/2).v] = lim &~ 2(81/0).v] = o HEL Q(0),

e—0
where 51/€(q) := £ !¢ is the Euclidean dilation. Thus, |v| is a rectlﬁable measure and v(P,p) =
Iop)(P) @ [v](p)- n



28 ALESSANDRO PIGATI AND TRISTAN RIVIERE

The proof of Theorem IV.1 is based on the following lemma, whose analogue in the Euclidean
space is a simple exercise but which turns out to be quite subtle for HSLVs in the Heisenberg group.

Lemma IV.4. Given a HSLV v on an open set U C H?, assume that its density 6X(p) > v > 0 for
all p € spt|v| and that
(IV.1) v(P,p) = 6p,(P) @ |v(p),

where we set P, := span{Xi(p), X2(p)}. Then v is locally a finite union of left translates of the
plane Py C H?, with constant multiplicity. Moreover, if v is an (anisotropic) blow-up then it is a
constant multiple of Py. O

Note that we can equivalently require that 0X(p) > v > 0 for |v|-a.e. p, by Corollary III.10.
We will implicitly use the fact that this density assumption is stable under varifold limits, and in
particular under blow-ups, by Corollary III.11. We also observe that, under the assumption (IV.1),
stationarity can be conveniently rewritten as

(IV.2) (AMKK@W+XAEWMMW=O for all F' € C°(U).

Proof. First we show the statement for blow-ups, namely we assume that U = H? and V7o vanishes
on IT71(H? \ {z = 0}) Nspt(v), as seen in Remark I1L1.9. In particular, by (IV.1), for p € spt |v| we
have

VAq(p)- Xj(p) =0 forj=1,2.

Computing Vo = 2p72(VHp — O‘VHé) and recalling that

2
VAp = 21Y] — 20X1 + 23Ys — 24 X, VH% =211 X1 + 2Y1 + 23X2 + 24Y0,

we deduce that zo = —oz; and z4 = —oz3 on spt |v| \ {z = 0}.
We now claim that ¢ = 0 on spt |v| \ {z = 0}, so that

spt|v] € {¢ =0} U{z =0}.
Then, taking any Hamiltonian of the form F(z,¢) := z120¢(p), with v € C*®(R \ {0}), and
recalling (IV.2), it is easy to deduce that actually spt|v|] C {¢ = 0}. Taking into account that
295 = —0z2j—1 = 0 off the p-axis, we obtain spt |v| C Py. Finally, taking
F(z,¢) = a(z1,23)22 + b(z1, 23) 24

for a,b € C°(R?), we deduce that v is a stationary varifold in the usual sense, and hence by the
constancy theorem it has constant multiplicity, as desired.

To check the previous claim, assume by contradiction that p € spt |v|\(PoU{z = 0}) and consider
a blow-up w at p, i.e., a limit of rescalings (d; . 0£;-1).v along a sequence r — 0. Writing p = (Z, p)
and taking p’ = (2, ¢’) € spt |v|, we get

2 =72 = —(0 (1)1 — o (P)F2j-1) = =0 (P) (21 — Z2j1) = (0(p) = 0 (P) 21,
and hence for any point p = (z, @) € spt |w| we have the linearized equation
29 = —0(P)z2j-1 — Z2j-1[Y1(0) (D) 22 + Ya2(0) (P)24]
(recall that X (o) vanishes at p). Abbreviating p := p(p) and 7 := o(p), we also have

2 o 2(1+32%)_
YZ(U)(Z?) = ﬁﬁ(zzz—l - 0224) = (pg)ZQZ—la

which gives
2(14+32)z° 2(14+32)z1Z
P (1+<+<f>21>22+<+0>2123

52
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and a similar equation interchanging the indices (1,2) with (3,4). Since 7 = %—f # 0, we obtain

P2+ 2722 + 223 . Z1Z3 + Z9Z4 .
- — 2 — —
2% P
and a similar equation expressing z3 as a constant linear combination of zy, z4, valid on spt |[w|. We
now get a contradiction by using Lemma IV.7 below (applied to w).

Let us turn to the general case. Up to shrinking and translating U, we can assume that U = C, =
Va * Dg (see the definition (IV.7) below). We claim that

spt|v| =S * D,

(IV.3) 21 = 45

for some closed subset S C V,. Note that, once this is shown, then S is automatically a locally finite
set, since otherwise we could find a converging sequence py — P in V,Nspt |v|, giving a contradiction
after a blow-up at p (using the previously established fact that blow-ups are multiples of Py and
the consequential convergence dy,. o £;-1(spt [v|) — Py, by Corollary III.11). The conclusion then
follows by the previous constancy argument.

To prove the previous claim, we consider the map f : C, — V, given by

f(Z, 90) = (07 22, 07 z4,p + 2122 + 2324)7
which associates with every p € C, the unique point ¢ € V, such that p € q * D,. We observe that
X;(f) =0, as expected. Given z € D, we let
Ay :=spt|v|N 71'7;01(56)),

where mp, (2, ¢) = (21,0, 23,0,0). Assume that for some ¢ € V, and = € D, we have

gxx € Ay
In order to show the claim, it suffices to show that, given another point 2’ € D,, we have ¢xz’ € A,/.
We now construct a Lipschitz function

h:[0,1] — spt|v|

such that h(0) = ¢ * 2 and 7p, o h(t) = (1 — t)x + t2’. Once this is done, we then see that

h,(t) € Ph(t)
for all ¢ € [0, 1] where the derivative exists, by a straightforward blow-up analysis. Since X;(f) =0,
we deduce that f o h is constant. Since f o h(0) = g, we have f o h(1) = ¢ as well, and hence
h(1) € (¢ * Do) N Ay (as mp,(h(1)) = 2’). Since (¢ * Dg) N 777301(90’) = {q x 2'}, we deduce that
h(1) = g x2', and thus ¢ x 2’ € A/, as desired.

In order to construct h, we make the following observation, which is again a simple consequence
of the classification of blow-ups: given p € U and ¢ € (0, 1), there exists a radius r¢(p) € (0, 1) such
that for 0 < r < ro(p) we have

di (g spt|v| N By.(p)) <er forall g € (p*Po) N BL(P).

In particular, given any v € Py with |v| < r, we can find p € spt |v| N By.(p) such that

v(prv) !t xp) <er,
which easily implies that

lp— (Pxv)| < Cer
and in turn that
(IV.4) lz— Z+ 7)) <er, |¢—p <Cr
for a possibly different C' = C(p) > 0, locally uniform in p. With this in hand, for fixed ¢ > 0 and
C" > 0, we consider the maximum 7 € [0, 1] such that there exist times

to=0<t1 <---<tp=7<1
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and points pg = ¢ * x,p1,...,px € spt|v| with

tiy1 —ti <&, |z — 2z — (ti — ) (2 —2)| <e(tipn —t)|2’ — ], J@ivs — @il < C'(tig1 — ti),
where we identify x, 2’ € D, with points in C2. We observe that (up to removing some intermediate
times) we can replace any such collection with another one in which ¢; 92 —t; > £, so that k < 27141
is bounded and, by compactness, the maximum 7 does indeed exist. By applying (IV.4), we see that
we must have 7 = 1, since otherwise starting with a collection with ¢, = 7 we could add an
additional pair (tgy1,prr1) with ¢x41 > 7, provided that C” is taken large enough (depending only
on z,z’ € D, and q € V,,).

Let us fix a collection I'c := {(¢;,p;) | ¢ = 0,...,k} as above, with t; = 1. As ¢ — 0, we can
extract a limit I' = lim._,o I'c in the Hausdorff topology, up to a subsequence, and it is immediate
to check that I" is the graph of a Lipschitz function A : [0, 1] — U such that

h(0) =q*xz, moh(t)=mn(q) +x+ta —x).
In particular, we also have
7p, © h(t) =z + t(a’ — z),
as desired. m

In the following lemmas, we tacitly assume that the varifold v in the statement has density
60X > v > 0 on its support and that (IV.1) holds (as already observed, both conditions are stable
under limits and thus under blow-ups).

Lemma IV.5. Assume that v is a blow-up such that, on H? \ {z = 0}, we have o = ¢ for some
constant ¢ € R. Then ¢ =0 and v is a constant multiple of Py. O

Proof. We assume by contradiction that ¢ # 0, so that
spt [v] € {2 = 0} U {2 = cp?}.
Since {2 # cp?’}N{z =0} = {z =0, p # 0} =: L, the restriction vL. IT"!(L) gives a HSLV on

H? \ {0}. Taking a Hamiltonian of the form z12of(¢), with f € C(R\ {0}), it is immediate to
conclude that this restriction vanishes, so that

spt |[v| C {20 = ¢p’}.
We take any 0 < ¢ < 1 < R and consider a concave smooth function ¢ : Ry — [0, 1] such that
p(t) =t for t € [0,¢], ¥(t) =1 for t € [R,00), and ¢"(t) < 0 for t € (¢, R). Then the support of

the Hamiltonian 1(p?) — 1 intersects spt |v| in a compact set. As a consequence, we can use it in
(IV.2), obtaining

/2 1/1//(/)2)(,212’2 + 2324) d|V| =0.
H
Recalling that zo = —o2z; = —cz; and similarly z4 = —cz3, we obtain

c
2129 + 2324 = —c(z% + zg) = —me,

and hence
/ V" (p*)p* d|v| = 0.
H?

Since " < 0 on (e, R) and 9" = 0 elsewhere, we deduce that spt |[v| C {z = 0}, and thus spt|v| =
{0}. However, using the previous Hamiltonian z1zaf () with f € C°(R) and f(0) = 1, we reach a
contradiction. We then have ¢ = 0 and hence z2; = —cz2;_1 = 0 on spt |v|\ {z = 0}. The conclusion
follows as at the beginning of the previous proof. |

Lemma IV.6. For a blow-up v there cannot exist three constants a, 3,7 € R such that
21 = Qzy, 23 = [z, 23 =724 on spt|v].

Similarly, it cannot happen that each of z1, z2, 24 s a constant multiple of z3. O
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Proof. By assumption {z4 = 0} Nspt |v| = {z = 0} Nspt |v|. Moreover, as above we have z3 = —02z;
and z4 = —oz3 on spt|v| \ {z = 0}, and thus

Bzy = 29 = —021 = —Q024.
If o # 0, it follows that off the ¢-axis {z = 0} we have o = —g. Hence, by Lemma IV.5, v is a
multiple of Py. In particular, z4 = 0 on its support, and hence also z = 0, a contradiction. |

Lemma IV.7. For a blow-up v we cannot have

(IV.5) 21 = azy + bzy, 23 =czo+dzg on spt|v]

for constant numbers a,b,c,d € R. O
Proof. Assume moreover that z; = 7nz3 on spt|v| for some constant 7. Then, since zy = —oz;
and z4 = —oz3 off the p-axis, we also have zo = nz4 (on the full support of |v|), and we reach a

contradiction by the previous lemma. Similarly, z3 cannot be a constant multiple of z;. Now let

U:=H?\ {z=0}U{p=0}).
We claim that we must have
(1V.6) oo PAUARTH) P2
2p 2p
on U Nspt |v|. Given p in this set, obviously any blow-up w at p keeps satisfying (IV.5). However,
if equations (IV.6) fail at p, then w also satisfies (IV.5) for a different set of coefficients (a’, V', ¢/, d’)
(as seen while deriving (IV.3)). Assume for instance that (a,b) # (a’,b'): since for (2, @) € spt |w|
we have
aZy +bzZy =21 = CLIZQ + b,24,

we obtain that one between Z5 and Z4 is a constant multiple of the other, and we obtain a contra-
diction from the previous lemma. The case where (¢,d) # (¢/,d’) is completely analogous.

Having established (IV.6), assume that U N spt |v| # 0. Observing that necessarily a,d # 0, we
obtain
a

P> +2(21 + 23) = < [p° +2(25 + 21)].

d
Dividing by 1 + ¢ and recalling that 22 + 25 = (1 + 02)2?, we arrive at
a
327+ 23 = g[z% + 323).

Thus, either 27 is a constant multiple of 22 (on U Nspt|v|) or the reverse holds. In the first case,
we note that z3 # 0 (everywhere on U Nspt |v|), since otherwise we find a point where z; = z3 =0
and thus z2; = —022j—1 = 0, impossible since z # 0 on U. Hence, locally 2; is a constant multiple
of z3. However, any blow-up at a point p € U Nspt |v| would give a contradiction, by the first part
of the proof. The second case is analogous.

We then conclude that U N spt|v| = (), which as usual implies that v is a multiple of Py,
contradicting the assumptions. |

In order to prove Theorem IV.1, we consider a point py € spt |veo| where a tangent plane exists,
as in Remark IV.3. We claim that 0y := 6X(vs,po) € 27N. Without loss of generality, we can
assume that po = 0. Since (91 /, )« Voo converges to a Legendrian plane Py with constant multiplicity
t, by means of a simple diagonal argument we can find suitable rescalings (4, )«Vvx converging to
this plane. Thus, we can assume that v, in fact coincides with the plane Py, with multiplicity 6.
Up to a rotation, we can also assume that Py = span{0d,,, 0., }. By Corollary II1.10, we have

GX(Vka ) > 2w on spt ‘Vk|7
and by Corollary III.11 we deduce that the same holds for v, as well as
spt [vi| — spt |[Veo| = Po
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in the local Hausdorff topology on H? (after our rescaling operation, the varifolds v, are defined
and HSLV on open sets Uy increasing to H?).

We have to show that 6y € N. Before starting the actual proof, we need to introduce some
notation. In the sequel, we will use the map

mpy t H2 = Po, 7, (2, ) = (21,0, 23,0,0)
and, given a radius a > 0, we will consider the sets
D, :=B,(0)NPy, Voa:=B,(0)NnV, V:={z =z3=0}
as well as the cylinders
(IV.7) Cap :=Vo* Do ={p" xp" | p € Do, p" € b}, Ca:=Caya.

Given p € H?, we will also denote

Ca,b(p) 5=P*Ca,b7 Ca(p) =p*Cq.

Note that mp,(p) is the unique point p’ € Py such that p € V % p'.
Given p € H?, we let P, := span{X;(p), X2(p)} and, given a cylinder C,(g), we define the excess-
like quantity

Eu(g,a) = /C P =PI avi(P.p)
a\q

where we identify P and P, with the orthogonal (in 7, H?) projection matrices and use the Hilbert—
Schmidt norm of their difference.

Lemma IV.8. There exist sets Sy, C Cipo such that |vi|(Sk) < Cny and
Ey(q,a) <mn for all Co(q) € Croo with q & Sk,
for a sequence ni — 0. U

Proof. We take any vanishing sequence 7, > 0 such that
| 1P =P <t
C100

This can be done since the left-hand side converges to zero, thanks to the varifold convergence of
v to a multiple of Py. Calling Sj the set of points where the statement fails, by Vitali’s covering
lemma we can cover it with balls Biy, (¢;) (depending also on k) such that ¢; € Sy and the smaller

balls Bj,. (gj) are disjoint, with

/C P PP 2 e
a;\4dj5

g \4J

In particular, the cylinders Cq; (g;) are disjoint. Summing over j, we obtain
2
> a; <.
J

The claim now follows from Corollary III.12, which gives the bound |vi[(Bj,, (¢;)) < CaZ uniformly
in k, so that [vi|(Sk) <22, [vi|(Blgg, (45)) < Cn. u
We let © denote the quantity © defined in (I11.10) for the varifold vi. Recall that, by Theorem

I11.6, we have
O©k(g,a) < Ok(g,b) for 0 <a <b< 100

and
X — .
0X(vi,q) = ilH(l) Ok(q,a).
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Proof of Proposition 1V.1. The varifold convergence vi — g - Py gives
(g ) (Vi LITH(C100)) — B> L D1oo.

Moreover, as we saw in Lemma IV.3, we have
HX(VIW )
dvil = 27
and 0X(vy,q) € 2rN* for H2-a.e. ¢ € spt |vy| (recall that, by Theorem II1.6 and standard prop-
erties of Hausdorff measures, a |vg|-negligible subset of spt|v| is also H%-negligible, and thus
H2-negligible).
Letting Ej := (Ci00 Nspt |vk|) \ Sk, by the area formula we then have

d(H2Lspt Vi)

0X(vy,

> (2”) dH?(x) — GoH*(D,)
0

Da qEEkﬂW;; (z)

for any a > 0. Thus, by a diagonal argument, we can select a sequence of points z; — 0 such that

> 0X(vi,q) > 2mb0 — i,
g€ BNy, (1)

up to modifying the sequence 1 — 0, and such that each term in the sum belongs to 2wN*.
Assuming by contradiction that 6y € N, we can then find a finite subset

Fr, C Ep.N 7T7;01(£L'k),
consisting of at most [fy] + 1 points, such that

lim inf 0X(vi, q) > 2m([0o] + 1).
k—o00
qEFy,
Up to translating each v, we can assume that xzp = 0. We now let
Calp) = X ([7py (p)|/a)
a L
[P (p)] /@
and we claim that

(IV.8) / Cad|vi] > a? Z 0X(vi, q) — exa®  for all a € (0,1],
Cia,4 qEF},
for another sequence £, — 0. In particular, for ¢ = 1, in the limit this gives

oot =t [ e = sy 3 0%,

k—oo g€ F,

which gives the desired contradiction.

To prove this key claim, we fix ¢ > 0 and let A > 0 be given by Lemma IV.10 below. In the
sequel, we drop the subscript k to simplify notation, even if the next constructions depend on k.
We call a € (0,1] a good radius if F' = F}, can be partitioned as

F:F(l)u~--|_|F(g)
with diamg (F(;)) < a, dx(F(;), F;»)) > 16a for j # j', and (IV.10) for all ¢ € F. Clearly, by
Theorem II1.6, the set of good radii includes a collection of intervals
(0, 50) U [r1,81] U=+ U [rm,sm] C (0,1],

with s; < 741 and m < |F|, as well as ri;1 < C(|F|,\)s; and s, > ¢(|F|,A) > 0. We can also
require that the previous partition is constant on each interval I; and that the partition for I; is a
refinement of the partition for I;11 (roughly speaking, at a larger scale, some clusters might merge



34 ALESSANDRO PIGATI AND TRISTAN RIVIERE

into a single one). For each I; we choose a collection R; C F of representative points, one in each
set F(l), RN F(g)

The partition for Iy is just given by the singletons {q} for each ¢ € F. By Lemma IV.10 below,
for a € (0, sp] we have

a2 / Cadlv] > O(q,a) — & > 0X(q) — <.
c4a(‘1)

Assume now that we have a bound of the form

(IV.9) > 57 / (o dlV| 2> 0X(q) - Ce
4€R; Cas;(a) g€F
for some i = 0,...,m—1 (we just proved this for ¢ = 0), and let us show that a similar bound holds
for i 4+ 1, with a larger C. Indeed, given a set F” C F in the partition for the interval of good radii
I+ 1, we can write
"ot /

for suitable sets F (’1), o F (’n) in the partition for I;. By construction, taking representatives
{q'l}:F(ll)ﬂRi, ceey {q;}:F(/n)ﬂRi, {q”}:F”ﬁRHl,
the cylinders Cys,(¢") are disjoint as ¢ varies in {qj, ..., q, }. Moreover, we have

U C4si (q/) c C4si,4si+n’+1 (q/,)a
q/
since diamg ({q}, ..., q,,¢"}) < diam(F") < ri+1. We apply Lemma IV.9 below to deduce
=y | Govdlv] — ¢
C Cas; asi+ri 1 (a")
(clearly, we can assume that 4s; < r;41). Moreover, by Lemma IV.10 again, we obtain

(¢ ris1) > 12 / Crvn V] — <.

C4T,L'+1 74Ti+1 (q”

4ri+1 ,4ri+1 (q”

By monotonicity of ©, we also have

@(q//7 Si+1) > @(q//> riJrl)a
and as before it holds that

-2
Sh [ Gz O )
dsipq q//)
Combining these inequalities and summing over ¢” € R; 1, we get
-2
Z Si+1/ C8i+1 d|V’ > ZQX(Q) - Ce,
q”€R¢+1 4si+1 q”) qu

obtaining (IV.9) for 7 + 1 in place of i. Finally, it is clear that an analogous argument proves our
initial claim (IV.8). |

Lemma IV.9. Given A > 1 and € > 0, for k large enough we have

1 1
gl adwls g [ Gdwil-e
Cap,ab(q) % JCyq,00(q

for any q € Fy, and any two radii 0 < a < b <1 such that b < Aa. O
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Proof. Assume by contradiction that the claim fails for some ¢ € Fj and two radii ag, by, along a
subsequence. After a left translation by q,?l and a dilation by a factor 1/by, we obtain new HSLVs
v}, on Cg(0) such that

/ [P — P2 dvi(P,p) < Ci — 0,
Cs(0)

thanks to Lemma IV.8. Up to a subsequence, we then get a limit v = limj_,+ v}, (on Cg(0)) satisfying
the assumptions of Lemma IV.4; this varifold is then a finite union of disks of the form ¢ Dg, with
q € Vg, each with constant multiplicity.

Letting oy := ¢& € [A~1,1], after rescaling we obtain

1
Gavi <5 [ Gadivid -
Ca,4 Qg Caay,,2

Calling o := limy_, o0 o (up to a subsequence), we deduce that
1
Grdv| < 2/ Cadlv] —e.
C4,4 G C4a,2

However, by the structure of v and the definition of (,, we clearly have

1 1
a ] wiM= [ Gavl= [ Gyl
A% JCya2 Q" JV 3% Dyq VoxDy

yielding a contradiction since Vo x Dy C Vi x Dy = Ca4. |

Lemma IV.10. Given e > 0, there exists X\ € (0, 1) such that the following holds for k large enough:
for any q € Fy, and any radius 0 < a < A, if

(IV.10) / |V” arctan ay|? dvi (P, p) < A
Aa<tg<a/A
then
1
Ouga) -~ [ Gdil <=
a C4a(‘1)
holds true. O

Proof. Let us fix ¢ > 0 and, by contradiction, using a diagonal argument, assume that the claim
fails along a subsequence with centers g, € Fj and radii 0 < ai < A\p — 0. After a left translation
by qkfl and a dilation by a factor a,;l, we obtain varifolds v}, which, up to a subsequence, converge
to a varifold v on H? satisfying the assumptions of Lemma IV.4 and such that V7 arctano = 0 on
spt(v) N {v > 0}. Thus, as shown by Lemma IV.4 (and its proof), v is a constant multiple of Py,
giving
O(v,0,1) = / G d|v|.
C4(0)

Thus, for k£ large enough the statement was true, a contradiction. |

V. A POINT REMOVABILITY RESULT FOR PHSLVSs

In this section we show that if we have a PHSLV on H?, defined on a punctured Riemann
surface ¥\ S for a locally finite set S, then it extends to a PHSLV defined on ¥, provided that
some technical assumptions are satisfied. Among them, we assume a slightly stronger notion of
stationarity, as follows.

Definition V.1. We say that (X, u, N) is a PHSLV* if, for a.e. w CC X\ S, we can test stationarity
with all Hamiltonian vector fields Wy associated with an F € CS°(H?) which is locally constant
near u(0w). O
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Remark V.2. Note that (Wg)f, which appears in divp Wr = divp(Wg)? in the definition of
stationarity, is still compactly supported in H? \ u(dw). Also, since (W) does not change if we
add a constant to F', we can equivalently consider all functions F' € C°°(H?) locally constant near
u(Ow) and constant near infinity (i.e., outside of a compact set). O

Remark V.3. This stronger assumption is quite natural, for the following reason. Denoting by L
the positive p-axis and taking Qx(p) := span{Xi(p), X2(p)} and Qy(p) := span{Yi(p), Ya(p)}, it
can be checked that the varifold

dox (p)(P) + 90y ) (P)

v(P.p) = y @ (H'LL)(p)
is a HSLV on H?\ {0}. However, it is not a HSLV on H?, and indeed it does not satisfy the stronger
stationarity condition obtained by taking any F' € C2°(H?) constant near 0. 0

We start with a simple observation, exploiting some tools from the next section.

Proposition V.4. Let u € Wllof(Z) and N € L (X,N*). Assume that (¥ \ S,u,N) is a PHSLV

loc
on H?. Then u has a continuous representative on X. ]

Proof. First of all, continuity holds away from =z, by Proposition VI.2 below. We now assume
without loss of generality that X is an open set in C and S = {x¢}. As in the proof of Proposition
V1.2, we can find a decreasing sequence of radii ry — 0 such that

diamg u(0By, (z9)) — 0.

Up to a subsequence, we can assume that the sets u(9B,, (z¢)) either converge to a point p or go off
to infinity. In the first case, we must have u(x) — p as  — xg: if not, up to a further subsequence, we
could find points xy € Ay := By, (20) \ By, (20) such that liminfy o dx (u(zr),p) > 0. However,
this contradicts Proposition VI.6 below, together with Theorem II1.6, which would imply that the
induced varifold v 4, has a lower bound on the mass, while clearly

lim sup N|Vu|? dz® = 0.
k—oo JAg
Thus, in this case we are done. In the second case, an analogous argument gives t o u(z) — oo as
x — x¢. Thus, for any F' € C°(H?), the composition F o u vanishes in a neighborhood of xg. It is
then clear that (X, u, V) satisfies the definition of PHSLV, since if F' vanishes near u(dw) then it
also vanishes near u(d(w \ By(x))) for r > 0 small enough. However, the discontinuity of u at g
contradicts Proposition VI.2. |

Proposition V.5. Let (X,u,N) be as in the previous statement. Assume that (X \ S,u,N) is a
PHSLV* on HZ2, with

(V.1) liminfEQ/ N|Vul|?dz* < 0o for all zy € S,
e=0 WN{Ty gy 0u<e}
for any neighborhood xo € w CC X. Then (Z,u, N) is a PHSLV on HZ2. O

Remark V.6. Recall that t,,)(¢) = t(u(zo)™! % q) = dx(u(z0),¢) and that u is continuous, so
that u(zp) is defined. Note that the last assumption is simply requiring that the mass of v, in
the ball of center u(zo) and radius e, with respect to the distance dg, is bounded by O(g?) for
a sequence ¢ — 0. In a closed ambient, this assumption holds automatically for bubbles defined
on C = C\ {oo} = 52\ {0}, in the context of the bubbling phenomenon, as a consequence of
monotonicity. O
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Proof. We fix a conformal metric i on X. Since u is continuous, given w CC 3 it is easy to see that
the stronger definition of stationarity is satisfied for the domain w;, := w \ |J,cgn, Br(x), for any
r > 0 small enough. We define the finite set

S i=u(SNw)\ u(dw)
and, for each ¢ € ', we consider a smooth cut-off function y, : H> — Ry equal to 1 near ¢ and

supported in a bounded open set U, CC H? \ u(8w), such that U, N Uy, = 0 for q,¢' € S distinct.
Given any F' € C°(H? \ u(dw)), we need to show that the induced varifold v, satisfies

/ divp Wr dv,(P,p) = 0.
G

We let B
Fy:=x4F, F:=F-) F,
qes’

Since F' vanishes near " U u(dw), for r small we have

/ divp Wg dv,(P,p) = / divp Wi dvy, (P,p) = 0.
G G

Finally, we can use Proposition V.7 below, applied to the varifold v := v,, on U,: indeed, given
another function F' € C2°(U,) constant near ¢, we see that F' is locally constant on u(dw,) for all
r > 0 small (as F' vanishes near u(dw) U (S”\ {¢})), so that

/ din WF de(P,p) = / din Wﬁ‘ der (P,p) =0.
G G
Thus, by Proposition V.7, we can conclude that
/ divp Wr, dv,(P,p) =0
G

holds as well. ]

We used the following singularity removability for general varifolds, which will also be useful to
rule out energy dissipation in neck regions.

Proposition V.7. Assume that v is a varifold on an open set U C H?, restricting to a HSLV on
U\ {q} for some q € U. Assume also that we can test its stationarity with any Hamiltonian vector
field Wg generated by a function F' € C°(U) constant near q, as well as

E -2 v

hgn_}lglfg [v|(Bi(q)) < oo.
Then v is a HSLV on U. O
Proof. We assume without loss of generality that ¢ = 0. Given F' € C2°(U), we have to show that

(V.2) / divp Wrdv(P,p) = 0.
G

Let x : Ry — R be a smooth decreasing function with y =1 on [0,1/2] and x = 0 on [3/4, 1], and
denote x.(t) := x(t/e). Letting

Fi= (1 =Xeot)F + (xec 0v)F(0),
we decompose Wr = Wy + W', where

W' := Wiy .on(F—F(0)-
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Moreover, since F is as in the statement, (V.2) holds with W in place of Wr. Hence, to prove the
claim it suffices to show that, along a suitable sequence ¢ — 0, we have

/ divp W' dv(P,p) = O(e).
G

Given a Legendrian plane P spanned by an orthonormal basis (Z1, Z3), recall that
2
divep W' = " [(Vx, W' Xo)(X¢ - Z) + (Vy, W - Vo) (Ve - Z))).
Jh=1

Thus, thanks to the assumption |v|(BX(0)) = O(g?) along a sequence £ — 0, it suffices to show that
IVx, W' Xy + [Vy, W'YV, < Ce™!

for € small. We check this only for the first term, since for the second one the computation is
analogous. Since

2(WN =X/ (v/e)(F — F(0 )Yy — Yo(t) X] + x(v/e)

£:1 Z:l

er - YVK(F)Xﬁ]a

Mw
Mw

we can compute
—2Vx, W' Xy =e2X"(v/e)(F — F(0))X,(r)Ye(x)
+e X (v/e)(F — F(0)) Xo(Ye(r))
+ e (¢/e)[Xe(F) Yo (t) 4+ Yo(F) Xy (v)]
+ X (v/) Xo(Yo(F)).

By homogeneity of t, we have X,(r) < C (in fact, we have the more precise bound (III.14)) and
| Xo(Ye(x))| < Ct™t < Ce™t on the support of X/(t/e). Since |F — F(0)| < Ce here (by smoothness
of F), we see that all the terms in the expansion are bounded by Ce~!, as desired. |

VI. BASIC PROPERTIES OF PHSLVs

VIL.1. A universal lower bound for the density. Let (3, u, N) be a PHSLV and fix a decreasing
cut-off function x : Ry — R with x =1 on [0,1] and x = 0 on [2,00). We let
Gy :={x € ¥ : z is a Lebesgue point for v and Vu}
and
={z € G, : |Vul(x) # 0}.
Note that, for =z € Q{: , the differential Vu(z) is an injective, linear conformal map, with values in

a Legendrian two-plane P C H, ;). For a.e. w CC 3, we consider the induced varifold v,,. We now
establish the following lemma for the density of v,,.

Proposition VI.1. Given p € u(w N g{f) \ u(Ow), we have

1 Vi, |2
(VL1) 0X(p) = lim —— / X <t—p) [N’ | + N%) arctan o,|Vul?| dz?® > 2,
e=0 ¢ J, e T tp
where we write t, in place of v, ou (and similarly for ¢, and arctanoy), as well as
1 Vi, |2
(VL.2) lim inf ~ NYVBE G2 s o
e=0 € wN{e<r,<2e} Tp

for any cut-off function x as above. 0
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Proof. The formula for 0X(p) follows directly from the definition of induced varifold. In the sequel,

up to a left translation, we assume that p = 0. We can find a local conformal chart where 0 € Q{j
and u(0) = 0. Modulo a rotation (see Remark II.4), we can further assume that

9, u(0) = e X1(0) = (€2,0,0,0,0), 9z,u(0) = e X5(0) = (0,0,e*,0,0).
We will show only (VI.2). The same proof will show that
1 2
lim —— / X (t—p> Nw dz? > 2,
e=0 € J, € Ty

proving also (VL.1).
Since 0 is a Lebesgue point for Vu, we have

2
lim][
r—0 +(0) ;

lim [[Vup — 0,2 + |Vua|? + [Vus — e, |* + |Vug|?] dz? = 0.
r—0 B, (0)

|0z, u(x) — e X;(0)[* da? = 0.
1

This implies in particular

Thanks to [10, Theorem 6.1], the map w is approximately differentiable at 0 in the sense that

lim 7‘_2][ lu(z) — e X1 (0)z — e Xo(0)z|? dz? = 0.
»(0)

r—0

This implies in particular
r—0

(VL3) lim r2][ () — €021 % + [ua (@) + [ug(@) — eXs]2 + Jua(@)[2] = 0.
B, (0)

Recalling that V(pou) = us Vug —u2Vuy +u3Vug —ugVus and using the previous bounds, together
with Cauchy—Schwarz, we get

IV (p ou)|dz? = o(r).
B,-(0)
We claim that, in fact,

(V1.4) ][ g o ul? da? = o(rb).
)

Indeed, the Sobolev—Poincaré inequality gives

2
][ gpou—][ (pou)da?
+(0) Br(0)

thanks to the previous integral bound on V(¢ o u). It remains to bound the average of ¢ o u on
B,(0). Given f € Wh1(D), we have

d d 1
foogar =i gepat=|  Viey-ydt=f  Vi@)-add
drJp, (0 drJp, (o) B1(0) ") B, ()

Applying this to f := ¢ o u, we obtain

][ (¢ ou)dz? ][ (¢ o u)dz? :/ dt V(gou)(z) - zdz? = o(r?)
+(0) +(0) s UJBi(0)
for all 0 < s < r. Letting s — 0 we deduce that

][ (pou) da’ = 0(7"2)7
B (0)

dz? < C’r_l/ o IV (p ou)|dz? = o(r?),
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and hence the claimed bound (VI1.4).
This implies that

1/2
4 4 2 2 2
ttou(z) — ) wu; dx :2][ |p o u|dz® = o(r?),
]{BT(O) JZ:; ! B-(0)
and hence
1/2
][ ’t4 ou(x) — 64)‘0\95|4‘ dz?
B:(0)
. 1/2
§][ Z u? — Mozt dx? + o(r?)
»(0) j=1

1/2 1/2
< Z (][ |u2j_1(1’)2 - 62/\05%2" dx2> <][ "U/Qj_l(l')z + 62)‘()%?‘ d:);‘2> + 0(7"2)
= VB0 By (0)

~ o(r?)
This implies that
(VL5) lin% r2{x € B.(0) : [t*ou(x) — ezt > ert} =0 forall e >0,

r—
so that
(VIG) / |1 - 16)‘0r/2<tou<e>‘0r‘ de = 0(?”2).
Br(0)\B;/2(0) B

We now introduce the sets
207 (0) := B (0)\ B, 5(0),  Ar(0) := B,(0) \ By2(0),

where B:(p) := {q € H? : vy(q) < s} = {qg € H? : dx(p,q) < s} is the ball of center p and radius s
with respect to the distance dg. Letting A, := u_l(A;)‘Or(O)) N A,(0), we clearly have

/ ;w dr? = 26”‘0/ L dz? +/ L|Vu(a:) — VU(O)‘QCMQ
i V1 To2 ot A, m A, m

1
2 /A V) (Vale) - Vu(0)) ds?
(where we write t and o in place of tou and oowu, and we let oou := sgn(¢pou)(+00) when pou = 0;
note that on A, we never have pou = powu = 0). Since on A, we have tou € (e*0r/2,er), the
second term on the right-hand side is o(r); the same holds for the third one, by Cauchy—Schwarz.

Hence,
1 \V4 2 —1
/ L Vul e e / X da? 4 o).
A V1402 ¢ A, V1+ 02

Because of (VI.5), for any € > 0 we have

-1 A A

t |A, N A{]e(z) — e|z|| > er}]

/A~ m1|t(a@)—e*0\xll>€r da? < O r da® = o(r),
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as well as

1
2) v 2
2e7 /A T o7 L) —eolal|<er 47

A \x! !
= 2e O/A V1102 Le(a)—eofaf|<er d2° + O(er)
1
:26)\0/ Ld:c2—i—0 er) + o(r).
s da® + Ofer) +olr)

Combining the previous bounds with a simple diagonal argument, we finally obtain

/ 1 ]Vu|2d 9
A V1+o?2 ¢

lz| 7t da® + o(r).

(VL7)
A / 1
= 2e70
A V1402

Moreover, the integral bound (VI.4) gives
{r e : [poul(@) > e o u(a)}] = ofr?)
for any given € > 0. Recalling that —— = 02— \/1— 4v=*p2, we deduce that

VifoZ — 2 T
2¢M0 /
A,

1
Thus, using again a diagonal argument and recalling also (VI.6), the previous bounds give

V14 o2
1 2
/ _— [Vl dx? = 26)‘0/ |x!_1 dx? + o(r)
A, Ay

14+02 ¢
(VL) = 2¢M / 2|t dx® + o(r)
4:(0)

= 47?7 + o(r).

1-— ||t da® = O(er) + o(r).

For z € G} such that to u(z) # 0, at the point u(z) we decompose
Vi = (V)T (V)L
where (Vt)” denotes the orthogonal projection of V#t onto the Lagrangian plane span{d,, u, 0z, u}

(this depends not only on u(x) but also on z). Letting 2¢?* := |Vu(z)|?, by conformality of Vu(z)
we have

2
(VHET oy = ™A Z Og,, (t o )0y, u.
k=1
Away from {powu = 0} we similarly decompose VH o = (V#5)T 4 (VHo)L. Recalling (111.13) and
the fact that Jy realizes an isometry from span{d,, u, 0z,u} to its orthogonal inside H, we obtain

S Ig[(V)T) = p;(VHa)L, BIy[(VH) L) = p;(vHa)T.

Hence, for x € g{f such that p o u(z) > 0, we have
_2/\263% o0 u)dpu =t _2)‘2 (V) T s, 1),

Since e (J, HOz U, J. Hamu) is an orthonormal basis of the normal plane, we deduce that

eIV

PFIV(oou)? = -

|Vl
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In particular, writing again o in place of o o u, we have

WU‘Q p° 2
(1+02)2 t78|va| =2

Recall that arctan o extends to a smooth function on H?\ {0} and note that this identity (discarding

\(VH )1

|V arctan o|? = |Vul?.

intermediate equalities) is valid also at any x € GJ such that u(z) € {p = 0} \ {0}, since both sides
vanish (as V arctano = 0 and v3V 7t = V7 p? = 0.JyVH p? = 0 here). By Theorem I11.6, we then

have

1 H.\1|2
T NS . WA T
r—=07r A, T

Since |Vt| = [(VHt)T|e?, the left-hand side of (V1.2) is

1 2 2
lim — / NV g2 > %0 1 / N'th da?
r—0 eor wm{eA0r§t<2e)‘0r} T r—0 71
H 2 2
_ 6—)\0 lim / ]\7|v t’ |V’LL‘ da 2
r—07r
Recalling (II1.14), the conclusion follows from (VI.8). [

VI.2. Continuity of the underlying map. We now show that the map u is in fact continuous,
in a quantitative way.

Proposition VI.2. Let (X,u, N) be a PHSLV. Then u admits a continuous representative and there
exists a universal constant C1 > 0 such that, in any conformal parametrization ¢ : B1(0) — X,

diam¥ u o ¢(Bj2(0)) < Cy / N|Vul? da?.
#(B1(0))
Here diamg denotes the diameter with respect to dg . O

Remark VI.3. Since the Carnot—Carathéodory distance is equivalent to the Kordnyi distance
(by left-invariance and homogeneity with respect to the dilations d;), we can replace diamg with
diamge. The Carnot—Carathéodory distance is obviously larger than the distance dgz induced by
gm2- Hence the stated inequality holds as well (with a possibly different constant C1) if we measure
the diameter with respect to dpz. U

Remark VI.4. The control of the modulus of continuity will be important to pass to the limit the
fact that v € L7 while considering sequences of PHSLVs with uniformly bounded masses. O

Proof. With a slight abuse of notation, we write w in place of u o ¢. Using Fubini and the mean
value theorem we obtain an s € (1/2,1) such that u € W12(9B(0)) — C°(0Bs(0)) and

2
(/ |Vl d?—[1> < 27s / |Vu|* dH! < 47s - / |Vu|? da?,
0B;(0) 0Bs(0) B1(0)

H'(9B5(0) \ Gu) = 0.

as well as

This gives
diam?Z; u(9B;s(0)) < 47T/ |Vu|? da?,
B1(0)
where the diameter is taken with respect to the metric given by gy2. Observe that, since the
rectifiable curve u(9B;(0)) is horizontal, we have as well

diamZ u(9Bs(0)) < 47T/ |Vu|? da?.
B1(0)
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Since the Carnot—Carathéodory distance do¢ is comparable with dg, there exists a universal con-
stant C] > 0 such that

diamg u(0Bs(0)) < C{\// |Vul|? da?.
B;(0)

We now fix ¢ € u(G, N OB4(0)). We claim that, for any = € B,(0) N Gi, we have

<C / N|Vul|? dz?
$(B1(0))

for another universal constant C7; > 0. Once this claim is proved, we will have

2
/ N|Vul|? dz?
$(B1(0))

=:C.
Indeed, té is smooth and we have tg ou < C on Bs(0)N G, while Vu = 0 a.e. on Bs(0) \ G{. Thus,
given any ¢ € C°((C, <)), we see that V(¢ o‘c;1 ou) = 0 on B(0), obtaining 1) o‘c;L ou = 0 here (as
q is the image of a point in G, N 9B,(0)) and thus (VI.9). In turn, this implies the statement with
Cj replaced by (2C1)2.

In order to prove the previous claim, let p := u(z). If p € u(9B5(0)) then the claim follows from the
bound for diam g u(9B5(0)) (as usual, u(0Bs(0)) denotes the image of the continuous representative
of ulpp,(0))- Assuming then p & u(0B;(0)), we let w := B,(0) and consider the induced varifold v,
which restricts to a HSLV on H? \ u(dBs(0)). Letting

2r .= dK(p, U(aBs(O)))a

yIvul o [ WO g
dr? < dz
2 r L2

(VL9) Ieg o ull Lo (. 0y) < C1

by Theorem II1.6 we have

0X(p) < Cr2/

wﬂ{r<tpou<2r}
and from Proposition VI.1 it follows that

C
r? < / N|Vul|? dz?,
4 J,,
proving the claim. |

From now on, we always replace v with its continuous representative.

Remark VI.5. It is immediate to check that the requirement in the definition of PHSLV now holds
for every open set w CC ¥ (rather than for a.e. domain w CC X). O

VI.3. Properties of the density. We consider an arbitrary smooth cut-off function x : Ry — R
satisfying the previous assumptions, namely x = 1 on [0,1], x = 0 on [2,00), X’ < 0, and also
V=X € C*((1,2)). The present subsection is devoted to the proof of the following proposition,
itself a consequence of the upper semi-continuity of 6X for general HSLVs.

Proposition VI.6. Assume that (X,u, N) is a PHSLV on H? and let w CC . Then the induced
varifold v,, satisfies

0X(p) > limsup 0X(py) whenever py — p & u(Ow).
k—o0
Moreover, we have
0X(p) > 2

for all p € u(w) \ u(ow). O
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Proof. The first assertion follows immediately from Corollary II1.10. Let us now fix a point p €
u(w) \ u(Ow). Given any ¢ € C°(H? \ u(dw)) with 1(p) = 1, the function v o u cannot be constant
on w, since it vanishes at the boundary and equals 1 on w Nu~!(p) # 0. Hence,

/ V(1o u)da? > 0.

By the chain rule, we can then find € w N Gj| such that u(z) € spt(¢). This shows that p belongs
to the closure of u(w N G{) \ u(dw), and the second assertion follows from Proposition VI.1. [

VI.4. Rectifiability of the image. By classical results on Sobolev functions (see, e.g., the ap-
pendix in [23]), the image u(G,) is rectifiable and H2-measurable, with respect to the Euclidean
distance or equivalently the distance induced by gp2. We now show the stronger result that this
holds also with respect to the finer distance di (see also Remark VII.9 below).

Proposition VI.7. Assume that (X,u, N) is a PHSLV on H?. Then we have
Hic(u(\G]) =0
and the image u(G,) is a countable union of Lipschitz images, namely we can cover G, C Uj F;
with Borel sets such that
U|Fj : Fj — H2
is Lipschitz (endowing ¥ with a reference conformal metric h and H? with di ). O
Proof. Assume without loss of generality that > = . We introduce the sets

Qj :={z €D : dist(z,0D) > 2/j}

Fj = {erj : sup ][ \Vu]2<j}.
0<r<1/jJ Bo,(x)

Let z,2’ € F] such that r := |z — 2’| < 1/j. Using Proposition V1.2 (after rescaling B, () to the
unit ball) we have

di (u(z),u(z’)) < C\// |du|? dz? < C\/jr = C\/jlz — |
By (z)

and

Hence, ug is Lipschitz for any subset S C Fj’ of diameter at most 1/j. This proves the second
assertion.

Thanks to the area formula for Lipschitz maps from subsets of R? into (H?,df) (see [16] or more
specifically [4, Theorem 6.8], keeping in mind that R? can be viewed as a Carnot group of step 1),
for any measurable subset A C G, we have

2
[ a2 = [ NG A ) arelo)
A 2 H2
where N(u, A,p) denotes the cardinality of {x € A : u(x) = p}. Applying the formula to A :=
Gu \ Qq{, on which Vu = 0, we obtain

Hic(Gu\Gl) = 0.

To conclude, let W C D be an arbitrary open set including D\ G,,. We claim that for any x € W
there exists an arbitrarily small radius r > 0 such that

/ |Vu|? da? < 8/ |Vu|? d?® 4 (2r)2.
BQT(:E) BT(:E)
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If not, then we could find jg € N large such that for any j > jo we have in particular

/ \Vul|? da® > 274, / |Vu|? de? > 8/ |Vu|? da?,
BQ*]' (x) Bij ($) BQ,jfl(z)

giving the contradiction

27% < / |Vu|? dz® = O(27%).
Bz—]' ()

Given any § > 0, for any x € W we choose a radius r, > 0 such that Ba,, (z) C W, the previous
claim holds, and [ - @) |Vu|? dz? < 6%, From the cover {B,, () | * € W}, we can extract a

Besicovitch subcover, denoted {B;,(z;) | j € I}, such that
1w < Z 1B, (z;) < Colw,
Jjel
where Cy > 0 is a universal constant. Using again Proposition VI.2 we deduce
diam% w(By, (z;)) < C16
and

Z diam?- u(Br;(z;)) < C1 Z/ (Vu|? da?

jel je1  Bar;(x))

gsclz/ Vul? da® +) " (2r;)?
jer ? Brj(@;) jel
4
gscc/ Vul?dz? + = B, (z:
1oW\ | 7Tjze;l i (5)]

4
< 86’16’0/ |Vu|? de?® 4+ =Co|W|.
w T

This holds for any open set W containing D \ G,. Since D\ G,, is negligible, we can make the last
right-hand side as small as we want, and the first assertion follows. |

VI.5. Structure of fibers. In order to understand how the multiplicity % in the target is related to
the domain multiplicity IV, and more specifically to produce a more appropriate domain counterpart
(which will be denoted by N), it is important to study the structure of fibers. This is the content
of the next statement.

Proposition VI.8. Assume that (X,u, N) is a PHSLV on H?. Given w CC ¥ and p & u(0w), the

number of connected components of w Nu~(p) is finite. Moreover, for any x € qu, the connected
component of u=(u(x)) containing x is just to {x}. O

Proof. Let p & u(0w) and, denoting by X the density function for the varifold v, let

M = m
2
We claim that the number of connected components of u~!(p) is not larger than M. If this were not
the case, we could find [M]+1 disjoint compact sets K1, ..., Kpr41 whose union is wNu~(p), where
[M] is the integer part of M. Let wy, ... s wim)+1 CC w be disjoint open sets such that K; C wj; note
in particular that p & u(dw;). The induced varifold v,,; then restricts to a HSLV on H? \ u(dw;)
and, thanks to Proposition VI.6, we have

/ 2
lim X (tp/g)N [|th|

e—0 w; £

+ N2 arctano \Vul|*| da? > 2r.
t 2¢3 P
p D
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Summing over j = 1,...,[M] + 1 gives

\V4 2
V| + N;% arctan o, |Vul?| dz? > 27([M] + 1),

0X(p) = lim _X(w/E) [ -
p P

e—=0 [, €

contradicting the definition of M. Hence, the number of connected components of u~!(p) is not
larger than [M].

Consider now a point € Gj and denote by K, the connected component of 11 (u(x)) containing
z. We claim that K, = {z}. We choose a local conformal chart ¢ centered at x and, by abuse of
notation, we write v in place of u o $~!. We can assume that u(0) = 0 and w =1,up to a
translation and a dilation in H?. Since u is conformal and Legendrian, (0, u(0), 9,,u(0)) defines an
orthonormal basis of a Legendrian plane at the origin. Modulo a rotation (see also Remark I1.4),
we can assume that

Oz, u(0) = (1,0,0,0,0), 9z,u(0)=(0,0,1,0,0).

As in the proof of Proposition VI.1, we have

2
[ S iou(e) = X, 0P do? = o),

-(0) j=1
as well as

( )[Im(w) — a1 ? o+ Jua (@) + Jug(x) — w2 + |ua(@)|?] da? = o(r?).

By (0

This is saying that v,.(z) := r~'7 o u(rz) converges to vo(z) := (21,0, 2,0) in WH2(D) as r — 0,
where 7 : H? — C? is the canonical projection. By Fatou’s lemma, we have

1

r—0

1
/ liminf/ [[or — v0l? + |Vor — Vo|2] dH! ds < lim / ([or — v0l? + |[Vor — Vo|2] da? = 0.

Hence, we can select an s € (0,1) such that each v, restricts to a function in W12(9B(0)), con-
verging weakly to vg in this space, along a subsequence. Since this space compactly embeds in
CY(0Bs(0)), eventually we have 0 &€ v,.(0B(0)). It follows that Ko C B,s(0), and thus Ko = {0}. W

VIL.6. The integer nature of the density H2%-a.e. We now establish the fact that %Sf) e N for
H2-a.e. p € H2

Proposition VI.9. Given a PHSLV (X,u,N) on H? and w CC X, the following holds for the
induced varifold v,,. For H3.-a.e. p & u(dw) there holds

(VIL.10) 0X(p) € 27N.

Moreover, assuming also that u=!(p) C Gl and that u~(p) consists exclusively of Lebesgue points
for N, we have

(VL.11) 0X(p) =21 > N(x)
zeu~t(p)
(recall that the sum is finite by the previous proposition). ]

Proof. Clearly, we have 6X(p) = 0 for any p ¢ wu(w). Let S be the set of points which are not
Lebesgue for either Vu or N (recall that u is continuous). The same proof used in Proposition VI.7
shows that

H2-(u(S)) = 0.
In the sequel, we can then consider p € u(G4)\ u(dwUS) and we are left to show that (VI.11) holds.
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Thanks to Proposition VI.8, we have u=!(p) = {x1,...,7,} C wNS. We fix disjoint neighborhoods
wi, . . ., wy conformally equivalent to D. Since w N {r, ou < 2e} C [J;w; for & > 0 small, it suffices
to show that for each j the varifold v,,; has density

0X(p) = 2N (z;).

By replacing w with w;, we can assume in the sequel that n = 1 and write I in place of w. As in
the previous proofs, we can also assume that our reference point is 0 € D, that u(0) = p = 0, and
that

0z, u(0) = (1,0,0,0,0), 9,,u(0) =(0,0,1,0,0).

We now claim that

lim 2°%®) _
z—0 |a:\

(VL12)
Indeed, defining v, as in the previous proof, given any y € S* and ¢ € (0,1/2) we can select a small
radius s € (t,2t) such that v, — vg uniformly on 0B;(y), along a subsequence (again, this can be

done by finding s such that liminf, o [[v, — vollw12(am,(y)) = 0). Moreover, since  : H2 — C? is
1-Lipschitz, applying Proposition VI.2 to the maps d; /, o u(r-) we obtain

diam? v (Bs(y)) < C’l/

Bas(y)
In particular, since v, — vg on 0Bs(y), we obtain

N|Vov,|? dz? — Cl/ N|Vuvo|? da? < Cs?.
Bas(y)

limsup ||[vr| = 1| oo (B, (y)) < Cs < Ct
r—0

along the subsequence. Since this can be done for any initially chosen subsequence 7, — 0, we
deduce that the last inequality holds for » — 0, and the claim follows.
Since t > p, the previous claim implies that

1 2
6X(0) = lim [ —=%/ (g) [N|v:| + N% arctana\Vu]Q} dx?

e—0 D E
1 2
= lim —fxl< ) [ [Vl —i—Nf arctana|Vu|2] da?.
e—0 Bo.(0) € € T

Since S, := {z € B2(0) : N(ex)# N(0)} has |S;| — 0 and Vv, — Vg, we have
6_2/ |Vu|? de* = / Ve |? da® — 0

Bae (0)N{N#N(0)} Se

as € — 0. Since the integrands above are bounded by
Ce '™ HVul? < Ce™?|Vul?
(as v is comparable with € on the support of x'(t/¢)), it follows that in the previous formula we can
replace N with N(0).
Moreover, fixing ¢ € (0,1), we let
A2 = {& € B2(0) \ B5:(0) : X'(vou(z)/e) # 0}.

As we saw along the proof of Proposition VI.1, we have

{z € flg tlpou(z)] > Ae? o u(w)}| = ofe?)

T +2 = 490 outside the origin (the left-hand side is understood
to be 1 on the go—ax1s minus the origin), we obtaln

{o € A2 ¢ Joou(@)| > A} = o(e?)
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for any fixed §, A > 0. Since |¢| < 2, it follows that
1 t
lim —/ X (7> % arctan o|Vul? dz? = 0.
e=0 € A8 g/ T
On the other hand, exactly as in the proof of Proposition VI.1, we have

1 Vi[? 1 Vul?
lim —/ X <E> &de = lim —/ X (E> idﬂs2
e=0 € Jis € v =0 € JAs e/ 2t\/1+ o2

/
— lim _1 / M da?
=0 € /By (o\Bs(0) 7]

= 2.
Finally, we have
1 Ve|?
—/ X <E> [| i +S§arctanaVu|2] da? < 052/
€ JB;.(0) € t v Bs<(0)
which converges to C'62 - 27r. By a diagonal argument, it follows that

6%(0) = N(0) lim —1/

|Vu|? de? = C(52/

’vés‘Q de’
B1(0)

e>0 € € 3

2
X (E) dx? [|Vt| + ¥ arctana]Vu|2] dz® = 2N (0),
) ¢
as desired. "

VL.7. A robust representative of N and its upper semi-continuity. Following [23], we now
introduce the following L;° function on a subset of 3, which is a sort of domain counterpart of g—:.

Definition VI.10. We let 3 C X denote the open set of points  such that, for some open w CC X,
we have z € w and u(x) € u(0w). We define N : ¥ — [0, 00) as follows:

N(z) := inf lim —/ X ( ( )> N’ @ + 3( ) arctanau(m)\VuF da?,
w e—0 2me w € Tu(z) tu(;c)
where w ranges among open subsets w CC ¥ such that x € w and u(z) € u(0w). O

Note that a priori this function might not be integer-valued.
Remark VI.11. As shown in the proof of Proposition VI.8, we have Q{: >} O

Remark VI.12. Observe that the infimum in the definition of N (z) is in fact a minimum. Indeed,
given w as above, the compact set 4! (u(x)) Nw has finitely many connected components. Calling
K, the one containing z, the minimum is achieved (for instance) for any open set K, C o’ C w
disjoint from the remainder [u~!(u(x)) Nw] \ K. O

Proposition VI.13. The function N is upper semi-continuous and

(VI.13) 1< N(x) < 005_2 N|du|2 dl‘Q, 0 — di (u(), u(0w))
u= 1 (Bj(u(z))Nw 2

for a universal constant Cy > 0, for any w as above. Moreover, N = N a.e. on Gi. 0

Proof. Let z € ¥ and fix w realizing the infimum in the definition of N. We consider the induced
varifold v,,. Thanks to Proposition VI.6 we have the lower bound N (x) = w > 1, while the
upper bound follows from Theorem III.6.

Moreover, given a sequence of points zp — w, eventually we have z; € w and the points py :=
u(xy) converge to p := u(z) ¢ u(dw), by continuity of u. Hence, eventually we have x; € ¥ and
pr € u(Ow). Hence, by Proposition VI.6 again, we have

lim sup 27N (z1,) < limsup 0X(pg) < 6X(p) = 27N (p).

k—o0 k—o0
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The fact that N = N at a.e. z € GJ, (specifically, at any = € Gl which is also a Lebesgue point
for N) is a direct consequence of (VI.11). [

VII. SEQUENTIAL COMPACTNESS OF PHSLVs

We now show a fundamental compactness property of the class of parametrized varifolds studied
in this work. This property will be one of the key tools in the regularity theory developed in the
second part of the paper.

Theorem VIIL.1. Let (3,[hg]) be a sequence of Riemann surfaces (for a fived connected ¥) and
assume that the sequence of metrics hy, is pre-compact in Cp.. Assume that (3, uk, Nyi) is a sequence

of PHSLVs in H? such that ui(T) stays bounded, for a fized reference point T € ¥, and that

limsup/ Nk|Vuk]%k dvoly, < oo forallw CC X,
w

k—00

as well as the existence of C(w) > 0 such that

(VIL1) lim sup / Ni|Vuglz, dvoly, < C(w)R?
k—oo  Jwn{rpour<R}
forallw cC X, p€ H?, and R > 0. Then, along a subsequence, the limit
Uso = lim uy  exzists in CL, and weakly in VV;)S
k—o00

and, for a suitable new conformal class [izoo], there exist a limit PHSLV
(3, tioo, Noo)

and a (locally) quasiconformal homeomorphism v : (2, [hoo]) = (£, [hoo]) such that
Uso = Ueo O Y.

Moreover, we have the limit of Radon measures

Vool
— " he gvols
2 hoo

A

) |Vuk|f21k -1
(VIL.2) klirgo NkT dvolp, = (Y™ ")« | Noo

and the induced varifolds vy, (see Remark III.2) satisfy
Voo(w) = UM Vi on H \ oo (Ow)

for any w CC X. O

Remark VII.2. A similar result holds on a closed Sasakian manifold M?®, except that the conver-
gence in C'ZOOC is guaranteed only away from a locally finite set, and the last equality could become
an inequality (if @ intersects this set), due to possible bubbling (cf. Remark VII.5 below). Nonethe-
less, assuming the slightly stronger condition given in Definition V.1, we can recover an equality
by a standard bubble-tree analysis, as explained in Remark VII.10, and when ¥ is closed we can
even remove the assumption of having a controlled conformal class (see Remark VII.11; in both
cases, & becomes a possibly disconnected Riemann surface in the limit). However, as shown by the
counterexample of Theorem A.1, this cannot be done with the initial definition of PHSLV. U

Remark VII.3. The upper bound (VIL.1) is a mild assumption which is typically satisfied in
practice, e.g., when 3 and the ambient are closed, or while studying parametrized blow-ups, as a
consequence of monotonicity. O
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For simplicity, we assume that the conformal class is independent of k. In the general case, given
any smooth w CC X, we can find diffeomorphisms vy : @ — (W) converging smoothly to the
identity such that ¢;[ht] = [hoo), thus reducing to this situation up to using heavier notation.

We then endow ¥ with a metric A inducing the fixed conformal class [h] = [hi] = [hoo]. We can
assume that ug(Z) — 0, up to a subsequence. By covering each w CC ¥ with a connected union of
conformal disks, Proposition VI.2 gives

lim sup ||t 0 ug| oo (o) < 00
k—o0
Thus, in view of the local equivalence between the R® and H? Riemannian metrics, we obtain
that (u) is bounded in W'2(w,R%). Up to a subsequence, we can then extract a limiting map
Uso : & — H? such that
Up — U Weakly in I/Vl})c2

o)
loc

We observe that the map u« is still L;s and Legendrian, since the condition uja = 0 is stable

under weak limits in VVZ%)CQ(E, R®). We introduce the Radon measures

NkM dax?

2
on Y. By assumption, we can extract a limit Radon measure v, up to a subsequence. Note that,
for any w CC X, the pushforward of v, L w via wy, is simply the weight of the induced varifold vy,
namely we have

dvy, ==

(uk)s (Ve Lw) = | Vil
Moreover, as seen in Remark I11.2, the varifold v, restricts to a HSLV on H?\ ug(0w). We postpone
the actual proof of Theorem VII.1, since we first need another key result.

VII.1. Energy quantization. Before continuing the proof, we will establish the following lemma,
which is an energy quantization result. In its statement, we fix a conformal reference metric h on
Y, used to define balls on the domain.

Lemma VII.4. There exist two universal constants c,.,Co > 0 such that the following holds. Given
w CC X open, assume that (along a subsequence) the maps ur — uoo uniformly on dw. Taking any
a > 2¢ > 0 such that
a > lim diamg (ug(w)),
k—o0
> lim diampg (ug(0w)) = diam g (teo (0w)),
k—o0

we have either

(VIL.3) Voo(w) > cya®
or
(VIL.4) diamg (ug(w)) < Col + Col™1 ma(i% )\vk,w|(Bfw(p')) <CY
P’ Eug (Ow
for k large enough, where C' depends only on the sequence and w. O

Remark VIIL.5. In the Heisenberg group, this statement can be immediately improved. Indeed,
by taking a > 0 large enough, we can obviously falsify (VIL.3), so that (VIL.4) always holds true.
However, in a closed Sasakian manifold M®, an analogous statement holds only for bounded scales
a < ag(M); as a consequence of possible bubbling, (VII.4) might fail in general, even for small ¢
(but in this case (VIL3) holds with a right-hand side ¢(M) = c.ao(M)? > 0). O
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Proof. We select py, € up(w) maximizing the dg-distance from wuy(0w) and fix pj, € up(Ow) such
that

dx (pr, Pk) = di (Pr, up(0w)).
We observe that eventually

diam g (ug(w)) < 2 ma?)dK(p,uk(aw)) + 20 = 2dk (pk, P)) + 24;
pEUR (W

hence, we can assume without loss of generality that
di (pr, P) > 8C.
Recall that x =1 on [0,1] and x = 0 on [2,00) and let

c=1-x(5).

so that ¢ =0 on [0,2¢] and ¢ = 1 on [4¢,00). In the sequel, we will often write p and p’ in place of
pr, and pj, for simplicity.
We test stationarity of v, with W(Cc,tp,) F,» where

F, = (x(vp/a) — x(rp/€)) arctan oy,

(note that eventually (¢ o t,)F), vanishes on uy(0w) C BS,(p')). Using (I11.12)—(I1.14) and recalling
from Proposition III1.4 that

Py |2 / / 2 / !
2 divp W, oV 5| (X (tp/a) X (%/E)) LV |22 (X (tp/a) X (tp/é)) arctangp}
) a € 5 a €
ot / /
— Epvp arctan oy, - \vid [tpg (X (tp/0) _X (t§/€)> arctan ap] ,
a

we obtain
2/ Ni(Cory)(x(tp/a) — x(tp/e))|V 3L1"Ctanc7p|2 dz?

Vel® |, p
3

) 2y

IVel? | o
T 9s
tp 2t

-2 [ NGon e |

|Vug|? arctan Up:| dz?

2

=2 [ Ntconnma |

|Vug|? arctan O'p:| dx

1 /

+ % /w Ni(Co tp/)tév [arctan UPX(Z%/G)] -V arctan o, dz?
1 /

- — / Ni(Co tp/)tf;V [arctan pr (tg/g)] -V arctan o, da”
2e J, L%

+A+B

(as usual, some compositions with uy are omitted), where

2
A= / Nk ZV(uk)gj -V [(VH(C o] tp/) . Xj) Fp] d:E2
w =1

2
— / Nk ZV(U}C)ijl -V [(VH(C Otp/) . Y}) Fp] d$2
w j=1
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and
2

B:= / Nkzv(uk)Qj -V(Cory) (VHFP - Xj) dz?

Jj=1

2
—/NkZV(uk)gj_l-V(COtp,)(vHFp-Yj) da?.

j=1
We first bound A. We rewrite it as

2
A= / Ne Y Vur)yy -V [(VH(Coty) - X)) (B — Fp(p))] da?

2
— / NkZV(Uk)2j—1 -V [(VH(C 0ty ) - Yj) (Fp — Fp(p’))] dz?,
w =1

where we tested stationarity with WCOtp/ in order to subtract the constant F,,(p’) from F,. Expanding
VI (VH (¢ ory) - X;)
= ("o ty)(VTty - X)) VTey + (¢ ory) VI (VT - X))
we get
C
VH(VH(Coty) - X5)I < 5 1my, 0B, )

and similarly for Yj. Since dg (p,p") > 8¢, using the equivalence between the Carnot-Carathéodory
distance and the Koranyi distance dx, we have

&)
/ H

|15 — Fp(p )HLOO(BfM(p’)) < CIVEFpllpeo (s, pry) - 4 < o
(note that on Bj,(p’) we have x(r,/e) = 0 for € small, namely for 4¢ 4 2e < 8¢ < di(p',p), so that

eventually the balls Bj,(p’) and B5_(p) are disjoint). Combining the previous bounds gives

<& / Ny Vg |? da.
ta Junge, <acy

As for B, a similar (simpler) argument implies exactly the same bound.
Thus, denoting by 92‘ the density of vy, and letting € — 0, we obtain

0x(p) c

ta wn{r,, <4€}

<2 [ Nicon oo

Nk\Vudexz

IthP

P

+ %w,gy?} dz?
2tp

1 /
+ % /w Ni(Co rp,)t;‘,v [arctan apX(?é/a)] -V arctan o, da?

S CQ/N]{’V’U,]C’QCZ$2
a” Ju

Using Proposition VL6 to lower bound 6)(p) > 27, we obtain

P Ny Vg |2 da? < C”’“Q(“’)
ta wn{e,, <40} a

)
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where C' > 0 is universal. Calling C’ this constant, we deduce that either

/ Ni|Vug|* do? > ilﬁa
wN{e,s <4t} C

or -
vg(w) > aaz.

Since eventually diam (ug(w)) < 2a and p’ stays bounded in H?, we can use (VIL.1) to bound the

last integral, and the statement follows. |

VIIL.2. Conclusion of the proof. The previous quantization result is exploited in the proof of the
following lemma (cf. [26, Lemma II1.5] and [23, Lemma 4.2]).

Lemma VII.6. We have the uniform convergence
Up = Uo  in CP.(D).

Moreover, the limiting measure Vo, s absolutely continuous with respect to voly, and the density
vanishes a.e. on {Vues, = 0}. 0O

Remark VIL.7. In a closed Sasakian ambient M?, the correct analogue is that v, decomposes as an
absolutely continuous part, plus a locally finite sum jeJ cjoz; of atoms, each with ¢; > (M) >0

(an energy concentration reflecting bubbling). Moreover, the uniform convergence holds locally on
Y\ {z;|jeJ}. O

Proof. Given any g € ¥ and £ > 0, as in the proof of Proposition VI.2 we can select p > 0 such
that use is in WH1(0B,(x)), with image (of the continuous representative) having diameter less
than £. As in the proof of Proposition VI.8, we can also assume that u; converges uniformly to s
on 0B, (zg). Thus, by the previous result and Remark VII.5, we have
lim sup diam g uy (B, (o)) < C¢
k—o0

along a subsequence. Since this could be applied to any initially chosen subsequence, we immediately
deduce uniform convergence.

To see that v is absolutely continuous with respect to voly, take zop € ¥ N spt(Vus) and note
that the previous argument, in conjunction with (VIIL.1), gives that for any » > 0 small we can find
p € (r,2r) and ¢ > 0 such that

Veo(By(w0)) < CE2, 2 <C |Vittoo|? da?,
Bar (o)
where C' = C(w) (for any fixed w CC ¥ containing zg). The claim now follows from a standard
covering argument (similar to the one used in Proposition VI.7) and the absolute continuity of the
measure |Vuoo|? d voly. [ |

In the sequel, we replace uy, with its continuous representative. We now obtain a much more
precise structure for v.

Lemma VIL.8. There exists a function Ny € L5 (3, N*) such that

loc
Voo = Noo |0z, oo N Opy U] dxz?

i any local conformal chart on X. Il

Proof. We tacitly work in a local chart, itself included in a fixed domain w CC . Writing dry, =
fdz?, we can assume that 0 is a Lebesgue point for f and that 0 € G,__, as well as Ve (0) # 0.
Up to a left translation, we can also assume that u~,(0) = 0. We first observe that, as r — 0, the
rescaled maps

ul) (x) == 61/ © oo (ra)
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converge weakly in VVlloc2 (C,R?) to the linear map
L(x) = 2103, U0 (0) + 2204, U00 (0).
Indeed, for any R > 0, we have

lim lim N Vul” 2 dz? = lim lim N[V (o ul)? da®
r—=0k—00 /B, - (0) 70 k=00 /B, 5 (0)

= lim lim r_2/ Ne|V (7 o ug)|? da?
BQRT(O)

r—0 k—oo
_ 91 2Voo(Bagr(0))
= (2R) Yim) (2Rr)?
= 81R%f(0)

(the maps u,(:) are defined on Bar(0) for r small enough). Thus, taking into account Proposition

VI.2, we see that
lim sup lim sup diam?% u,(;) (Br(0)) < CR?,

r—0 k—o0

and hence
lim sup diam? (") (BR(0)) < CR?.
r—0
Since ug;)(O) = 0, this gives
(VIL5) limsup [[v o u{) || oo (Bp(0)) < CR
r—0

for all R > 0. Moreover,

/ |Vl |? da? :/ IV (7 o ul))|? da? :r_2/ |V (7 0 U ) |2 dz? — TR?| Ve |2(0).
Br(0) Br(0) Brr(0)
By the local equivalence between the H? and R® metrics, we deduce that uf;? converges weakly in

I/Vlif (C,R?) to a limit map ugg), up to a subsequence. Moreover, we clearly have 7o ug;) —molLin

W2, as well as ulY (0) = 0= L(0) by (VIL5). Further, u is Legendrian, and it is easy to check

loc’
that L is Legendrian as well; since m o uég) = 7 o L, this forces ué%’ = L, as claimed.

() (r)

Moreover, calling v, ’ the domain measure associated with u, ’, we have
. . (r) Y (r) _ 2
e = e = SO
By a diagonal argument, replacing each u; with a suitable rescaling 6y, o ug(ry-), we can then
assume that u., = L and the claim becomes that
(VIL.6) Voo(B1(0)) = w|L(e1) A L(ea)] - n,

for an integer n > 1 bounded solely in terms of w.
If L has rank 1, then L(B;(0)) is included in a line, itself included in {¢ = 0}. Covering this set
with O(s™1) balls B; of radius s, we have

k—o0

limsup/ Ni|Vug|* de? < Cs?
B1(0)nuy, ' (By)

by (VIL.1) (which is preserved by our rescaling operation). Summing over j and using the fact that
eventually u;(B1(0)) € UU; B; by the C} . convergence established in the previous result, we obtain

lim sup Ni|Vug|?dz? = O(s%) - O(s71) = O(s).
k—o0 Bl(O)

Since s was arbitrary, the claim follows in this case.
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Assume now that |L(e1) A L(e2)| # 0 and denote by
Eso = L(B1(0))
the (filled) ellipse obtained as the image of B1(0) through L (which might not be conformal a priori).
Moreover, let
Ps := L(C)
be the Legendrian two-plane spanned by L. Up to a rotation, we can assume that

Poo - Span{Xl(O)aXQ((])} = {(04,0,,8,0,0) ’ a7/8 € R}

We now claim that

(VILT) / ( )[|V(uk)2|2 + |V (ug)al® + |V (ur) | da® — 0.
B1(0
Since V(uk)g; = (ur)1V(ug)2 — (ug)2V(ug)1 + (ur)sV(ug)a — (ug)aV(ug)s, it suffices to show that

/ 19 (un)af? + [V (ur)al?) da® > .
B (0)

We consider an arbitrary cut-off £ : Poo — R supported in the interior of £, as well as
F(Za QO) = 5(21, 23)[2122 + 2324 — ()0]

Since uy — L in C°(B1(0)), eventually uy(0B1(0)) Nspt(£) = 0. The stationarity condition (I1.14)
then gives

0= /B Z NV (ug)aj - V[(€ 0 ug) (ur)2; + (Dzp; & 0 ) ((wn)1 (up)2 + (ur)s(ur)s — (ur),)] da’

/Bl(o) ZNkV uk‘)QJ 1 VI(Ee Uk)(uk)2j 1] dz? + / Np. Z V(ug)e - V[(§ o ug)(ug)e] da2

Since (ug)2; — 0, the contributions from the terms containing (uk)g, (uk)4, or (ug), (not differen-
tiated) go to zero in the limit. Hence, the term on the first line equals

2 2

> Ni(€ 0 wg) |V (ug)o] > da® + ) Ni(0z; 1 & 0 ug) (ur)2e-1V (ug)2; - V(ug)2e da®
j—=1 " B1(0) jo—=17 B1(0)

2
> Nu(@y & 0wV () - V() da® + o(1)
j=17/B1(0)

2
=> Ni(€ 0 up) |V (ug)2;? da?
B1(0)

20 Nl €0 ) ()arV () - ()t da + o)

2
=> Ni(& 0 up) [V (ug)2]? da® + o(1),
B1(0)

thanks to the Legendrian condition V(uy), = Z?Zl[(uk)%_lV(uk)gg — (uk)20V (ug)20—1], while the
second line above equals
2

Z Nk(fouk)\V(uk)gj\deg +o(1).
=B
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This proves (VILT).

Along a subsequence, the induced varifolds vy, g, () converge to a varifold v, (whose weight is)
supported on Ex,. Moreover, v, restricts to a HSLV on H?\ 0€.,, where O€+, := L(0B1(0)). Thanks
to (VIL7), we also have

Voo(P,p) = 0p. (P) ® [Veo|(p)-
For arbitrary a,b € C2°(Ps) supported in the interior of £, we take

F(z,¢) = —a(z1, 23)22 — b(21, 23) 24,
for which the associated Hamiltonian vector field is
W = JgVIF — 2F0, = a(z1,23)0,, + b(21,23)0,; on Pu.

Hence, v, is stationary in the classical isotropic sense, away from 0. By the constancy theorem,
there exists a constant 6y > 0 such that

d|Voo| = Op dH*L Ex.
In fact, we could also have deduced this from the fact that
Vool = lim. |vy g, (o)| = Hm (up)« (15, 0)7) = La(1p,(0)Vo0)

and the fact that v, is a constant multiple of £2. Since £, has area 7|L(e1) A L(ez)|, we obtain
Voo (B1(0)) = [Vool(€co) = blo - [ L(e1) A L(ea)|-

Using (VII.1), we see that 6y is bounded by a constant C(w). Finally, from Theorem IV.1 we deduce
that 6y € N (see also Lemma IV.3 and Remark VIL.9). |

Proof of Theorem VII.1. Recall that we already established the following: we have the C° = con-

loc
vergence up — Us and the measures dy = Nk% dx? converge to a limit of the form dvs, =
Noo |0z, Uoo A Opytino| dz? (in any conformal chart). We now fix w CC X and consider the induced
varifolds vy, .
We claim that, on the complement of us(Ow), any subsequential limit v, coincides with the
varifold induced by us, with the multiplicity N, so that in particular the latter restricts to a
HSLV on H? \ us(0w). Indeed, it is straightforward to deduce that

Vool = lIm |V | = lim (ug)s (kL w) = (too)s (Voo Lw)
k—o00 k—o00

on H?2\ t. (Ow). To obtain the claim, we just have to show that v, is rectifiable (as a varifold in R),
so that it is uniquely determined by its own weight |v.|. Let T be the H2-negligible set of points such
that |v| has a tangent plane (with respect to Euclidean dilations) at any p € spt |Veo |\ (T Utieo (Ow)).
Further, let 7" be the |vo|-negligible set of points such that any p € spt [veo| \ (77 U uso(Ow)) is an
approximate continuity point of the Grassmannian part (in the disintegration of v, with respect
to I : G — H?), both in terms of Euclidean and anisotropic balls, as discussed while proving
Proposition IV.3.

As in the proof of Proposition VI.7 (see also the proof of Lemma VII.6), we see that u., carries
negligible sets to H%(—negligible sets and

H%{(UOO(S>) =0,
where S is the set of points which are not in g{fm or which are not Lebesgue points for N,,. By
(VIIL.1), we conclude that

[Voo| (100 (5)) = 0,
as well. For |voo|-a.e. p € spt|veo| (With p € us(0w)), we then have p & ux(S). Moreover, it is a
classical fact (similar to the proof of Proposition VI.7) that we can write ¥\ S as a disjoint union
of sets Ey, E1, Ea, ..., such that vol,(Ep) = 0 and, for j > 1, us maps (Ej,dp) in a bi-Lipschitz
way to a subset of (M;,dgs), for a C! embedded surface M; C R, in such a way that the image of
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Vueo () is precisely T, M; for all z € Ej. Since T,M; = T,M; for H*-a.e. p € M; N M, we can
then find S’ O S such that £2(S"\ S) = 0 and
img Ve (z) = img Ve (z')  whenever z,2" ¢ " and us () = uoo(2),
as well as
Uoo(z) g TUT' forall z ¢ S’

For ¢ € teo(w) \ Uoo(S” U dw), we may then call P, the image of Vun(z) for any = € uz!(q). Note
that we still have H2 (uo(S’)) = 0, and thus

Vool (s (8")) = 0.

For |voo|-a.e. p & oo (Ow), which we now fix, we then have p € spt |[Voo| \ too (S US"). We assume
p = 0, up to a left translation. We deduce that any anisotropic blow-up w, i.e., any limit of rescalings
(01/r)+ Voo along a sequence r — 0, has the form

w(P,p) = u(P) @ [wl(p).

To reach the claim, it suffices to show that u = dp,: indeed, once this is done, by definition of T'
and 7" the Euclidean blow-up of v, at 0 is a constant multiple of Py, as desired.
As in the proof of Proposition VI.8, the fiber

wNu (0) = {z1,...,2,}

is finite and is made of points in w \ S C g{fm. By construction, the image of Vu, at each of these
points is the same Legendrian plane Py. Arguing as in the proof of (VI.12) (see also the proof of
Lemma VII.6), we see that

wNu (BL(0)) C U Bea(zy),
j=1

for small @ > 0. Thus, on each ball B}(0), the varifold w is a limit of suitable rescalings
n
Z(él/rk)*vkaQCRrk (.Z‘J)
j=1
As in the first part of the proof of Lemma VIL.8, we can also arrange that each rescaled map
01 /r, © U © gf);l(rk-) converges in I/Vl%)c2 N C’looc to a linear map with image Py, where each ¢; is a
conformal chart centered at x;. Thus, as we saw along that proof, w does indeed coincide with a
positive multiple of Py on Bj(0). Since R > 0 was arbitrary, this establishes the claim that pu = ép,.
Finally, by lower semi-continuity of the L?-norm, the convergence of v}, to vs and Lemma VIL8
give
|Vtoo|?
2
a.e. in any conformal chart. On each conformal disk D CC ¥, recall from the proof of Lemma VII.8
that we have

(VILS) 7Ns < C(D),
for the constant C(D) (i.e., C(w) with w := D) from (VIL.1). Hence, arguing exactly as in [23,

pp. 2013-2014], we can construct a C;Dg)z—quasiconformal homeomorphism ¥ : D — D such that

< Noo|ax1uoo A 8xzuoo’

Uoo 01~ ! is weakly conformal. Moreover, the chain rule for such maps (see, e.g., [17, Lemma I11.6.4])
shows that 1’ o ¢~ ! is conformal for any two of them. Hence, they give an atlas for a new smooth
and conformal structure on the topological surface X. We now invoke the classical fact that these
two smooth structures are diffeomorphic to each other to conclude. |
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Remark VII.9. The last proof shows also the following fact: given a PHSLV (X, u, N) and an open
set w CC ¥ such that |v,,|(B%(p)) < CR? (for any ball B%(p) C H2), for |v,|-a.e. p € spt [v,|\u(dw)
the dilations around p, namely
(51/7" © gp—l)*vw,

converge as varifolds to a Legendrian plane with constant density (recall that £,-1(z) := p™" * x).
It also shows that, for a PHSLV (X, u,N), a set F C u(X) is H2negligible if and only if it is
”H%(—negligible. This last fact is false for subsets of the support of |v|, for a general HSLV v (see the
example in Remark IV.2 and note that H% L {z = 0} is a nontrivial Radon measure). il

1

Remark VII.10. In a closed ambient M?, in case of bubbling, we can extract limit bubbles in the
standard way, by using Proposition V.5 to represent them as PHSLVs defined on C = 52, provided
the slightly stronger stationarity condition given in Definition V.1 holds. We also get a (possibly
constant) limit PHSLV defined on ¥ in the same way. We can rule out energy dissipation in neck
regions as follows: assuming (by restriction) that we have a sequence of PHSLVs

(8% % (0, Ry), ug, Ni,)
satisfying (VIL.1) with w := S x (0, Ry), with the usual neck region assumption that R, — oo and

(VIL.9) sup / Ni|Vug? dz? — 0,
a€(0,Rp—1) J S1x(a,a+1)
we claim that in fact
(VIL.10) / N |Vug | dz? — 0.
S1x(0,Rk)

Indeed, given any two sequences ay,by € (0, Ry) with ap < by, thanks to (VIL.9) we can select
aj, < bl such that |a}, — ax| + |b}, — bg| < 1, and such that both u(S* x {a}}) and uk(S* x {0}.})
have vanishing diameter. Thus, the two sets converge to two points qq, g5, respectively. Hence, up
to another subsequence, the limit

v:i= lim va = lim Veiy(,
k—00 S X(a‘kybk) k—00 S X(ak9bk)

exists and is a HSLV on M \ {qq, q»}. Further, we can also test its stationarity with Hamiltonian
vector fields Wr generated by an F' € C°°(M) constant near g, and near g,. Hence, by Proposition
V.7, v is a HSLV on M. If (VIL.10) does not hold, we can select aj and by, such that the limit v has
a positive, arbitrarily small mass; however, v has density 6% > 27 on its support by Proposition
VI.6 and Corollary III.11, and hence it obeys a universal lower bound |v|(M) > ¢(M) > 0 on the
mass by Theorem III.6, a contradiction. O

Remark VII.11. When ¥ is closed, the previous argument also holds for neck regions called
“collars” appearing due to a degenerating conformal structure (see [14] for a concise treatment
of the Deligne-Mumford compactification of the space of closed Riemann surfaces). If we do not
assume the stronger definition of PHSLV*, then compactness of PHSLVs plainly fails, as shown in
Theorem A.1. O

We finally complete the proof of Theorem 1.6. In its statement, we just have the PHSLV as-
sumption. Since the conformal class is controlled, the theorem follows from a standard bubble-tree
analysis and the following lemma (used inductively along the tree).

Lemma VIIL.12. Assume that (X, ug, Ni) is a sequence of PHSLVs in a closed Sasakian ambient
M?, satisfying (VIL1) (with ¥y in place of w) and such that, up to a conformal equivalence, we can
write

Y= U (ST x [0, R])US), Ry — oo,
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or two compact Riemann surfaces with boundary 0%, = S* x {0} and 0¥/ = S' x {Ry}, such that
k k
VIL.9) holds. Then, for any open wy C X7 including the boundary 0Y, any subsequential limit
k k

v:= lim v;
k—oo ok

is a HSLV away from the subsequential limit limg_ o u(Owy) (where Owy denotes the topological
boundary, i.e., does not include 0%} ). Moreover, no energy is dissipated in the neck region, meaning

that (VII.10) holds. O

Proof. The proof is similar to the one of Lemma VIL.4. For simplicity, we assume wj = X}; the
general case is a trivial modification of the following argument.
We pick p) € ug(S' x {ar}), with ax € [0, Ry] chosen such that uy(S' x {ax}) has vanishing
diameter, and let
= [Sl X (ak,Rk)] ] E/k/‘
Given F' € C*°(M), considering the associated Hamiltonian vector field Wr, we claim that

/ din Wg dvk@k —0
G

as k — 0o, where vy g, denotes the varifold induced by (ug, Xy, Ni) and the domain @, C Xy.
Once this is done, we can conclude that Vi, xy converges to a HSLV, up to a subsequence. Also, by
subtraction, as in Remark VII.10 we see that any subsequential limit of vy g1, is a HSLV with
density 6X > 27 on its support, and thus (VII.10) must hold.

To check this claim, we consider a vanishing sequence ¢ — 0 such that

diamg (up(S" x {ar})) < b,

akzbk)

as well as

(VIL11) / Ni|Vug|* da? < CE2,
v s oup <2l

and we let xx(t) := x(t/{x). Since (1 — xx o vy )F" vanishes near ug(9wy) = up(St x {ax}), we
obviously have

/G diV'P W(lkaotp;)F de’a)k =0.

Hence, in order to conclude, we just have to prove that
/ 2divp W(Xkotp;c)F Avi s, = A+ B, + Cy.
G

goes to zero, where
2

Ay = /@ NkZV(uk)zj -V [(VH(Xk otp;v) ~Xj> F} da?

j=1
2
/ NkZV Uk; 2j—1 " [(VH(XkOtp;C)-YVj)F} dZL‘2
7=1
(we omit composition with ug) and

2
/ N>V (up)2; - kotp;g)(vHF-Xj) da?

W j=1

2
/ Nkzvuk 2j—1" V(Xkot/)(VHF.yj> d>
7=1
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as well as
Ch = / (xk o tp;) divp Wg dvy g, -
G
We first bound Aj. We rewrite it as

A= /w Nkiv(w)% Y [(VH(Xk oty ) Xj> (F — F(pic))} da?

j=1

- [~ S VeV (V" oy) - Y3) (F = F(ph)] da?,

=1

where we tested stationarity with WXkorp/ = —W(_y)er, in order to subtract the constant F(py,)
k Pl

from F'. We have the bound

C
IVH(VH(Cory) - X;)| < @ 1330, 0\B;, )

and similarly for Y;. Using the equivalence between the Carnot-Carathéodory distance and the
Koranyi distance dg, we also have

|F — F(p},

H
)HLoo(Bélk(p;c)) < CllIVTFll oo (B, @})) < Ol

Combining the previous bounds gives

|Ag| < C/ Ny | Vg |* da?.
Uk {tpzouk<28k}

As for By, a similar (simpler) argument implies exactly the same bound, while obviously

Ckl < C Ni.|Vug|? da?.
{tp;cOUk<2€k}
Hence, by (VII.11) we have
|Ak| + |Bk’ + |Ck| < Cl, — 0,
as desired. m

Remark VII.13. It is important to point out why the previous proof does not work for collars,
in the context of degenerating conformal class. The fundamental difference is that a collar does
not disconnect Xi. Hence, we would need to cut it at two different places (rather than just one),
corresponding to two points pj,p € M. However, the previous proof breaks down when we subtract
a constant from F' in the term Ay (since the two constants F'(p).) and F(p}) might be far from each
other). And indeed the lemma is false for collars, as shown in Theorem A.1. O

VIL.3. Tangent cones to PHSLVs. In this part we consider a PHSLV (X, u, N) and we fix a
point zg € 3. We now show that a notion of parametrized blow-up exists at zp, under suitable
assumptions. The first one is the technical assumption that 2o € . Recall that this means that we
have u(xg) ¢ u(Ow) for a suitable w CC ¥ containing xg. This assumption is typically satisfied in
practice, as the next criterion shows (cf. Remark VIL.3).

Proposition VII.14. If u is not constant in any neighborhood of ¢ and for some ¢ > 0 we have

(VIL12) N|Vul?dz* < CR?

/Be(oco)ﬂ{tu(mo)ou<R}
for all radii R > 0, then xq € X. O
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Proof. Since the claim is local, we can assume that ¥ =D, 2o = 0, and ¢ = 1. Let A > 2 large, to
be found later. Up to a translation, we can assume u(0) = 0. We fix a radius r € (0,1/A) and let

s2 = / |Vu|? da? > 0.
Br(0)
Since by (VIIL.12), for r < e, we have

/ |Vu|? de? < Cs?,
r(0)N{rou<s}

we can find p € (r, Ar) such that u € W12(9B,(0)) and, for a possibly different C, we have

2
/ W ant < 25
{rou<s}NAB,(0) plog A
Then Cauchy—Schwarz gives
/ Valdnt <~ —y
{rou<s}NdB,(0) log A

By (II1.14) we have |V(vou)| < [Vu| on {u # 0}. Hence, if {rou < £} N9B,(0) # 0 and 2¢ < s,
then the previous inequality gives
0B,(0) C {vou < 2¢}
(since the image of v o w on this circle cannot include the full interval (¢,2¢)). By Lemma VII.4
(applied to a constant sequence) and Remark VIL5, this gives
diamg u(B,(0)) < CL+ Cl™ vy (0)|(B(0)) < CY,

where we used (VII.12). In turn, this implies
§% < / |Vu|? de® < CF?,
Bp(0)
again by (VIL.12). Both s < 2¢ and the last inequality are impossible for A large enough. Hence, for
this radius p € (r, Ar) we have tou > £ on 0B,(0), and in particular u(0) = 0 & u(9B,(0)). [

Proposition VIL.15. Let (X, u, N) be a PHSLV and let xg € Y such that u is not constant in any
neighborhood of xg. Moreover, in a conformal chart centered at xo, assume that for a sequence of
radii v, — 0 we have

I ) |Vul|? dz?
(VIL13) lim sup ——% <
k—ro0 fBrk (0) Vul? dz?

C(R)

for any given R > 1, where as usual we use the metric gg2 to measure the Dirichlet energy. Letting
w(v) =y o by oulriy). Fo= [ |VaPd,
By, (0)
and Ni(y) := N(rry), up to extracting a subsequence, we have uy — Us in Cl%c for a suitable map
Uso : C = H2 and a limit PHSLV (C, {ise, Nso), such that
Uso = Uoo O P

for a quasiconformal homeomorphism 1 : C — C with ¢(0) = 0, with the same conclusions as
Theorem VII.1. Moreover, the maps uso and s, are proper, with

uz (0) = a5 (0) = {0},

and we have
Soouoozﬁpoﬂoozov
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as well as ~ 3 B

Noo < Noo(0) = N(xp),
where N denotes the function built in VI.10 for the limit. g
Remark VIIL.16. In fact, a posteriori (VIL.13) is always satisfied, provided that a bound of the

form (VIII.1) holds at least locally, as a consequence of the regularity theory developed in the second
part of the paper. 0.

Remark VII.17. Note that this result holds without changes in the case of a closed ambient.
Indeed, once we magnify it at smaller and smaller scales, Remark VII.5 applies; in particular, we
cannot have bubbling in this blow-up setting. O

Proof. Without loss of generality, we can assume that u(zg) = 0. Since
(01)« X =t X5, (0):Yj = 1Y

and Vu takes values in horizontal planes, we see that for any R’ > 1 we have
/ Vg |* de® = 5;2/ |Vul|? de® < C(R))
B/ (0) R'ry, (0)

in the conformal chart. Also, by assumption there exists wy CC ¥ such that 0 = u(zg) & u(dwp).
Hence, for any R, R’ > 0 we have

limsup/ Ni|Vug|? da? :hmsupst/ N|Vu|? dz?
k—oo J Bp/(0)N{rour<R} k—o0 Bpir, (0)N{rou<Rsy}
(VIL.14) < lim sup 3/;2’Vw0|(B;%sk (0))
k—o0
< CR?,

by Corollary I11.12 and the fact that v,,, restricts to a HSLV on H? \ u(dwyp), which is an open set
containing the origin. Recalling that N € L} , we see that all the assumptions of Theorem VII.1
are satisfied, except for the fact that we apply it with domains increasing to C, which makes no
difference in the proof.

We then obtain a limit map ue, and a limit PHSLV (C, G, Noo) up to a subsequence. Crucially,
Uso and U are not constant thanks to (VIIL.2). This convergence of measures, together with (VII.14),

also gives
(VIL15) / Noo|Viieo|? da® < CR2.
ol <R
We now show that u., is proper. By arguing exactly as in the previous proof, we can find an

increasing sequence of radii 7; — oo such that

inf tody — o0 asj— oo.
0B-,(0)

If G is not proper, then we can find points ; € A;j := By, (0) \ Br,(0) such that G (z;) stays
bounded, up to a subsequence. Applying Theorem IIL.6 to the varifold v 4; (induced by the limit
PHSLV and the domain A;), as well as Proposition V1.6, we would get

[Voo,, (B (o (7)) > ¢ >0
for j large enough, since B} (loo(x;)) is disjoint from U (0A;) eventually. Taking

R :=1+ sup tolx(xj),

Jj—00
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we then get

[ Vi e 2 Y e, (B (e ) =
ToUo <R j

contradicting (VIL.15).
In particular, since i (and thus also us) is proper, the function N is defined on all of C. Also,
a proof similar to the one used in Proposition VI.13, relying on Corollary I11.11, shows that

Noo(0) > limsup Ny, (0) = N (o).

k—o0
We can assume without loss of generality that 27N (zg) = 6X(v,,,zo). Moreover, since v, is a
HSLV near the origin, Corollary I11.12 gives the bound

lim sup sy, %[V |( By, (0)) < CR?,

k—o0

so that up to a subsequence the limit HSLV

W= klggo(al/sk)*vwo

exists and satisfies

(VIL16) |w|(B%(0)) < CR2.

The same derivation of (VII.14) shows that

(VH.l?) Voo,w(BR/(O)) S W

for any given R’ > 0. Since 0X(w,0) = 27N (o), we conclude that also the reverse inequality
Ne(0) < N(xo) holds. Moreover, the same argument used in the proof of Proposition VL8, together
with (VIL.17) and the equality 6X(w,0) = 27N (0), proves that 4 !(0) is a compact connected

set containing 0. However, taking x on its topological boundary, the argument used in the previous
proof gives arbitrarily small radii 7 > 0 such that v o G > 0 on 0B, (x), proving that

iz (0) = {0}.
Let us now show that 27 Nu(z) < 0X(w,0) = 27N (0) for all z € C. By (VIL17) and the

definition of N, it suffices to show that 6X(w,p) < 6X(w,0) for any given p € H2. Using the
notation (II1.10) and calling f, , the integrand in (II1.10), we clearly have

|fo1 = faal £ Clgl < Cdg(0,q) for all g € B} 5(0).

By a simple scaling and translation-invariance, we obtain
dr(q', q")
[fgr.a = foral < CT

Hence, letting Ry := dk (0, p), by monotonicity and the last bound we have

for all ¢/, ¢" € H? and a > 2dx(q',q").

R
(VIIlS) @(W7p75) S ®(W>p7 R) S @(W>O7 R) + CFS‘W‘(BER+2RO(0))

for all 0 < ¢ < R with R > 2Ry. Hence, letting ¢ — 0 and using (VIL.16), we obtain
0% (w,p) < O(w,0,R) + O(R™").

Since VP arctano = 0 on spt(w) \ II"1(0) (see Remark II1.9), monotonicity implies that R
O(w, 0, R) is constant and thus equal to X(w,0), and the claim follows once we let R — oc.
It remains to show that ¢ ot = 0. By (VIL.17) we have

V7 arctang =0 for all (P, p) € spt(veoc) \ IT1(0).
Since oo (x) # 0 for x # 0, we deduce that
V(arctano o isg) =0 a.e. on C\ {0},
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and hence arctan o o i, is constant on C\ {0}. This constant cannot be £7, since in this case Uoo
would take values in {z = 0} and hence we would have Vi, = 0, a contradiction since . is proper
(and thus not constant).

Thus, for z # 0 we have pots(x) > 0 and 0ol is constant. Since o, vanishes only at 0, taking
an arbitrary r > 0 and 0 < R < mingp, (9) p © Uso, We see that the induced varifold v, p () is a
HSLV on {p < R}, and by applying the same proof of Lemma IV.5 we conclude that the constant
is zero. |

VIII. REGULARITY: INDUCTIVE SETUP AND BASE CASE

VIII.1. Inductive setup. From now on, up to working in a local chart, we assume that we have a
PHSLV varifold (2, u, N), with © C C a connected open set and u nonconstant (i.e., Vu # 0), such
that for some constant C' > 0 we have

(VIIL1) / N|Vu|? dz? < CyR?
u=1(BR(p))

for all p € H? and all radii R > 0. Our long-term goal is the following regularity theorem.

Theorem VIII.1. There exist two disjoint, locally finite sets of points Ssw, Spranch C €2 such that:
(i) for any xo € Ssw and any sequence r; — 0, the maps

T+ 0175, © Ly(zg)-1 © u(To +757), 8]2 = / - |Vu|? dz?
Brj x0

converge in Cl%c N Wlif to a map C — {p = 0} whose image is a non-flat Schoen—Wolfson
cone, up to a subsequence;
(ii) on Q\Ssw, the map u is smooth (in fact, a branched immersion with branch points at Spranch);
(71i) on Q\ (Ssw U Spranch), the map u is a smooth immersion;
(iv) N is a.e. constant. O

Recall that © C Q is the (open) set of points 2 € Q such that u(x) ¢ u(dw) for some open set
r € w CC 0. We let Q,. C Q be the (relatively closed) distributional support of Vu; in other words,
0\ Q. is the largest open subset of Q where w is locally constant.

Proposition VIIL.2. We have Q. = Q=0 [

Proof. Proposition VII.14 shows the inclusion €2,. C Q. Assume now that Q. # Q and let €' be a
connected component of the open set 2\ Q.. Then wu is constant on '; up to a translation, we can
assume that u|g = 0.

Since 2 is connected and the closed set 2, # 0 by assumption, the relative boundary QN oQ’ is
not empty. Taking an arbitrary x on this boundary, and thus in £2,., the proof of Proposition VII.14
gives arbitrarily small radii p > 0 such that 0 € u(0B,(x)). Thus, the circle 0B, (x) is disjoint from
V. Since ' is connected and x belongs to its closure, this implies that @' C B,(x), and hence
V' =10 (as p was arbitrarily small and = & '), a contradiction. [ |

In particular, N : Q — [1,00) is defined at every point of Q. From the definition of N and
(VIIL.1), we see that

sup N < oo.
Q
We let v € N* be such that
(VIIL2) supN € (v —1,v].
Q

We will prove the regularity theorem by induction on v. As in [23], we now define admissible points.



A VARIATIONAL THEORY FOR THE AREA OF LEGENDRIAN SURFACES 65

Definition VIII.3. We say that z¢ € Q) is strongly admissible if the bound

lim su fBQT(xo) Vul? dz?
r—>0p fBr(mO) |Vul? dz?

holds true. We say that xg is admissible if there exist A > 0 and a sequence r; — 0 such that

< 00

/ |Vu|? da? < 22Aj/ \Vul|?daz® forj=1,...,k
B,j, (zo) By, (z0)

holds true. O

It is important that, while A depends on xg, it is independent of k. This will allow us to have a
blow-up defined on the full complex plane C. Indeed, thanks to Proposition VIIL.2 we have zo € O
for all g € Q. Moreover, thanks to the previous proposition, we can always form the blow-up at
an admissible point, along a suitable sequence of radii r, — 0 (as opposed to any sequence for a
strongly admissible one), in the sense that Proposition VII.15 always applies.

Proposition VIIIL.4. The image through u of the set of non-admissible points has dx-Hausdorff
dimension zero. O

Proof. Let us fix A > 0 and let a; := log,[[5 o (z0) |Vu|? dz?] + 2A¢, which is defined for ¢ large
.

enough. We assume that eventually
Qy > Al
and claim that zg is admissible. If not, then we can find k, ¢y € N* such that, for any £ > ¢;, there
exists j(¢) € {1,...,k} such that
ag—j; > ag.
This implies that

be := max{ag, a1, .-, Q1) = max{a, api1, - Qopk—1, Goik ) > boyt

forms a decreasing sequence for £ > ¢,. However, this contradicts the fact that by > AZ.
If instead, for any A > 0, we have ay < A/ for infinitely many indices ¢, then for these we have

/ |Vu|? de? < 277
B,—¢(20)

The image of such points has Hausdorff dimension zero, by Proposition VI.2 (cf. [23, Lemma 5.3]).
|

Remark VIIIL.5. In [23] we showed that, in the isotropic setting, non-admissible points are remov-
able singularities. The analogous result here seems challenging, due to the lack (even a posteriori) of
an elliptic PDE. Rather, we will show that, in fact, non-admissible points do not exist; the drawback
is that the latter has to be established in tandem with the induction used to show regularity. In
fact, admissibility of all points is also stated in [31, Proposition 4.2, with a different proof. Here
we prefer an argument which looks much more natural, exploiting the principle that the doubling
bounds required in Definition VIII.3 are satisfied in a blow-up. O

The following tools will be used in the sequel. We start from a fact which follows easily from the
work carried out previously by the two authors in the isotropic setting [23].

Proposition VIIL.6. For a PHSLV (Q,u, N) taking values in a Lagrangian plane P C C? x {0},
the map u is holomorphic up to a suitable linear isometric identification P =2 C, and moreover N
18 constant a.e. [l

Note that a Lagrangian plane P C C? x {0} is the same as a Legendrian plane (namely, a two-
dimensional linear subspace P C R such that Ty C TpoH? is horizontal, i.e., belongs to Gj it is
automatic that the same holds at all points of P).
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Proof. Up to a rotation, we can assume that P = span{0,,, 0., }. Given any open set w CC  and
any two smooth maps

a,b € C°(P \ u(0w)),
we can take F(z, ) := —a(z1, 23)2z2 — b(21, 23) 24, which vanishes near u(dw) and has
2divp Wp = 8Zla + OZS b.

Thus, the fact that (Q,u, N) is a PHSLV implies that it is also a parametrized stationary varifold,
as defined in [23]. The fact that w is holomorphic then follows from [23, Theorem 3.7] (see also
[23, Theorem 3.3] for the simpler case of a proper map). Working away from the locally finite set
{Vu = 0}, we can consider an open set w CC € such that u|, is a diffecomorphism with its image.
The induced varifold v, has constant density 6y € N* by the constancy theorem. From the definition
of N, it is straightforward to conclude that N = 6y on w. |

The following is an important observation which essentially follows from the previous two results.

Proposition VIIL.7. Assume that the PHSLV (C, lino, ]\700) is a blow-up at an admissible point xg,
as in Proposition VII.15, and recall that in this case Noo(x) < Noo(0) for all z € C. If equality holds
at some point x # 0, then G is a holomorphic map with values in a Lagrangian plane P C C?x {0},
and ]\70o 18 constant a.e. O

Proof. We use the same notation of the proof as in Proposition VIL.15. Assuming that Noo(x) =
Noo(0) for some x # 0, then letting p := dioo () # 0 (as 1 (0) = {0}) and recalling that

O(w,0, R) = 0X(w,0) = 2r N (0) for all R > 0,
as in the derivation of (VII.18) by monotonicity we get

2 Noo () + / x(t,/R)|V7 arctan a,|? dw(P, p)
G\IT~!(p)

<Owp)+ [ /R arctangy  dw(Pp)
G\IT=(p)
< O(w,p, R)
<O(w,0,R) +O(R™)
= 27N (0) + O(R™Y).
Letting R — oo, we deduce that
27 Noo () + / VP arctan a,|? dw(P, p) < 27 Nuo(0),
G\IT~!(p)
and hence, thanks to the assumption that Nu(2) = Nao(0), we deduce that

/ |V arctan (o, o iio)|? do? = 0.
Yoo P

Using the properness of i, (and the fact that 4. cannot take values into {z, = 0} = {z = z(p)}),
we conclude exactly as in the proof of Proposition VII.15 that
Pp Ol = 0.
In the sequel, we let v := 7 0 lioo. Recalling that ¢ o oo = 0, we then have Gy = (v,0). Writing
P = lico(z) = (2,0) # 0,
the fact that ¢, o i = 0 says that

1

0=po(p " *v)=—21vy + 2201 — 2304 + 2403,
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or equivalently J2 L v at every point, where J(z) := iz in C2. Hence, assuming up to a rotation
that Z = e3, we obtain that i, takes values in the three-dimensional space {z4 = ¢ = 0}.

Recall that, by the Legendrian condition, the fact that ¢ o @i, = 0 says also that the vector
Ju(z) = (—wva2(z),v1(x),0,v3(x)) is perpendicular to the image of Vu(z) at a.e. x € C. In other
words, (—vg,v1) is a.e. perpendicular to the image of V(v1,vs). Hence, the map

o (v1,v2)
[(v1,v2) |

defined on the open set C\ {v; = vo = 0}, is locally constant. Thus, on each connected component
V) calling a(Q') € R? C R> the constant value, the map v takes values in the Lagrangian plane
P(Y) := span{a('), es}.

By Proposition VIIL.6, we can find a linear isometry L(Q)') : P(Q') — C such that teg — it for all
t € R and such that L(£2")ov is holomorphic. It is immediate to check that the map h : C — C given
by this composition on each €' and by 0 on {v; = vy = 0} is still W!? and satisfies the Cauchy—
Riemann equations. Hence, h is holomorphic. It follows that the set {v; = va = 0} = {h = 0} is
discrete and that, in fact, there is only one connected component Q. Thus, i takes values in a
Lagrangian plane and, by Proposition VIII.6, N is constant a.e. |

We conclude with a sort of e-regularity result, which follows from an analogous statement in the
work of Schoen—-Wolfson [31], in which it was one of the fundamental tools for the regularity theory
of minimizers.

Proposition VIIL.8. There exists a universal constant eg > 0 with the following property. Assume
that L : R? — P is a linear isometry taking values in a Legendrian plane P and assume that on a
ball By(z9) C Q we have

sSup dK(gu(:co)—l ° u(x)7 L($))2 < 50T2’
xE€By(x0)
as well as
- )H%U(w) — Z1(w(@))? + |0z, u(z) — Zo(u(@))’] da? < o1,
(o
where Z1, Zy are orthonormal, left-invariant vector fields such that P = span{Z;(0), Z2(0)}. More-
over, assume that N is a.e. constant on Q{:. Then u is a smooth embedding on Br/2<1’0). O

Proof. Recall that, in the definition of stationarity for a PHSLV, the value of N matters only on
Q{j. Since stationarity is not affected if we multiply N by a constant, we can then assume without
loss of generality that N = 1 on all of Q2. The result now follows from the proof of [31, Theorem 4.1]
(note carefully that, although the regularity theory in [31] deals with minimizers, the minimality
assumption is not used in the proof of this result). |

VIII.2. Base case of the induction: v = 1. We now deal with the base case of the inductive
argument where v = 1. Recalling (VIIL.2) and the fact that N(z) > 1 for all z € Q = Q, this means
that

N(z)=1 forallz e Q.

Recalling that u is not constant and 2 is connected, we claim that the map w is a smooth immersion.
Obviously, to prove this, it is enough to show that u is a smooth embedding near any point x € 2.
We begin with a simpler case.

Proposition VIIL.9. If x¢ € Q) is admissible, then u is a smooth embedding near xg. O

Proof. Up to a left translation in H?, we can assume that u(xg) = 0. We consider a parametrized
blow-up at xg, provided by Proposition VII.15, taken along a suitable sequence rp, — 0. Let
(C,liso, Noo) be the resulting PHSLV and recall that

Umzﬂm0¢,
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where ¢ : C — C is a quasiconformal homeomorphism and u, is a Cl%c limit of rescalings wuj of the
map u.

Recalling that Ny >1 by Proposition VI.13, we also know from Proposition VII.15 that

1 < Ny < Nyo(0) = N(zp) = 1.

Hence, NOO =1 is constant. By Proposition VIIL.7, it follows that NOO is a.e. constant and . iS a
proper holomorphic map taking values in a Lagrangian plane P C C? x {0}. Since Noo = Ny =1
a.e. on gg;o by Proposition VI.13, we have Ny =1 ace.

Moreover, the map i is injective, since if p := G (2') = too(2”) # 0 for two points 2’ # x”
then, using the same notation as in the proof of Proposition VII.15 (arguing as in the proof of
Proposition VI.8 and noting that the fibers of U, are finite sets), we see that

27 Noo (2') 4 27 Noo (2”) < 0X(w, p) < 0X(w,0) = 2N (0),
contradicting the fact that Ny (z') = Nuo(2”) = Nuo(0) = 1. Since 1 is an injective holomorphic
map with s (0) = 0, it is linear.
Finally, recall from the proof of Theorem VII.1 that we have the convergence of Radon measures
2
2

where Nog = Ny 0 1 = 1 a.e. (as quasiconformal homeomorphisms preserve negligibility of sets).

dz? — 00|01 Uoo A Opy o] da?,

Since Ny = N = 1 a.e. on g{fk, we conclude that

\V4 2

Vug|”
2

By lower semi-continuity of the Dirichlet energy, this implies that the last inequality is an equality

and that the weak convergence up — oo in I/Vllof is in fact a strong one.

Hence, uq, is already weakly conformal, in which case ¢ can be taken to be the identity (cf. the
proof of Theorem VII.15). Thus, we have

\V4 2
2 — |02, Uoo A Oy Uoo| dz? < |u20.J dz?.

Uoo = Upo-
Since up — U I CI%C N W/llo’f((C,HQ), and since uy is a linear conformal map, we conclude that
(a rescaling of) uy eventually satisfies the assumptions of Proposition VIII.8. Thus, ug is a smooth
embedding near the origin, for £ large enough, which implies that u is a smooth embedding near

the point xzg. |

We now turn to the general case. The following argument will be useful also in the inductive step,
revealing that, in fact, all points in €2,,. are strongly admissible.

Proposition VIIL.10. Any point xg € Q is strongly admissible, and thus the map u is a smooth
immersion on all of ). O

Proof. Fix xy € 2 and assume without loss of generality that zop = 0 and u(xg) = 0. Let us assume
by contradiction that 0 €  is not a strongly admissible point. This means that we can find a
sequence of radii r; — 0 and numbers ¢; — 0 such that

(VIIL3) / \Vu|? de? = 8?832, s? = / |Vul|? da?.
Br;/2(0) Br; (0)

Given any sequence 7; € [g;s;, 2€;s;], let D = D(7;) be the connected component of {rou < 7;}
containing 0. We claim that

(VIIL4) B,,4(0) € D} € Bey,(0)
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eventually, for a constant C' > 1 independent of j. The first inclusion follows directly from Propo-
sition VI.2 and our assumption, which gives

diamg u(B;,4(0)) < CE?S]‘ = o(egjs5),

while the second one is obtained as in the proof of Proposition VII.14: for a large enough A > 2, we
can find p; € (r;, Ar;) such that

s
tou > long on 9B,,(0),

and the latter is greater than 2¢;s; > 7; eventually, giving

Dj C B,,(0) € Bag,(0).

We now select a smooth domain D; in the following way: for j large enough we have D’ (2¢;s;) CC
Q) and, considering the compact set
Kj = Dj(2e;55) N{rou < g;s;},

we take a smooth domain K; C w; CC Dj(2¢;s;) and set I'; := Ow;. Note that I'; a priori consists
of one or more loops; we let I'; denote the outer loop and let D; O w; 2 D; (sjsj) be the domain
enclosed by I';, for which clearly we still have the inclusions

B, 14(0) € D; C Bey, (0).

Moreover, by Lemma VII.4 (applied to a constant sequence) and Remark VIL5, since tou < 2¢;s;
on I'j, we have vou < Cejs; on Dj, which by (VIIL1) gives

(VIIL5) / N|Vu|?dz? < C(gjs5)>.
D

We now consider a conformal diffeomorphism
¢j: B1(0) = 7' D;  with ¢;(0) = 0.

By the classical Carathéodory theorem, ¢; extends to a homeomorphism 0B;(0) — I';. We claim
that ¢; converges (in CX) to a limit diffeomorphism ¢o : B1(0) = ¢oo(B1(0)).

Indeed, a limit in CF, exists since the maps ¢; are holomorphic and equi-bounded. In order to
conclude that ¢ is a diffeomorphism, it is enough to show that it is nonconstant (see Lemma
VIIL.13). Assuming by contradiction that ¢, = x¢ is constant, we observe that ¢; is bounded in
W12 since it is a sequence of injective conformal maps whose image has bounded area. Hence, they
converge weakly to ¢oo in W12, Since the traces converge weakly in H'/2, they converge strongly
in L? to x¢. Thus, the classical representation formula with the Poisson kernel shows that

¢j — X0 in Cﬁ)oc(Bl(O))

Since ¢;(0) = 0, we must have zo = 0. However, this contradicts the strong L? convergence of traces
and the fact that |¢;| > 1/4 at the boundary 9B;(0).
In the same way, we now consider another smooth domain 0 € A; CC D; diffeomorphic to the
unit disk, such that
tou € (gjs;/4,€55;/2) on 0A;.
Crucially, the next lemma gives also the inclusion

;1 (r; 1A4) € Ba(0)

eventually, for some a € (0,1). Moreover, by monotonicity applied to the induced varifold va,, we
see that

/A N|Vuf2da? > vy (B, 14(0)) = cless;)>
J
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As a consequence of this and (VIIL.5), there exist two other constants 0 < ¢ < C such that

r:Vo.: 2 r:Vo. 2
el < [ IV o (o < [ IvuPlo (o) TR ar? < Oy
Ba(0) 2 B1(0) 2

Setting
uj = (51/(€jsj) ouo (rjp;), Nj:=Nol(rjp;),
we then have
c< / N;|Vu;|* dz? < / N;|Vu;|* d? < C.
Ba(0) B1(0)

~

We can then apply Theorem VII.1 and take a (subsequential) limit PHSLV (Bj(0), tieo, Noo). Note
carefully that the limit map o is not constant, since (VIL.2) implies that

/ |Viioo|? dz? > 0
(Ba(0))

for a suitable quasiconformal homeomorphism 1.

Recalling that 2 =  and taking 0 € wg CC 2 such that 0 ¢ u(dwy), as in the proof of Proposition
VIIL.15 we see that the induced limit varifold v, has support included in a blow-up of v,,,. Moreover,
for the (subsequential) Hausdorff limit

T:= lim ¢;'(r;'9A;) C Ba,

J—00

we have 0 ¢ T since us|r takes values in [1/4,1/2], and moreover the connected component of
B1(0) \ T containing 0 is compactly included in Bj;(0), since the same holds along the sequence
(with ¢j_1(7"j_18Aj) in place of T'). This shows that 0 belongs to the domain of Na.

Hence, arguing exactly as in the proof of Proposition VII.15, we obtain that .. is not constant
in any neighborhood of 0. Recalling (VII.2), this means that, for any fixed p € (0, 1), there exists a
constant ¢(p) > 0 such that

/ \Vu;|? de? > c(p)
B, (0)

eventually. Since ¢; converges to a limit diffeomorphism ¢., we also have ¢;(B,(0)) € Bg,,(0)
eventually, for a constant Cy > 0 independent of p and j. This immediately gives

[ vtz e
BCOprj (0)

Taking p > 0 so small that Cpp < 1/2, we reach a contradiction with (VIIL.3). [

Remark VIII.11. At the end of the previous proof, we could have also concluded as in the proof
of Proposition VIILY: since Nog = 1 near 0, we have Uj — Uso Strongly in W12 here and thus
lloo = Uso 18 an injective holomorphic map near 0, which is then close to a linear conformal map at a
small scale. Hence, Proposition VIIL.8 applies to u;, for j large enough, showing that u is a smooth
embedding near 0, a contradiction. However, we preferred an argument which better generalizes to
the situation of the inductive step. O

Lemma VIII.12. In the situation of the previous proof, there exists a constant o € (0,1) such that
¢; 1 (r; A7) € Ba(0)
for j large enough. O

Proof. Let Aj := B1(0) \ qﬁj_l(rj_lAj), which is diffeomorphic to a closed annulus. It is well known
(see, e.g., [6, Theorem A.1]) that there exist &; € (0,1) and a conformal diffeomorphism

fi : B1(0) \ Be;(0) = A;
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which maps 0B, (0) — ¢; ' (r;'0A;) and 8By (0) — 9By (0).
We claim that
B :=limsup&; < 1.
Jj—00

Indeed, assuming by contradiction that {; — 1 along a subsequence, by (VIIL.5) we have
/ Vi, [* dx? < C(ejs;)?,
B1(0)

where @; := uo (rj¢;) o fj, and thus by Cauchy-Schwarz we deduce that

/ |Viij| dz? = o(e;s;).
B1(0)\Bg; (0)

In particular, we can select 6; € R/27 such that @; restricts to a W1 function along the segment
S; = &€ ], with

/ || dH' = o(ejs)).
5;

Recalling (II1.14), this implies that the oscillation of v o @;|s; is o(e;s;). This contradicts the fact
that the oscillation is at least v o ;(e%) — v o @j(£;e%) > e;5;/2 (vecall that tou > ¢;s; on 0D
and tou < €55;/2 on 0A;).
Now, taking any 8’ € (38,1), we claim that
(VIIL6) h§n_>sotip xeg}%}/c(o) |fi(z)] < 1.
Indeed, assume that |fj(x;)| — 1 along a subsequence, for some points z; € 0Bg (0). Up to a further
subsequence, we can assume that x; — o and f; — f locally uniformly, for a holomorphic map
foo : B1(0) \ Bg(0) — C. Since B, /4(0) C Aj, we have
1
|60 fil 2 -
If foo = 0 then, since ¢; — ¢ uniformly near 0, we would have ¢jo f; — ¢ (0) = 0, a contradiction.
Since f;/|f;| has degree 1 from 0B;(0) to itself, it also has degree 1 from 0Bg (0) to 9B1(0), showing
that f; cannot converge to a nonzero constant on 0By (0) either.
Thus, f is not constant, and from Lemma VIII.13 we deduce that it is a conformal diffeomor-
phism. Since |f;| < 1, we have |fo| < 1 as well, and hence |fs| < 1 by the maximum modulus
principle for nonconstant holomorphic maps. Hence, we have

| fi ()] = [foo(mao)| < 1,
contradicting the assumption that |f;(z;)| — 1. Finally, using the fact that f; is an orientation-
preserving diffeomorphism, it is easy to deduce from (VIIL.6) that
limsup max |fi(z)| <1,
mowp x| 1f(2)]

as desired. m
We also used the following well-known fact.

Lemma VIIL.13. Assume that we have a sequence of conformal diffeomorphisms f; : U; — f;(U;),
with U; C C open, converging to

foo : Uso = C
locally uniformly, for an open connected ) # Uy C C (meaning that, for any compact K C U, we
have K C U; eventually and fj|k — fool ik uniformly). If fo is not constant, then fo is a conformal
diffeomorphism. O
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Proof. Since the maps f; are holomorphic, the limit f is also holomorphic. Assuming that f is
not constant, in order to prove the statement it suffices to show that f., is injective. Assuming that
foo(x0) = foo(x1) for two points x¢ # x1, up to subtracting a constant we can assume that

foo(x0) = foo(w1) = 0.
Since Uy, is connected and fL!(0) is discrete, we can enclose {xg,z1} with a smooth Jordan curve
v, bounding a subset of Uy, and whose image avoids the zeros of f... Using complex notation, the
classical Rouché’s theorem then gives the contradiction

! /
> i fj(z) dz — L foo(2) dz > 2,
2mi J., fi(2) 2mi /., foo(2)
since the two integrals count the number of zeros (with multiplicity) enclosed by =, for the two
functions f; and fu, respectively. |

IX. INDUCTIVE STEP: PREPARATION

IX.1. Classification of tangent cones. Recalling Proposition VIIL.2 and (VIIL.2), we now assume
that we have R
supN € (v —1,v] for some v > 2
Q

and we assume inductively that the regularity result, i.e., Theorem VIII.1 holds for any PHSLV
such that this supremum is at most v — 1.

Definition IX.1. From now on, we will use the following notation for the rescalings:

(IX.1) Ugy,r(T) = 51/5(360#) © éu(mo)_1 ou(xg+rx), s(zo, T)Q = / ) ]Vu|2 da?.

Br(‘TO
Similarly, we let Ny, (z) := N(xo + rz). These two functions wug,, and Ny, , are defined on the
dilated set €2y, := r_l(Q — xp). We will often omit the subscript xy, when the reference point xg
is clear from the context. O

In this part we want to show the following structure theorem for tangent cones, which can be
either flat planes or non-flat Schoen—Wolfson cones, described in [31, Section 7].

Proposition IX.2. Assume that zo € 2 is an admissible point and consider a blow-up PHSLV
(C,ﬂojNo) arising as the limit of (y,u,, N;) along a sequence v — 0, as in Proposition VII.15.
Then its image is either a Lagrangian plane P C C2 x {0} or a non-flat Schoen—Wolfson cone. In
the first case, ug is a polynomial of the form

tio(2) = c2F with k€ {1,...,v},

after we suitably identify P = C, while in the second case it is smooth on C\ {0} and it is an
immersion here, outside a locally finite subset of C\ {0}.

Let Ap denote the set of admissible points for 4g. We now make the following observation, which
exploits our previous understanding of the flat case.

Lemma IX.3. If z € Ay \ {0}, then Nyo(z) € N and, for any blow-up at x, the parametrization is
a homogeneous polynomial. O

Proof. Note that (VIIL.1) is inherited by the blow-up. Since g is not constant, we can apply
Proposition VIII.2 and deduce that we can form blow-ups of (C, 1y, NO) at all points of Aj.

Let z(, € Ap\ {0} and consider a blow-up at x(,. We claim that the limit PHSLV, which we denote
by (C, 9,0, Noo), takes values in a Lagrangian plane P C C? x {0}. Once this is done, we conclude
as in the proof of Proposition VIIL.7 that this iterated blow-up is a parametrized stationary varifold,
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whose corresponding varifold is supported on P and has constant integer density 6y (recall that g o
is proper), and hence
N0($6) = NO,O(O) =6y € N.

Since proper holomorphic maps C — C are polynomials and 1(0) = {0}, the statement follows.

To prove the claim, recall that a blow-up takes values into {¢ = 0} and the Legendrian condition
then says that Ji(x) is orthogonal to the image of Vig(x). Thus, we see that on any given compact
set of C we have

‘HJﬁo(xg) ° v(ﬁo)wé,r’ < E(T)‘V(ﬁo)%ﬂ,’,

for a vanishing function £(r) — 0, where Il ;4. ) is the orthogonal projection onto span{.J Go () }-

We deduce that the limit PHSLV (C, g0, Noo) takes values into {¢ = 0} N Jag(z})*. Up to a
rotation, let us assume that Jig(x)) = e4, so that g takes values into {z4 = ¢ = 0}. Moreover,
the vector Jigo(x) is perpendicular to the image of Vi, as well. We now conclude exactly as in
the proof of Proposition VIIL.7. |

Crucially, thanks to the previous proposition, if No(z) > v — 1 at a point = € Ag \ {0} then
No(z) > v, and thus Ny(z) = v since v is the highest possible value. Thus, by Proposition VIIL.7,
the statement of Proposition IX.2 holds in this case. Hence, in the sequel we can assume that

(IX.2) No<v—1 on A\ {0}.
Proposition IX.4. The set Ay \ {0} is open and consists of strongly admissible points. O

Proof. By a simple compactness argument, outlined below for completeness (cf. also the proof of
Lemma X.7), we can show the following fact: given A > 0, there exists 7 € (0,1/2) (depending only
on \, v, and the constant Cy appearing in (VIII.1)) such that if

(IX.3) / yvmﬂm¥>x/ |Viio|? da?,
BT‘/Z(Q") BT(Z‘)

as well as the pinching
(IX.4) O(Vow, tig(x), s(z,7)/n) < 2nNo(z) 4+ 1
for some open x € w CC C such that E;S(
(IT1.10), so that by monotonicity

0X(vVow, tio(x)) < O(Vow, do(z), R) < 0X(vow,to(z)) + 1
for all 0 < R < s(x,r)/n, and
(IX.5) |Jug — Jug(z)| < n|Jio(x)| on Br(z),

then the same bounds hold for a smaller radius " € (nr,r/2), as long as A > A\o(v, Cp) > 0.

To check this claim we argue by contradiction, rescaling B,(z) to B1(0) and replacing gy with
(1)~ In the limit 1 — 0 we end up with a PHSLV (B, 0, Ny), where B = ¢(Bj(0)) for a suitable
quasiconformal homeomorphism. This PHSLV is nontrivial thanks to (IX.3) and (VIL.2), and the
induced varifold v p satisfies

)/n(tio(2)) N dig(Ow) = 0, where we use the notation

x,Tr

Vi,B <V,
where v is a HSLV which has ©(v,0, R) constant in R € (0,00) and equal to the limit (along the
sequence 11 — 0) of 2w Ny(x). Since 2w Ny (0) is at least this limit by Corollary III.11, by arguing as
in Proposition VI.8 we see that w~1(0) = {0} (recall also Proposition VIII.2).
Moreover, we have V” arctan o = 0 on spt(¥) \ II"1(0) (see Remark I11.9). Hence, we have
Varctan(c ow) =0 on B\ {w =0}

and, as at the end of the proof of Proposition VII.15, we conclude that ¢ o w = 0.
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Note that, since J1g is perpendicular to the image of Vi at all points, (IX.5) implies that = # 0
and
1 ja(2) © Vo] < n|Vig| on B(x).

Thus, the image of Vi is orthogonal to the limit (along the sequence n — 0) of ‘|]u°(( ))I Hence, w

is a holomorphic map taking values in a plane, by the same argument used in the previous proof.
Since vy p has density at most 27v at the origin the degree of w at 0 is at most v. We obtain
the desired contradiction if w is a strong W hmlt since (IX.3) clearly holds with g replaced by
2+ 2% for some k € {1,...,v}, as long as )\ Z Ao(v).

In general, we can use (VIIL.2) together with the distortion bounds from Lemma IX.5 (recall from

(VIL.8) that ¢ is =% quasmonformal where Cj is the constant appearmg in (VIIL.1)).
Moreover, with the same proof, we can find another constant 0 < r’ < 1 such that, whenever the
previous conditions are satisfied with n’ in place of 7, we have

/ |Viio|? da? zn’/ |Viig|? da?.
B'r]'r Br

By iterating the previous two facts, it follows that any x € C\ {0} satisfying these conditions
(with ) is strongly admissible. Clearly, any point in Ag \ {0} fits the previous conditions for some
A >0 and r > 0. Hence, Ap \ {0} consists of strongly admissible points.

Moreover, the set { Ny < v — 1} is open (by upper semi-continuity of Np) and here, by inductive
assumption, the regularity theorem holds; in particular, all points in this set are strongly admissible,
ie.,

{N0<I/—1}g./40.
To conclude, thanks to (IX.2) and the last inclusion, it suffices to show the following: given zy €
Ao N {Ny = v — 1} \ {0} and a sequence x; — x0, we have z; € Ay for k large enough. If
No(xk) < v — 1, this holds by the previous inclusion. We can then assume that

No(zp) =v—1 for all k.

Since x¢ is admissible, it satisfies (IX.3) for some fixed A > 0, for any r > 0 small enough (with 7’ in
place of 1), as well as (IX.5). Moreover, we can select w such that (IX.4) holds with n’ in place of 7,
again for r > 0 small (cf. the proof of Proposition VIII.2). Since these are open conditions on the set
{Ng = v — 1}, we conclude that xj satisfies them eventually, and hence is strongly admissible. B

Lemma IX.5. Given a K-quasiconformal homeomorphism v : A — A’ between two open sets
A, A" C C, there exists a constant Co(K) such that the following holds: for any disk B,(x) with
Beyryr(z) € A we have

By (a') € ¢(Br()) € ¢(Bar(2)) € Beoy(ryr (),

where x' :=1p(x) and r' 1= mingecop, (o) 1V (y) — '] O

Proof. It is a well-known consequence of Teichmiiller’s modulus theorem (see, e.g., the last part of
the proof of [23, Lemma 5.4]) that the statement holds when A = C.

In the more general form written here, it follows from the entire version by a standard compactness
argument, which we now detail. Assume by contradiction that the statement fails for a sequence of
maps ¥, with £ = 1,2,... in place of Cy(K). For each of these counterexamples, we can assume
without loss of generality that = ¢i(x) =0 and r = 1, as well as ¢(1) = 1.

We now take the Beltrami coefficients py : By(0) — C such that

O = P01y
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and extend them by zero on C\ B (0), and we consider the normal solution F** : C — C to the
same equation (see, e.g., [15, Theorem 4.24]). By the chain rule (see, e.g., [17, Lemma II1.6.4]), we
see that
=t o (F) ™1 F#(By(0)) — (B (0))

is a conformal diffeomorphism with f;(0) = 0 and f(1) = 1. By standard compactness properties
(see, e.g., [24, Lemma A.3]), along a subsequence we have the local uniform convergence F*t — F,
and the same for the inverses, for a limit quasiconformal homeomorphism F, : C — C (see however
[24, Remark A.5]).

Likewise, for any fixed R > 1, eventually we have (F*)~Y(Bg(0)) C Bg(0) (as (F**)~! — F !
locally uniformly), and thus eventually fj is defined on Bgr(0). Moreover, by Koebe’s distortion

Rz
i
convergence on D = By(0)), with univalued subsequential limits (by Lemma VIII.13); since fi(1) =
1, it follows that

theorem, the functions are a normal family (i.e., pre-compact in the topology of local uniform

0<c<|frO) <C.
Thus, the functions f; are a normal family on Br(0), for any R > 1, and we can then extract a
subsequential limit fo : C — C. Since foo(0) = 0 and fs (1) = 1, by Lemma VIII.13 this map is a
conformal diffeomorphism, and hence it is the identity. As a consequence, we have

wk:fkoFuk _>foooFoo:Foo
Since F satisfies the statement, we obtain a contradiction. |

As a consequence, we can apply the inductive assumption: in particular, we know that on the
open set Ag \ {0} the map 4 is a smooth immersion, away from a locally finite set of points.

Proposition IX.6. The image of Qg is either a Lagrangian plane P C C? x {0} or a non-flat
Schoen—Wolfson cone. O

Proof. Indeed, thanks to Proposition VIII.4, we can select 7 > 0 such that
T € roty(C\ Ap).
We can also assume that (t o g) () consists only of points where Vi # 0, since the set
(Ao \ {0}) N {Viig = 0}

is at most countable, and that 7 is a regular value for t o @9, when this function is restricted to the
open set Ap \ {0}.

Then we can let w be the connected component of {v o4y < 7} containing 0. Let I' denote
its smooth boundary and let 1 := 4g|p. Since g is a smooth immersion near I, by the inverse

function theorem we can find a tubular neighborhood of T', diffeomorphic to I x (—¢,¢) through a
diffeomorphism ¢, such that
tpo ¢l T x (—¢,6) = C2 x {0} = C?

is an immersion and the second component of ¢ is precisely to @y — 7. For s € (—¢,¢), we let ns be
the slice tg o ¥ ~1(-, s).

Thus, 7, takes values in the sphere 0B, 4(0) C C? (note that in C? the Kordnyi metric is just
the Euclidean one). We consider

w:=Modgoh™ !,

where II is the nearest point projection onto dB;(0). Since 1y is Lagrangian and Jy is orthogonal
to the image of Vg at all points, the latter image contains the position vector 4y. Thus, the image
of V(iipo1h™1)(6,s) is the span of 7,(f) and the position vector i o ¢»~1(6, s), and we deduce that
the partial derivative dsw(6, s) is a multiple of 1. We deduce that 7, is just a reparametrization of
1Mo = 7, up to decreasing ¢.
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As a consequence, the image of 4y o 1)~! takes the form
(tr—e,7+¢)-nI) cC%

Since w is an immersion, the PHSLV condition says that it is critical for the area among Lagrangian
maps; hence, 7 is an immersed curve on the three-dimensional sphere, critical for the length with
respect to the sub-Riemannian constraint that span{n(#),7'(6)} is a Lagrangian plane. It follows
that the image of each connected component of I' is the cross-section of a plane or a non-flat
Schoen—-Wolfson cone (cf. [31, Section 7]).

Moreover, I' must actually be connected: since w is a smooth connected domain, w equals a disk
@ with a finite number of inner disks w; removed. It suffices to show that we cannot have any such
domain w;. Since 5 (0) = {0}, we have 0 & 7ig(w;). In the same spirit of the convex hull property
for minimal surfaces, we can consider the Hamiltonian vector field

W= Wey(p2)

where x > 0, X’ >0, x = 0 on [0,7%], and x > 0 on (72, 00). Testing it with the PHSLV localized
at wj, we obtain that

tody <7 onwj.
This contradicts the fact that 7 is a regular value for t o 4g, which would imply that to 4y increases
as we enter w; C C\ w.

We now show that, in fact, there is no other connected component of {vo iy < o}. Given another
component w’, we can repeat the same argument: the image of its boundary is an immersed curve,
which has positive H!-measure, and hence we can find a unit vector a € S3 such that, for each z in

Sy = {wa’ : Em(x):a},
o]
we have z € A\ {0} and Vig(z) # 0 (as well as S, # (). Since a belongs to the image of Vi (z) at
such points, it is easy to conclude that w’'NS, contains a curve whose composition with 4y converges
to the origin. Since 4 is a proper map, we deduce that w’ intersects g 1(0) = {0}, a contradiction.

In summary, {to 4y < o} is diffeomorphic to a disk. Moreover, if we take two different regular

values 7 < 7/ as above, yielding two curves I',I” C C, the last argument shows that
to(T)  ap(T)

- /

T T
Thus, the image of @ includes a dense subset of [0,00) - up(I"), and hence this set itself (as g is
proper and hence has closed image).

In fact, the previous argument also shows that the image S of 2 (as a map C\ {0} — S?)

[tto]
satisfies
o (T o (T
(IX.6) W) g g (S\ “0()> ~0.
T T

Since S is connected, we must have S = ao(F)’ as otherwise its composition with the distance
function from UOF) would include an interval (0,¢’), a contradiction to (IX.6). [
Corollary IX.7. The map g is a smooth immersion away from 0. i

Proof. Indeed, the punctured Schoen—Wolfson cone, i.e., the image of
(0,00) x I' = C2,  (s,t) — s-1(t),

for the immersed curve 7 found above, is an embedded surface conformally equivalent to C \ {0},
via a map h. We extend h to the origin by h(0) := 0. Since g is a conformal immersion on C\ {0},
we have 0z(hotgy) = 0 away from 0 and the composition hoyg is continuous at 0. Hence, f := hoyg
is a proper holomorphic function on C, with f~1(0) = {0}.
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Hence, f(z) is a polynomial vanishing only at the origin, giving f(z) = cz* for some ¢ € C\ {0}
and k € N*, proving the claim since g = h™' o f. |

Corollary IX.8. The multiplicity Ny is a constant integer on C\ {0}. O

Proof. Given z{, € C\ {0}, the blow-up at z( is unique and is given by the linear map Vig(zj),
with constant multiplicity Ny(z{)), which must then be an integer. Thus, Ny takes integer values on
C\ {0}. If it is not constant, then we can find p € N such that the open set

Q:=(C\ {0}) N {No < p} = (C\ {0}) N {No < pu + 1}

is not all of C\ {0}. We can then find a disk D cC C\ {0} such that D C €2 and a boundary point
T € 0D has Ny(z) > pu+ 1. Since the blow-up at T obviously arises as a strong VVlloc2 limit, (VIL.2)
implies that the constant multiplicity No in the blow-up equals . Since Ny o(0) = No(zf) > p+1,
we arrive at a contradiction. |

Note that, calling 2wk > 0 the length of the cross-section of the cone and

i R/2nKkZ — S°

its parametrization by arclength, we can take h to be the inverse of
(IX.7) h=t(re?) ;= rFi(kh).
By repeating the proof of Proposition VIIL.10 verbatim and using the fact that A and h~! have
polynomial growth at 0, we obtain the following fact.
Proposition IX.9. In fact, any x¢ € Q is strongly admissible. O

1X.2. Local finiteness of Sgw in pinched-density regions. In the sequel, we fix an arbitrary
point g € €. Recall that xg is strongly admissible, by Proposition IX.9. We claim that all blow-ups
at a given point have isometric images. To show this, we first prove some technical lemmas.

Lemma IX.10. There exists a constant M > 1 such that, if © # xg is close enough to ¢, then
dx (u(z), u(xo))

s(lz — o)
where we recall that s(r)? = s(zg,7)? := fBr(zo) |Vul? dz?. O

e [M~1, M),

Proof. If not, then we can find a sequence x; — x¢ such that
dr(u(zk), u(z0)) ., o dr (u(zk), u(zo))
s(|zk — @ol) s(|zk — @ol)

Letting 7 := |z — xo| and ug, := Uz, (as in (IX.1)), writing xy = z¢ + 74yk, we have

toug(yp) -0 or toug(yy) — oo.

Since xg is strongly admissible, by Proposition VII.15 we can extract a blow-up PHSLV (C, i, NOO)
such that up — Ueo = oo 07 locally uniformly on C, for a suitable quasiconformal homeomorphism
¢ : C — C. Since |yx| = 1, we can also assume that y, — ys € S up to a subsequence. We then
have

ug(Yr) = Uoo(Yoo) € H? \ {0},

since uz!(0) = {0}. In particular, t o u(yx) converges to a limit in (0,00), a contradiction. [
Lemma IX.11. There exists a constant M > 1 such that if

Mz — zo| < |2/ — xo|
then

drc(u(@), u(x0)) < Sdic(u(e’), u(zo),

provided that x,x' # x¢ are close enough to xg. O
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Proof. If not, then we can find sequences x, ), — zo and M, — oo such that

Wiklay — o] < [of, — wol,  die(ulae), u(wo)) > gy (u(zh) ulao)).
Letting 7, := |2}, — xo| and defining u;, as above, we can extract a subsequential limit uo. Writing
Tp = xo + rryr and xﬁc = x9 + 112k, We have
ye — 0, |zk| = 1.
Up to a subsequence, we can assume that 2, — 2o, € S', so that
u(Yr) = uoo(0) =0, up(2k) = Uoo(200) # 0

as in the previous proof. In particular, we see that v o ug(yx) < ﬁt o uk(z) eventually, a contra-

diction. |
In the sequel, with abuse of notation, given p € H? and A > 0 we will denote
p
) .
b\ 1 /A(P)

Lemma IX.12. Letting C(r) C 0B5(0) denote the image of the map
u(zo) ' * u(z)
dr (u(2o), u(@))’

any subsequential limit lim,, .o C(ry) in the Hausdorff topology is the cross-section of a (possibly
flat) Schoen—Wolfson cone. O

By, (20)\ B, iy (w0)  0B5(0), x>

Proof. Assume that C(r;) — Coo along a subsequence, for some compact set Coo € 5% C R* =
C? x {0}. We consider the rescaled maps ui, defined as above, and, up to a subsequence, the limit
map Us. Letting C be the image of |\C\{0}, we know that C is the cross-section of a (possibly
flat) Schoen—Wolfson cone.

We claim that Cy = C. Given points yr € Bas(xg) \ B /(o) converging to yoo, we know that
wk(Yk) = Uoo(Yoo) € (0,00) - C, and hence

ug(Yr) N Uoo (Yoo _ Uoo (Yoo
v o u(yk) €0 Uco (Yoo ) |too (Yoo )|

showing the inclusion Cy C C. To see that this inclusion is an equality, we fix a reference point
7 € S! and we observe that by the first lemma above we have

luo(7)] € [M~F, M],

while from the second lemma we get

oo (y)| < rlyl < M

1
Sl (@] <

DN =

and R
[uoo (y)| > 2M |ucs (y)| > 2 for |y| > M.

Thus, we have

Uoo ,—
C = uo(C) N S? = us(By (0) \ By 4 (0)) N §° = " |( w0\ By (0)).
Using the uniform convergence tOUk — |u pon this annulus, we deduce that Cy = C. |

Proposition 1X.13. The images of two blow-ups at xg are isometric to each other. In particular,
if at least one blow-up at xy takes values in a plane, then the same holds for all blow-ups. O
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Proof. Indeed, the set of subsequential limits lim,_,oC(r) (endowed with the Hausdorff topology)
is connected and consists of cross-sections of Schoen-Wolfson cones. By (VIIL.1), the parameters
defining such cones take value in a finite set (cf. [31, Section 7]). Hence, the possible isometric
classes that can be attained as limits have positive distance from each other. Since the set of limits
is connected, it must be a subset of just one of them. |

The previous facts were proved at fixed center, but the same ideas can be used to obtain the
following result, whose proof is just outlined.

Lemma IX.14. Given A > 0, there exist kg € N* and (,n > 0, depending only on A, v, and the
constant Cy in (VIIL1), such that the following holds. If Byk,, () C Q and

u(x) txu

(i) thetimage of the map F-r—-5 on By, () \ BT/M(SU) is (-close to a circle in the Hausdorff
metric,

(ii) fBri(x) |Vul? dz? < AF JB.(x) |Vul? da? for k=1,... ko,

(i) O (v, u(z), s(z,7)/n) < 20N (x) +n for some open x € w CC Q such that E;S(x7r)/n(u(:v)) N
u(Ow) = 0,
then (i) holds also at a smaller radius r' € (nr,r/2). O

Proof. We fix ko and ¢, to be determined later. Arguing by contradiction as in the proof of Propo-
sition IX.4, in the limit  — 0 we get a nontrivial PHSLV (¢)(Bgx, (0)), W, Ny) with ¢ 0w = 0 and
w~1(0) = {0}, such that the induced varifold satisfies

Vi (B (0)) <V

for a HLSV v which has ©(v,0, R) constant in R (and bounded by a constant C(Cp)), equal to
21N (0).

Moreover, letting w = o1, the image of B, () \ B, yr(x) through & /(vow) = /] is ¢-close
to a circle. We now claim that the statement holds for a radius r’ € (0,1/2), provided that kg is
large enough and ( is small enough, giving the desired contradiction. If not, then letting ky — oo
and employing a diagonal argument we obtain a new PHSLV defined on C with the same properties.

As seen in the proof of Proposition IX.6, the image of its parametrization is a Schoen—Wolfson
cone (with parameters bounded in terms of Cp). Since its cross-section is 7-close to a circle, by
choosing 1 small enough we see that it is forced to be a circle (and this limit PHSLV is planar),
obtaining a contradiction. |

Assume now that we have a sequence of points xx — x¢ with z € Sgw and xx # xo.

Proposition IX.15. For k large enough we have N(x1) < N(zq) — . As a consequence, Ssyw is
at most countable. O

Proof. If the claim fails, we can assume without loss of generality that N(zj) > N(zo) — 1 for all
k. Letting 7y := |z — x|, we can define ug and the limit us = oo © ¥ as above, where ¢ : C — C
is a suitable quasiconformal homeomorphism. Writing xj, = x¢ + 71y, and assuming y, — Yoo € S,
since s is a smooth embedding near y., by Corollary IX.7, the first assumption of the previous
lemma holds eventually, for any fixed » > 0 small enough.

Also, the second assumption holds for free (see Lemma X.7 below). Finally, we can select w such
that the third assumption holds for x = z¢ and 1/2 in place of n, for r > 0 small enough. Since
o2nN(xo) < 2w N (x1) + 2, we obtain the third assumption eventually also for & = x. By iterating
the lemma (note that the third assumption automatically holds for smaller radii), we obtain that
any blow-up at xj has cross-section (-close to a circle, and hence is planar (assuming that ¢ is small
enough), contradicting the fact that xx € Sgw.
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Hence, setting vy := 4L, the set SSWH{N € [v—=,v]} is locally finite. Looking now at {N <v—n},
which is open by upper semi-continuity of N, the set Sgyw N {N € [v — 27v,v — 7)} is again locally
finite here, and so on. This shows that Sgyy is at most countable. |

X. INDUCTIVE STEP: CONCLUSION

We now want to mimic the reasoning used in Step 3 of the proof of [23, Theorem 5.7]. Differently
from that situation, we already reduced ourselves to the case where all points are (strongly) admis-
sible. However, more work is needed in the present situation since, even on the regular set, the map
u does not satisfy a PDE as simple as the Laplace equation, due to the lack of a priori bounds on
the Lagrange multiplier § (cf. (X.2)) and on the cardinality of the singular set Sgyy .

X.1. The case Sgw = 0. If N > v — 1 at all points of 2, then N = v a.e. on ng (since N = N

a.e. here and N takes integer values), and thus N =vonQ (see the proof of Proposition VI.6).

Since the value of N matters only on Q{j, we can also assume that N = v. Dividing N by v, we are

back to the base case of the induction, where N = 1. In the sequel, we can then assume that
{N<v-1}#0.

Since Sgw = ), any blow- up at any point = € (recall Proposition 1X.9) is - given by a homogeneous

polynomial, showing that N(z) € N. Since N is upper semi-continuous, {N < v — 1} C Q is open.

We let (2,4 be the largest open set where the regularity theorem holds. By inductive assumption,
we then have

(N <v—1} C Qpey.
We assume by contradiction that Q.. C Q and we let @ be a connected component of .4
intersecting {N < v — 1}. By the regularity theorem, we have N = y a.e. on €, for some integer
1<pu<uw.

We can now find a disk D C € such that D C  and 9D contains a point T & €', i.e., T & Qyeg,
where necessarily N(Z) = v. Recall that, for any blow-up (C, @, Ng) at Z, the multiplicity Ny equals
v at the origin, while it is a constant ' > p elsewhere (since g is a homogeneous polynomial; the
fact that p/ > p is a simple consequence of Corollary II1.11).

Let H be the half-plane obtained by blowing up D at . It is enough to show the following fact.

Proposition X.1. For any blow-up ((C,ﬁg,No) at T, the map ug arises as a strong W % limit on
H. As a consequence, ' = pu. O

Corollary X.2. We have N < w in a punctured neighborhood of T. In particular, here the reqularity
theorem holds and we have N = p a.e. O

Proof. This corollary follows from upper semi-continuity of N: if we had a sequence of points x; — @
with N(z;) > ,u + 1 and z; # 7, then letting r; := |z; — T| we would have IV (yj) >+ 1 at the

T4

point y; := m. Thus, we would have Ny(7) > 1+ 1 at a subsequential limit 7 = lim; 00 Y5 € ST,
J
for a certain blow-up g at T, a contradiction. |

Corollary X.3. Any blow-up ((C,ﬂo,No) at T arises as a strong W % limit on all of C. As a
consequence, u s a smooth immersion in a punctured neighborhood ofx O

Proof. Let ug = g o ¢ denote the limit of the maps u, = uz, along a subsequence. Recall from
(VIL.2) that we have the convergence of measures
M‘VUTP da? |VU7"’
2 2

where Ny := Ny o ¢ and we used the fact that Ng = Ny = i/ = p a.e. on C. Hence, the inequality
must be an equality, and this immediately implies the first claim. Thus, we have ¢ = id and ug = ug.

dx 24N0|611u0/\6x2u0|dx <M’v2 | dx 2
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Moreover, we know that uwyg = 4 is a smooth conformal immersion outside the origin, taking
values in C? C H2. Taking any a small disk D cC C\ {0}, where ug is close to an affine function,
we can apply Proposition VIIIL.8, showing that w, is a smooth embedding on a smaller disk, for r
small enough along our subsequence. Since the subsequence was arbitrary, this proves the second
claim. |

Since T ¢ Ssw, smoothness extends across T, as shown at the end of [31, Section 4], contradicting
the fact that T ¢ €,..4. It remains to prove the previous proposition.

Proof of Proposition X.1. It suffices to see that, calling u, = uz, the usual dilated maps, we have
u, — ug strongly in VVllof(H ) (along the subsequence defining the blow-up). Indeed, this will force
No = p a.e. on H, where Ny := No o1, or equivalently Ng = u a.e. on Y(H), and hence p' = p.
The strong Wlif convergence on H follows from the following more general result. |

We state and prove separately the following more general result, since it will be useful also to
deal with the general case Sgy # 0.

Proposition X.4. Given Cy, A > 0, assume that (B1(0),u;, N;) are PHSLVs in H? with u; — e

mn Cl%c and weakly in VV&)’CZ, satisfying (VIIL.1), as well as the doubling bound

(X.1) / IV, |* da?® < A |V |? da?.
B1(0) B1/2(0

Moreover, assume that the regularity theorem holds for all j on some fized disk D C Bl/z(O), with
Ssw(uj) "D = 0. Then we have u; — us strongly in V[/llof(D) O

Proof. Replacing u; with its projection onto C?, which we denote by vj = T o uj, recall (see, e.g.,
[31, pp. 4-5]) that we have the elliptic system

{Avj + ZVﬁj . ij =0

(X.2) AB 0.

for a suitable harmonic function f; : D — R (indeed, v; is smooth on D, with the mean curvature
Hj extending smoothly across branch points, as shown in [31, Section 4]). We would like to show
that V3, stays bounded locally on D. After this is done, it is immediate to conclude the strong
VVlloc2 convergence v; — Uso o0 D (cf. Step 3 of the proof of [23, Theorem 5.7]), and hence the same
for u; — uso.
Taking D' CC D and writing D' = B,(z), we define
my = max(p — |z — &) |V 35 ).

Note that the maximum is not attained at the boundary 9D’ since here p—|x—Z| = 0. To conclude,
it is enough to show that m; stays bounded. Let us assume by contradiction that m; — oo up to a
subsequence. For each j, we let x; be one of the points realizing the maximum and we let

Aj = VB ()
We have | ;|
p—lx;—2 .
= P = ol [y =),
and hence we can find another sequence ij = \;j/6; such that
6 =0, Xj=o(p—|z; — ).
Recalling (IX.1), we consider the rescaled maps

wj = TOo (uj)wj,j\j’
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as well as 3
= B+ Aj).
Clearly, we still have the equation
ij + ’L'V’}/j : ij =0
after the rescaling. We observe that |V~;|(0) = 5;1 and that, given any = € C, we have z;+\;z € D’
eventually (as \; = o(p — |z; — #|)), as well as
i p—lz;— 3] p—lz;— 3
0| Vyjl(x) = XV Bjl (25 + Aj) < A ———|VBil(z;) = e
p— |z + Ajr — 2| p—|r; + Ajr — 2|

and this upper bound converges to 1 uniformly on compact sets, giving
limsup |V, < 1
Jj—00
uniformly on compact sets. Thus, assuming without loss of generality that ~;(0) = 0, we can extract
a limit harmonic map
0jYj = Yoo 1N Croe(C)

with |V7so[(0) = 1 and [Vys|(x) < 1 everywhere, and hence |Vy,| = 1.

By the lemma below, for any fixed integer k£ > 1, for j large enough we have uniform upper
bounds of the form

/ Vw; | da? < Ck/ |Vw;|* dz? = CF.
B,k (0) B1(0)

By Theorem VII.1, we can then extract a limit PHSLV (C, W0, Noo ), and a limit map

Woo = lim wj = e 09
]HOO
in CP , and weakly in W;}f, for a suitable quasiconformal homeomorphism ¢ : C — C. Since

5jij + ’L'((sjV’}/j) . ij =0,
we can pass to the limit and obtain
VY - Ve = 0.
Since V4, # 0 is constant, this means that the differential Vwy is never invertible. By the chain rule
(see, e.g., [17, Lemma II1.6.4]) and its consequence that quasiconformal homeomorphisms preserve

the class of negligible sets, it follows that the same holds for .. Since the latter is weakly conformal,
we deduce that Vs, = 0. However, this contradicts (VII.2) and the fact that

/ \Vw;|? do? = 1,
B;(0)

by our definition of a rescaling (recall (IX.1)). [

Lemma X.7 below, used in the previous proof, shows that the measures |Vu,|? dz? satisfy an
Ahlfors-type regularity (in a rather weak sense).

Lemma X.5. Given Cy, A > 0, assume that (B1(0),u, N) is a PHSLV in H? satisfying (VIIL1),
as well as

(X.3) / |Vul|? dz? < A |Vu|? da?.
B1(0) By /5(0)

Then there exist two constants n(Co, A) € (0,1/2) and A'(Cy) > 0 such that

/ |Vu|? de? < A'/ |Vu|? da?
B,(0) B /(0)

for some radius s’ € (n,1/2). O
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Proof. This follows by a straightforward compactness argument: we fix A’ to be specified later and
assume that the claim does not hold for any n > 0. In the limit n — 0, we obtain a PHSLV
(¥(B1(0)), oo, Noo ), which is nontrivial thanks to (X.3) and (VIL.2).

By our contradiction assumption, we have

/ Noo| Vi |? dz? > A’/ Noo| Vil |? da?
W(By(0)) $(Byr/5(0)

for all radii s’ € (0,1/2). In turn, recalling (VIL.8) and using Lemma IX.5, this implies that
(X.4) / Noo| Vit |2 dz? > A’ / Noo| Vil |? da?
B_/(0) B, (0)

for a suitable ¢ = ¢(Cp) € (0,1) and all ' > 0 small enough.

However, by Proposition 1X.9, the origin is an admissible point for the limit PHSLV. As in its
proof, any blow-up map w takes values in a (possibly flat) cone, conformally equivalent to the plane
via a map h given by (IX.7), and the composition h o w(z) = cz*. By (VIIL1), there are finitely
many possibilities for the map h (up to precomposition with isometries). This gives an upper bound
on k and, in turn, a doubling bound of the form

/ |Va|? da? < C’(Cg)/ Vb |? da?
B7(O) Br/2(0)
for 0 < r < 1. As above, (X.4) implies
/ Ng| V| da? > A’/ N | Vi |? da?
B, (0) B.2,1(0)

for all s” > 0. Since 1 < Nw < % by (VII.8), this contradicts the previous doubling bound once we
take A’ = A'(Cy) large enough. [ |

Lemma X.6. In the situation of the previous statement, we have

/ |Vu|? de? < C’/ |Vul|? da?,
B1(0) B,/(0)

for a constant C' depending only on Cy and A. O

Proof. The statement follows from a direct compactness argument. |

Thanks to the universal A’ appearing in the conclusion of Lemma X.5, which depends only on
Co, we can iterate its statement infinitely many times, replacing B;(0) with By(0) and so on, and
the constant A’ (and hence also 7(Cp, A’)) stabilizes immediately after the first iteration. Thus, the
two previous lemmas easily imply the following corollary.

Lemma X.7. Given Cy, A > 0, assume that (B1(0),u, N) is a PHSLV in H? satisfying (VIIL.1)
and (X.3). Then there exists a constant C(Cy, A) > 0 such that

/ |Vu|? de? < C’/ |Vul|* da?
Bs(x) By 2()

for all x € By/5(0) and 0 < s < 1/4. O

Proof. Indeed, another simple compactness argument shows that (X.3) is also satisfied replacing
B1(0) with By 4(x) (and By /5(0) with By 3(w)), for all z € By /5(0), up to replacing A with another
constant A depending on Cp, A. The statement now follows by iterating the two previous facts. W

Remark X.8. This argument could mislead the reader to think that one can obtain a controlled
decay of Dirichlet energy, and hence admissibility of all points, in a much easier way compared to
the analysis of the previous sections. However, this is not the case since the proof of Lemma X.5
did use the fact that any point is admissible. O
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X.2. General case. As seen in Proposition 1X.15, there exists v > 0 such that, for any ¢ € N*,
the set of points

SswN{N €y —1+(—1)y,v—1+0)}
is locally finite in  := {N < v —1+4£y}. In fact, up to shrinking ~y, we can also guarantee the
following.

Proposition X.9. If N(z) <v —14~ then N(z) < v — 1. O

Proof. Indeed, any blow-up at x parametrizes a Schoen—Wolfson cone with constant multiplicity,
whose density at the origin is 6X(0) = 27N (z). Since there is a finite number of such cones with
6X(0) < 27v up to isometries, the claim follows. [

We prove the regularity theorem on §2; by induction over £ = 0,1, ..., up to reaching ¢ = L%J +1
(in which case Q, = ).

The base case ¢ = 0 holds, since we are assuming the validity of the regularity theorem on
{N < v —1}. We now assume inductively that regularity holds on €, and show it on €.

If Qy = 0 then we have N > v — 1+ £~ on all of Qy11. Hence, in this case Sgw N Q2¢41 is locally
finite. Applying the previous case on the relative complement Q.1 \ Sgw, we obtain that u is
smooth here, and an immersion away from a set Spqqnen, Which is locally finite in Q441 \ Ssw. To
conclude, this set is locally finite also in €y41: indeed, the proof of Corollary X.3 applies also here,
and shows that v must be a smooth immersion on a punctured neighborhood of each = € Sgy, and
thus points in Sp,qcn, cannot accumulate towards a point in Sgyy.

In the sequel, by localizing we can assume that 2 = €2y, is connected and that

O # 0.

Thus, letting Q.4 be the largest open subset where the regularity theorem holds, we have Q.4 # 0.
As in the previous case, we let ' be a connected component of it intersecting €.

As before, we can find a disk D C €’ with D C Q = Q,1, such that the boundary dD contains
a point T & §.¢4. In particular, we must have

N@) >v -1+,
while by the regularity theorem we have N = pu a.e. on €' for some integer p < v — 1.

We want to show that Proposition X.1 holds also in this case. Namely, letting H denote the
half-plane obtained by blowing up D at Z, we want to show that any blow-up (C, 4y, NO) at T arises
as a strong I/VZZLCQ limit on H.

Once this is done, we conclude as in the previous case: using Corollary 1X.8, we deduce that
any blow-up at 7 has density Ny = p on C\ {0}. By upper semi-continuity, N < v — 1+~ on a
punctured neighborhood of Z. By Proposition X.9, this implies that N < v — 1 here. Thus, by the
outer induction, the regularity theorem holds on this punctured neighborhood, and hence we have
N = pu a.e. here (since it intersects D). Again, this implies that any blow-up at T arises as a strong
VVZ%)C2 limit on all of C, and we conclude exactly as in the proof of Corollary X.3 (by using Corollary
IX.7) that u is a smooth immersion in a punctured neighborhood of Z. If T € Sgy, then we get
T € Qpeq, a contradiction. If instead any blow-up at Z is planar, then u is smooth across T (see [31,
Section 4]), and hence T € €,.,4, which is again a contradiction.

The rest of the paper is devoted to the proof of Proposition X.1 in this more general case. The
main difficulty is that, when looking at the rescalings u, = uz, of u around Z, we could see more
and more points in Sgyy. While we have the qualitative information that they are locally finite in
(the rescalings of) D, they could become denser and denser, preventing uniform bounds on the
one-forms df, defined on their complement.

Let us consider radii r; — 0 and rescalings u; := uz,, around Z, and assume by contradiction

that the claim fails. Then, by Corollary IX.8, the blow-up has Ny = i/ on C\ {0}, for some integer
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p' > p, and recalling the proof of (VII.2) we have
[V [?
g

where ug is the limit of uj = uz,, and equals g o @E for a suitable quasiconformal homeomorphism

) : C — C. Recall from (VIL8) that the latter is Ko-quasiconformal with Kq := (%)2, where Cj is
the constant in (VIIIL.1).

dz?® — 1|0, uo A Opyug| dz?  on H,

Definition X.10. We let Q denote the class of Ky-quasiconformal homeomorphisms ¢ : C — C
with £(0) = 0 and £(1) = 1. Recall from [24, Lemma A.3] or the proof of Lemma IX.5 that Q is
sequentially compact in CJ) (C). O

Fix any 29 € H and let s := ¢(z0 + 27%) — ¢(20) € C*. Defining
Yr(x) = s [0 + 275 ) — d(wo)l,  ful(@) := |kl o (4 (o) + sp),
we see that |sk|_1uo(:130~—|— 27k2) = fi op(x) and that ¢y, € Q, while fy converges to a (nontrivial)
linear conformal map L up to a subsequence, since g is an immersion near ¥ (xg). By sequential
compactness of Q, the rescaled maps f, 01y converge in C?

loc
Pso € O, up to another subsequence.
Further, by the chain rule (see, e.g., [17, Lemma II1.6.4]), for the Jacobians we have

o 2 - 2 7 2 _ 7o 2
(X.5) /WJ(fk Vi) dx /wk(w) J(fr) dx® — ) J(L) dx /WJ(L Voo) dx

for any smooth domain w CC C, showing the convergence
J((@0) g 2-#) d® = (L 0 o) da®

to a map of the form L o1, for some

for some ¢ € (0, 0).

Hence, letting L := cL, ¢ := 1, and applying a diagonal argument, we can find suitable
rescalings w; of u; (around points converging to ) such that w; — Lo in Cl%c and weakly in
VVllo’f, but with )

Vw;
“‘2]’ dz® — 1|04, (L 0 9)) A Oy (L 0 )| dar®.
In particular, the maps w; do not converge strongly in Wh2(w) to Lo, for any w CC C.

Lemma X.11. There exists a sequence €; — 0 and points x; € B1(0) such that
/ IV (mpr o wj)|? da? < 5j/ |Vw;|* da?
By (xj) B (zj)

for any r € (0,1], where P is the Legendrian plane spanned by L. O

In the statement, we let mp(v) := (v, Z1)Z1 + (v, Z2) Zo and 7pL (v) := v — 7p(v) for all v € R?,
where (Z1, Z3) is an orthonormal basis of P.

Proof. Since the varifolds induced by (B2(0), w;, 1) converge to the one induced by (¢(B2(0)), L, 1),
we have

/ |V (7pL owj)*dz? — 0.
B2(0)

Hence, we can find a sequence ¢; — 0 such that the previous integral is o(e;). Now we let S; C B?

1/2
be the set of points where the claim fails. By the classical Besicovitch covering theorem, we can cover
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S; with a family F; of balls such that ZBE]:]- 15 < Cand [ |V(mprow))?da? > ¢; [ |Vw;|* da?.
Hence, we get

/S \Vw;|* dz? < 5;1 Z /B IV (7pr o wj)|?da? < Csjl/B IV (7pr ow;)?da? = o(1).
j BEF, 2(0)

On the other hand, we also have

/ u|Vw;|* de? — 1[0z, (L 0 1)) A gy (L 0| da® > 0,
Bl(O) Bl(o)

showing that S is (eventually) a proper subset of B1(0). [

Since the regularity theorem holds for (B2(0),w;, 1), the set Bo(0) N Ssw (w;) is locally finite.
Thus, considering the points z; given by the previous lemma, regardless of whether z; € Sgw(w;)
or not, we can let

p; = min{dist(z;, Ssw(w;) \ {z;}),1} > 0.

The idea now is that at each scale p; < r < 1 the map w; is almost flat on B,(x;), forcing the
corresponding PHSLV to be close to a planar one with constant (a.e.) integer multiplicity. At the
largest scale this multiplicity is x/, while at the smaller scale p; it will be y, essentially thanks to
an application of Proposition X.4, yielding a contradiction. We now make this idea precise.

In the sequel, we fix two constants ¢, C' > 0 such that, recalling (IX.1), all rescalings

Wy = (W) )y,
satisfy R
[t o wjrllzeo(m o)) < €5 diammez o wj,(By/2(0)) = ¢,
for all » € (0,1/4]. It is clear that such constants exist, thanks to a trivial compactness argument
using the uniform doubling bounds valid for the Dirichlet energy of these maps, established in

Lemma X.7 (note that, although this result was proved in the previous part, its proof did not use
the assumption Sgy = 0).

Definition X.12. We let M be the set of maps f : B1(0) — C2 of the form f = ho ¢, for a
homeomorphism ¢ € Q and a weakly conformal map h : £(B1(0)) — C? such that the bounds

Ve <1, |fllee < C,  diam f(By5(0)) > ¢
hold true. 0

Definition X.13. We consider the set X consisting of pairs (f,\) where f € M, while A is a
(positive) measure on B;(0) with total mass at most vom, where

=

vgi= | —| .

T

We endow it with the product of the C’l%c topology and the weak-* topology on measures and we
let d be a distance on X metrizing this product topology. g

Definition X.14. For k =1, ..., 1y, we consider the subset X} C X consisting of those pairs (f, \)
with f € M smooth and taking values in P, and A given by
A\ = k[Oy, f A Oy, f| d2?,

[V £I?
S 3

whose total mass is at most vom since |0z, f A Oz, f] has integral at most . O

Proposition X.15. Fach X C X is a compact subset of X. O
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Proof. Given a sequence (f; = hjo&;, \j) € Xy, we can assume that §; converges to a limit {, € Q
in Cloc, thanks to the compactness of Q (endowed with the Cl%c topology). Since the maps h; are
harmonic and uniformly bounded, it follows that a subsequence converges to a limit ho in C};. on
¢so(B1(0)), and it easily follows that foo := hoo 0 s € M. To conclude, we just need to observe
that the Jacobians J(h; o &) dz? — J(heo 0 &) da? as measures, which is obtained as in (X.5). W

Since these sets X are clearly disjoint (the lower bound involving ¢ prevents the problematic pair
(0,0), which would otherwise be the common intersection point), we can find € > 0 such that

d((f,\), (f', X)) > 2¢  whenever (f,\) € Xy, (f,\) € X, k#K.

We now define the map

Vw;,|?
F;:(0,1] = X, Fj(r):= (mcz o wjm,u’w;"ﬁ’ d:r2> .

By continuity of this map, the contradiction will arise once we prove the next two propositions,
which show that F)j(r) is e-close to one of the sets &, for every r and that, specifically, k& = u for
r = p;, while by assumption we know that k = p/ > p for r =1 (since wj is close to L o) and the

measure ,ul g o 42 is close to W0z, (L o) A Opy (L 0 1h)| da?).

Proposition X.16. For j large enough, for any 0 < r <1 there exists k € {1,...,1v9} such that
d(Fj(r), (f;A) <e

for some (f,\) € X. O

Proof. This follows immediately from the fact that, by our choice of x;, we have

/ |V (7pr 0w, )|*da? < g;.
B1(0)

Indeed, given any sequence of radii r} € (0, 1], the PHSLVs (B1(0), w;, v r, 1v) will necessarily converge

(
(along a subsequence) to a planar PHSLV of the form (£(B1(0)),h
1

1(0 ) for some integer k > 1, with
h: €£(B1(0)) — P weakly conformal and w;, = hogin P (B

(0 )) as well as

e da? 5 102, (h 0 €) Ay (0 )| da
on B1(0). Finally, thanks to (VIII.1), the density of the limit induced varifold is at most % at each
point. By definition of vy, we deduce that k < . |
Proposition X.17. For j large enough, for r = p; the previous index k equals . g

Proof. By our choice of p;, the map wj . (defined on B1(0)) has Ssw(wj,,;) € {0}. The conclusion
now follows directly from Lemma X.4. |

APPENDIX: A COUNTEREXAMPLE TO THE CLOSURE OF PHSLVS WITH DEGENERATING
CONFORMAL CLASS

In this appendix, inspired by a counterexample by Orriols from [21], we provide an explicit
example where a sequence of parametrized Hamiltonian stationary Legendrian varifolds, given by
embedded tori in S® with degenerating conformal class, converges to a varifold whose weight is
supported on a one-dimensional Hopf fiber, and is thus non-rectifiable. This should not be too
surprising, since this fiber has nonetheless Hausdorff dimension 2 for the Carnot—Carathéodory
distance associated with the canonical horizontal distribution on S°.

As discussed earlier in the paper, this is a new phenomenon compared to the isotropic setting,
and shows in particular that the control of the conformal class has to be assumed in order to
guarantee compactness of PHSLVs, unless the stronger notion of PHSLV* is adopted (see Definition
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V.1, Remark VII.10, and Remark VII.11). It also shows that compactness of integral HSLVs fails,
while we still know that these are closed among rectifiable varifolds by Theorem IV.1.

Theorem A.l. There exist a sequence of flat rectangular tori Ty g, = R?/2m(Z © RxZ), with
Ry — 00, and a sequence of conformal Hamiltonian stationary Legendrian embeddings

U : Tl,RIc — 55 C (CS,
where S® is equipped with the canonical contact form, such that the PHSLV

(Tl,Rk , Uk, ]-)
induces a varifold vy converging to a non-rectifiable Hamiltonian stationary Legendrian varifold.
More precisely, calling § : S° — CP? the canonical Hopf fibration and

C:=9H"1([0,0,1]) = {(0,0,¢") | « € R/277Z}
one of the Hopf fibers, the limit of vi(P,p) disintegrates as
vi = 2m - p(e) @ H'LC(0,0, ),

where p(e'®) is the uniform measure on the set P(e'®) of Legendrian planes in T(070,em)55 given by

P(e') = {(€')Pry | (1) € (R/27Z)},
with Py, := span{(cos 7)e1 + (sin 7)ez, (cosn)ez+ (sinn)es} C T(9,0,1)S° and (€"*)sPry C T g cin)S°
its image through the differential of the map = — e'“z. O

Remark A.2. In fact, for a Legendrian immersion u : ¥ — S°, the triple (3, u,1) is a PHSLV if
and only if u is Hamiltonian stationary, which is equivalent to the fact that $) ow is H-minimal (i.e.,
div(JH) = 0; see [5]). Moreover, the stronger notion of PHSLV* assumed in Remark VIIL.11 is in
fact equivalent to the notion of PHSLV if ¥ = S? (since we can write any smooth w C S? as the
difference of two disjoint unions of disks), but not for higher genus. Thus, this counterexample does
not contradict Remark VII.11. O

Proof. We equip S° C R® with the canonical contact structure o := Zg’zl[xgg,l dxop — xop drop_1]
and let H := ker(a). We denote by $ : S°(C C3) — CP? the tautological Hopf fibration given
by $ (w1, w2, ws) := [w1, ws,ws] and recall that V$(z) gives an isometry H, — TW(Z)C]P’Q. For any
t € (0,1] we consider the following map #; from T ; := R?/27(Z & Z) to CP?:

0(6, ¢) := [te’ 0+ 1e=0=9) 1],
In the chart
Z: CP?\ {[w1,w2,0] : [wy,wq] € CP'} — C?,  [21, 20, 1] = (21, 22),
the Kihler form w := i89log(1 + |2|?) of CP? reads

1
w = m[(l + |z|2)(d21 N dzy + dzo N dZa) — (Z1 dz1 + Zadza) A (21 dZ1 + 22 dZ2)];

in particular, we see that da = $H*w (as this holds at z = 0 in the chart and these objects are
U(3)-invariant). Also, we easily compute that 9fw = 0 and thus @; : T1; — CP? is a Lagrangian
embedding for ¢ € (0,1]. We now look for a Legendrian lift of 9y, i.e., for a real-valued function
a(0, ¢) such that

Ut(e, Qb) = \/ﬁ(tei(9+¢),t€_i(0_¢), 1) € 55

is Legendrian. We have respectively

iout

V1422

Opur = i(Opovy)uy + (ite' 0+ _jte0=9) ()
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and ,
ot

e
V1+ 262

The Legendrian condition iu; - Ogus = uy - Opuy = 0 is then equivalent to

Opur = 1(Opary)ug + (itei(9+¢), ite~0=9) 0).

0, 0, 9 + 72152 0
ot = (8% s
6t ) Pt 1+2t2
Hence,

2t

e 1+2¢2

ui(0,6) = (te'OF9) e 079 1)

is a Legendrian lift of 9;. We have

V1422

_j2t?
e 14+2t2 . .
Bpuy = (it 0T _jte=10=%) )
V1 + 2¢2
and
5,2
P . 1 6_Z1i2t2¢(0 0,1)
Ut =1 Ut — , U, y
o 1+22" V1t
which give
2t2 2t2
Opui? = ——, |0puw|? = —————, Ogus- Opus = 0.
Opue” = 35 1Osuil” = gy e Optu

Hence, in the new local coordinates (6, ¢; := ¢/+/1 + 2t?), the map wu; is conformal and reads

i 2t2 b
e Vi+2t?
Up = ——

Vit

e (OFVIF2200) 4, —i(0—VI+282¢r) 1).

We easily compute

—i 22 o
9 e Vif2t?
Ogauy = —uy + w(oa 0,1),
as well as
. 1 . i 22 o
Dot = 1=z —ie VA2 7(0,0.1)
and ) )
1 1—2t —i—2L ¢,
2 Vit22
Ogptie = 1 +2t2utJr 1+2t26 +227(0,0,1).
Combining these identities, we obtain
2 2 2 2 22t
892'&15 + 6¢%ut = —ut[lﬁgut| + ]8¢tut\ ] + zm&mut.

The function 5; := \;%qbt can be defined only locally, but dg; still gives a globally defined

harmonic one-form. Also, in (0, ¢¢) coordinates we have
Aug + u|Vug|* + iV, - Vuy = 0.
We deduce that u; is a conformal Hamiltonian stationary immersion. For any k£ € N\ {0,1} we
introduce tj € (0, 1] such that
2t2 1

=2 ie, 1+4+2t=
1+262 k' e, L2l




90 ALESSANDRO PIGATI AND TRISTAN RIVIERE

Letting uy, := wuy,, vk 1= \/%, and writing ¢ in place of ¢y, , we have

1 i 1 i 1 —i(6—
wk(0,6) = 4 le wk¢/k< O, il vm),l),

Observe that wg is conformal and defines an Hamiltonian stationary Legendrian embedding of
Ti )y = R?/270(Z & (k/yk)Z), whose area is

1 2w p2mwk/yi 242
/ |V |* da® = / / b dpdf = dmPy,
2J1, 0 o Jo 142t

which stays bounded. Hence, calling v, the corresponding rectifiable varifold of multiplicity 1, which
is induced by the PHSLV (T} 4 Sy s Uk 1), modulo extraction of a subsequence we have

Vi — Vo
Since the image of u, converges to the Hopf fiber 771([0,0,1]) in the Hausdorff topology, we know
that |vs| is supported on this fiber. Let ® : G — R be a continuous function, where I : G — S° is
the bundle of Legendrian planes. Clearly, u, = e~“%#/%(0,0,1) + o(1) and, denoting 7 := 6 + ¢
and 7 := —0 4 ¢, we have

gy, | . .
= e WP/k —sinT,cosT,sinn, —cosn,0,0) + o1
D]~ V3 ( Ul 1,0,0) + o(1)
and 9 )
Uk —ivpd/k ; ;
= —e¢ —sinT,cosT,—sinn,cosn,0,0) 4+ o(1).
Bounl ~ V3 ( 1, cos1,0,0) + o(1)

We consider the two-dimensional family of Legendrian planes in T(0y071)S5 given by

1
Pry = 5(— sin 7, cos 7, sinn, — cosn,0,0) A (—sin 7, cos 7, — sinn, cosn, 0, 0).

The image of the Legendrian plane 757777 via the differential of w > e"w (as a map from C3 to C3)

will be simply denoted by (e**).P;,. The previous computations show that

(i, &) = / B((e=WO), P e OTE(0,0, 1)) dB db + of1).
T ko,

We have vp¢ = (T +n)and 0 := (7' 7n). Hence, we get df Ad¢ = HO( ) dr A dn, and the previous
integral becomes

1 B((e /R P /R (0,0, 1)) dr di,
2k Jr2/r ’

where T':= 277Z(1,—1) @ 27Z(k, k), or equivalently

k Z/ —ZTrzZ/k‘ 757_’77’ e—27rif/k(0’ 0, 1)) dr dn + 0(1)7

where @ is the square with vertices (0,0), (27 277) (4,0), and (27, 27), while Qy is its translation
by (€ — 1)(2m,2m) (note that TH1 = 27t 4 O( 1Y on Q). Thus, we have

1 27r ) B )
/ [/ Q((e")sPry,€*(0,0,1)) da} drdn
47 Q1 0 ’

27
= 12/ [/ 27T<I>((em)*PT,n,e"“(o,0,1))da] dr dn,
am [0,27]2 LJo

as claimed. ]

<V007 <1)> =
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