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ABSTRACT. Given a family of critical points u. : M™ — C for the complex Ginzburg—

s = [, (155 455,

on a manifold M, with natural energy growth F.(u.) = O(]loge|), it is known that

Landau energies

the vorticity sets {|uc| < 1} converge subsequentially to the support of a stationary,

rectifiable (n — 2)-varifold V' in the interior, characterized as the concentrated portion

ee (ue)
7 |log €]

When n = 2 or the solutions u. are energy-minimizing, it is known moreover that
this varifold V is integral; i.e., the (n — 2)-density @™ 2(|V|,z) of |V takes values
in N at |V|-a.e. x € M. In the present paper, we show that for a general family of

of the limit lim._.q of the normalized energy measures.

critical points with E.(u.) = O(|loge|) in dimension n > 3, this energy quantization
phenomenon only holds where the density is less than 2: namely, we prove that the
density ©"72(]V|,z) of the limit varifold takes values in {1} U[2, c0) at |V |-a.c. z € M,
and show that this is sharp, in the sense that for any n > 3 and 6 € {1} U [2, 0),
there exists a family of critical points u. for E. in the ball Bf'(0) with concentration
varifold V' given by an (n — 2)-plane with density 6.

1. INTRODUCTION

1.1. The Ginzburg—Landau equations and the integrality question. A complex
valued map u : M — C on a Riemannian manifold (or Euclidean domain) M is said to

satisfy the Ginzburg—Landau equations with parameter € > 0 if
(1) e2Au = DW (u) = —(1 — |ul*)u,

where A = —d*d and W : R? — R? is the nonlinear potential W (u) = (1 — |u|?)%. The
system (1) arises as the Euler-Lagrange equations for the energy functional

) Bwi= [ et = [ (G + 50,
A=fu)?

which combines the usual Dirichlet energy [ 1|du|? with a nonlinear term [ ( e

which penalizes the deviation of the values u from the unit circle S* C C, with increasing
severity as € — 0.

While the study of the system (1) can be traced back to Ginzburg and Landau’s work
on superconductivity in the 1950s, the subject captured the attention of the geometric
analysis community about thirty years ago, with the publication of the influential
monograph [5] by Bethuel-Brezis-Hélein. The investigations of [5, 26], and others of this

period focused on solutions u. : Q@ — R? on simply connected planar domains 2 C R?
1



2 A. PIGATI AND D. STERN

obtained by minimizing E. with prescribed boundary data g : 9Q — S' of nonzero degree
deg(g, 0) # 0, motivated by the search for a canonical ‘energy-minimizing’ extension
uy : Q — S' of g, in a setting where no finite-energy extension exists. It was shown that
these maps u, converge as € — 0 to a singular harmonic S'-valued extension u, :  — S*
of g, whose singularities minimize a certain interaction energy between points in the

plane. Moreover, these maps have energy F.(u.) = w|deg(g)|log(1/¢) + O(1) as € — 0,
ec(ue)
wlog(1/e)
at the |deg(g)| singular points of u,. Non-minimizing critical points on two-dimensional

with the normalized energy measures dx converging to a sum of Dirac masses
domains were also studied, e.g., in [4] and [10].

Later, attention turned to solutions of (1) in dimension n > 3, with the work of
Riviere [21], Lin-Riviere [17, 18], Jerrard—Soner [16], Bethuel-Brezis—Orlandi [6], and
others. For solutions u. : Q C R™ — C of (1) in higher dimensional domains, satisfying
the natural energy growth E.(u:) = O(|loge|), it was shown that the zero sets u_ {0}
converge (roughly speaking) to the support of a generalized minimal submanifold of
codimension two. In particular, following the analysis of [6] (see also [24]), one arrives
at the following asymptotic description of solutions as € — 0.

Theorem 1.1. Given a manifold M™ without boundary, of dimension n > 3, assume
that we have a sequence of maps ue : M — C (indezed by a sequence € — 0) solving (1),
with respect to a smoothly converging sequence of metrics g — go, such that

) 1 1 W (ue)
1 — = |due|? dvol
im sup Tog?] /K <2| Uely, + volg, < 00

e—0 g2

for all compact K C M. Then, up to a subsequence, the normalized energy densities

. ‘du5|5215 + W(UE)

es(u
c(ue) volg., where ec(us) = 5 SR

m|log €|

He =
converge to a Radon measure pu which decomposes as
(3) p= V[ + fvolg,

for a suitable smooth nonnegative function f : M — R and a stationary rectifiable
(n — 2)-varifold with density O™ 2(|V|,-) > ¢(n) > 0 on its support. Also, the measures

Wgs) volg, converge to a limit measure satisfying
(1) tim 5 vol,, < c (V)

for all compact K C M. Finally, spt(|V]) is the limit of the sets {|u:| < B} in the local
Hausdorff topology, for any B € (0,1).

Remark 1.2. Since the variants of Theorem 1.1 appearing in [6, 24] are not quite
stated in this form, we later include a sketch of the proof for the reader’s convenience.
We note also that the last statement is true even for 8 = 0; in this case, it follows from
some arguments contained in the present paper (see Remark 4.5 below).

The simple example u(x) = /1 — £2k2 %% on the circle M = R/277Z, with k. € N
satisfying k. ~ \/|loge|, shows that the limit measure p can be completely diffuse. In
[25] (see also [9]), it was shown however that any closed Riemannian manifold (M, go)
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of dimension > 2 admits a family of solutions satisfying the hypotheses of Theorem 1.1
with g. = go for which the energy concentration varifold V' is nonzero, and it is expected
that many such families exist.

While results like Theorem 1.1 reveal a strong link between solutions of (1) and
minimal varieties of codimension two, the result sheds little light on the structure of the
limit varifold. In particular, the weakest notion of minimal variety typically considered
in geometric measure theory is not the stationary rectifiable varifold, but the slightly
stronger stationary integral varifold, which satisfies the additional condition that the
density ©"2(|V|, z) takes values in N for |V|-almost every z.

For some formally similar (though qualitatively rather different) families of equations
like the Allen—Cahn equations or the self-dual abelian Higgs equations, results analogous
to Theorem 1.1 do indeed give energy concentration along stationary integral varifolds
of codimension one [14] and codimension two [20], respectively. Moreover, the results of
[17] for E.-minimizing solutions of (1) and [10] for general solutions in dimension two
reveal that integrality of the limit varifold holds in these cases. All of these observations
naturally lead us to the following question.

Question 1.3. When n > 3, is the stationary varifold V' arising from a family of
solutions to (1) as in Theorem 1.1 necessarily integral? In other words, is the energy of
ue quantized along the concentration set?

For an equivalent formulation, consider the set D C (0, 00) of positive real numbers
6 € (0,00) for which there exists a family u. : B}(0) — R? of solutions to (1) in the
unit n-ball whose energy concentrates along an (n — 2)-plane P C R™ with (necessarily
constant) density 6, in the sense that

e —* OH" 2L P.

By a straightforward blow-up argument, it is easy to check that Question 1.3 has a
positive answer if and only if D = N\ {0}.
In the present paper, we answer Question 1.3 in the negative, proving instead that

D ={1}U[2,00) 2 N\ {0}.

In other words, we prove that the density ©" 2(|V|,-) of the energy concentration
varifold V' in Theorem 1.1 takes values in {1} U [2,00) almost everywhere, and give
examples to show that this cannot be improved in general.

1.2. Quantization and non-quantization results. The bulk of the paper is devoted
the proof of the following theorem, showing that D C {1} U [2,00), and hence that
the density of the limiting energy measure in Theorem 1.1 is indeed quantized where
on2(|v],-) < 2.

Theorem 1.4. In the setting of Theorem 1.1, assume moreover that M = BZ(0)

and gy is the Euclidean metric. If the energy densities concentrate along the plane
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P =R"2 x {0} with constant multiplicity 6 € (0, 0), i.e.,

e (ue)
m|log €]

in CO(M)*, then 6 € {1} U [2,00).

vol,. — OH" 2L P N B%(0)

In the general setting of Theorem 1.1, by applying Theorem 1.4 to a family of rescaled
solutions in balls centered at a point where the varifold V has flat tangent cone, we

arrive at the following corollary.

Corollary 1.5. Under the hypotheses of Theorem 1.1, the (n—2)-varifold V has density

@n—2(|v|,$) — lim ’VKBT({I;))

=0 Wy_or" 2 €{1}U[2,00)
—

for |V|-a.e. .

Previously, the best known lower bound for non-minimizing solutions u. in dimension
n > 3 was the non-explicit lower bound ©"~2(|V],-) > ¢(n) > 0, a consequence of the
following important result, obtained by different methods in [18] when n = 3, and in [6]
for n > 3, which is the key ingredient in the proof of Theorem 1.1. In later works it was
suggestively called clearing-out for the vorticity. Here, for simplicity, we state it for the
flat Euclidean metric.

Theorem 1.6. [18, 6] There exists a constant n(n) > 0 such that, if
E.(uc; By(x)) < nr"2log(r/¢),
for a ball B,(x) in the domain with r > €, then |u.(z)| > 3.

By a trivial covering argument, up to changing the constant 7(n), one then obtains
that |uc| > 1 on the entire smaller ball B, /2(w). When w. is a typical two-dimensional
vortex centered at z, then the energy is ~ 7"~ 2?log(r/e). Thus, Theorem 1.6 essentially
says that, if the energy is much smaller than the expected one, then indeed there cannot
be any vortex on a smaller ball.

While it is possible to obtain explicit lower bounds for the energy threshold 7(n)
using the arguments of [6], the resulting bounds are non-sharp. As a simple consequence
of Corollary 1.5, we obtain the following sharp version of Theorem 1.6.

Corollary 1.7. For any n < - wy—_2 there exists §(n,n) > 0 such that, if
E:(ue; By(x)) < " *log(r/e)
and e < 8r, then |uc(z)| > 1.

For otherwise, since by scaling we can assume that £ = 0 and r = 1, there would exist
a sequence u. with ¢ — 0 and energy at most n|loge| on B;(0), but with |u.(0)] < 1.
By Theorem 1.1, the point 0 would belong to the support of the energy concentration
varifold V. Since V is stationary, Corollary 1.5 and upper semicontinuity of density
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give ©"72(|V],0) > 1, which gives |V|(B1(0)) > w,_2 by the monotonicity formula.
However, this contradicts the fact that

L. EE(UE;B (0)>
VI(B1(0)) < n(B1(0)) < h?L%lng;r

Note that for any $ < 1 the same argument gives |u.(x)| > § provided that we assume
E.(ue; By(z)) < nr"2log(r/e) for n < nwy,_o and € < §(B,1,n)r.

Remark 1.8. It seems likely that variants of Theorem 1.4 and Corollary 1.7 should
hold in the parabolic setting as well, yielding, e.g., a sharp version of [8, Theorem 1].

Building on these observations, one can also easily obtain sharp lower bounds on the
energy of nontrivial solutions to the Ginzburg-Landau equations in several settings. For
instance, one obtains the following sharp lower bound on the energy of nonconstant

entire solutions, which was already shown in [23] when n = 3 and w is energy-minimizing,.

Corollary 1.9. For n > 2, any entire solution u : R™ — C of
Au = —(1—|u/*)u
for which

[0 (Gldul® + W (w))
(5) lf%nf;ip R"2logR

< TWp—92

must be a constant map u = €' for some o € [0,27).

It is well known [13] that there exist nonconstant solutions for which equality holds.
The proof is a straightforward consequence of the previous corollary: if the strict
inequality (5) holds, then the arguments of the preceding paragraph can be employed to
show that |u| > 1 everywhere on R". Since we also have |u| <1+ CR™? on Bp/y (by
rescaling the bound (102) from the appendix), we obtain |u| = 1. Hence, u is harmonic
as a map to R?, which together with (5) clearly shows that v must be a constant map
to St

The other main result gives a converse to Theorem 1.4, showing that {1} U[2,00) C D,
the novel observation here being that [2,00) \ N C D.

Theorem 1.10. For any 0 € {1} U[2,00), there exists a family of solutions satisfying
the hypotheses of Theorem 1.4 (with n > 3 and g. = go), with limit density 6.

The examples provided by Theorem 1.10 are obtained by scaling down certain entire
solutions in R? with helical symmetry, constructed in [11]. In particular, we see that
the conclusion of Theorem 1.4 is sharp in dimension > 3, without additional constraints
on the family of solutions.

1.3. Proof ideas. Unlike in the asymptotic analysis of the Allen—Cahn or U(1)-Higgs
equations, where most of the energy concentrates at the O(e) scale about the zero
sets of solutions, the main contribution to the |loge| energy blow-up for solutions of

the Ginzburg-Landau equations as in Theorem 1.1 comes from the annular regions of

1

distance 170 < r < &% about the zero set of a solution u. (for § € (0, 1) small), where
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e resembles a harmonic S!-valued map. In particular, for any « € (0,1), interactions
between distinct components of the zero sets u-'{0} separated by a distance ~ &
influence the leading-order behavior of the energy, and the key point in the proofs
of Theorem 1.4 and Theorem 1.10 is to understand which kinds of interactions are
permissible for solutions of (1) in higher dimension.
Given a family of solutions . in B}'(0) with energy concentrating on an (n — 2)-plane
P =R"2 x {0} as in Theorem 1.4, we show that the limiting multiplicity 6 € (0, 00)
for which
ee(ue)
mlog(1/e)
can be computed via the following preliminary energy identity. After passing to a

volg, =* OH" 2L P

subsequence, for a generic sequence y. € B{L_2, the zero set {z € D? : u.(y,2) = 0} of
the solutions wu. in the two-dimensional slice {y.} x D? is contained in a collection of m
disks Dee(27), - .., Dee(zr,) of radius O(e) with centers 2f, ..., z;,. Denoting by x5 € Z
the (nonzero) local degree

K5 = deg(ue/|ue|, 0Dce(75)) € Z,

we then find that (after passing to a subsequence)

. m 2 . cllog|zf — 25|
(6) 0 = ;lg(l) (Zjﬂ(ﬁj) + 2> 1<ici<mBik; |logs|>
Note that if all of these degrees x5 had the same sign, it would follow from (6) that
@ > m, and the conclusion of Theorem 1.4 would follow easily, since 6 < 2 would
imply that there is only m = 1 such disk D¢ (25), with degree (k5)? < 2, and therefore
6 = (k5)? = 1. The difficulty in proving Theorem 1.4 therefore lies in| th(|3 case| |where the
e ¢ llog zf—zj

K>

R Togel subtract

degrees /@j have different signs, so that the interaction terms
from the limiting density 6.

After some reductions, in the proof of Theorem 1.4 we may assume that |z7| < £® for
some fixed § > 0 for all 1 < 4,5 < m, and denoting by x the total degree

Ko=) 0 Ky,

we argue that (possibly after precomposing u. with a small translation) the energy
density drop of u. between the scales 1 and €’ is given by

E.(uz; B1(0)) — (€°)2 " E.(ue; Bs (0)) = mwn_o|k|? log(1/€%) + o(|loge]).
By the well-known monotonicity formula for solutions of (1), it then follows that

2 W (ue)
yn—1 B.(0) g2

)

1

ool 1og(1/2%) + ofloge)) = [

0

and one easily concludes that there exists a sequence 7. € [°,1] for which

2 W (ue
™) [ T ol 4 o).
7"5 BTE(O) €

Note that in the two-dimensional setting, a simple argument via a Pohozaev identity
upgrades the inequality (7) to equality, which forms the basis for the quantization results
in [10].
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We then introduce new estimates relating the potential energy [ B (0) % to the

degrees £5, concluding roughly that

2 W(ue) _ TwWp—2 <m
0 o [ L Ty
BTE(O)

Te €

Combining this with (7), we deduce in particular that

2
S| < 20l = 2| S s

On the other hand, if 6 < 2, then the results of [16] imply that x = £1 or 0, and by
the preceding inequality, it follows that the only possibility is that, for some 1 <1i < m,
ki = £1 and ﬁj = 0 for all j # ¢; hence, # = 1 by (6). This suffices for the proof of
Theorem 1.4, showing that 8 < 2 forces the vortex to occur with multiplicity one.

To prove Theorem 1.10, we observe that the families of entire solutions of (1) in R3

constructed in [11], whose zero sets consist of m > 2 degree-one helices separated by a

1stance ~ collapsing to the line L = X R, can be blown down by a factor o
di h llapsi he line L = {0} x R be blown down by a f f
oge

e” for any fixed 7 € [0, 1), to obtain a new family of solutions to (1) with parameter
£ = e!*7. The zero sets of these blown-down solutions are then separated by a distance

‘71/2

~eTloge|~1/? = £ [loge , and we can use (6) to deduce that the limiting energy

measure on the line L has density
O(m,7) =371+ 2> cicjeml - 1

In particular, since

T+1:m+(m —m)

{0(m,7) | T€]0,1)} = [m, %(m2 +m))

and Jpe_o[m, 1(m? +m)) = [2,00), Theorem 1.10 follows.

Note that the solutions constructed in [11] appear to be quite unstable at large scales;
in particular, it should be possible to decrease the energy via a perturbation that spreads
the m components of the zero set farther apart. From a variational perspective, it
would be very interesting to understand whether an additional assumption of stability
or bounded Morse index of solutions allows one to refine the conclusions of Theorem 1.4,

perhaps even giving a positive answer to Question 1.3 in this case.
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2. PRELIMINARY ESTIMATES

In this section we prove Theorem 1.1 and, later, we obtain additional information
in the special situation of Theorem 1.4. While the proof of Theorem 1.1 is simply a
localization of some arguments from [6, 7, 18] and [9, 25], we summarize it here as a
convenient way to fix some notation which will be used in the next sections.
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2.1. Proof of Theorem 1.1. Since the statement is local, we can assume that M =
B (0), and prove that the conclusions hold on Bg/z(()). In the appendix, we recall some
fundamental estimates from [7], stating them in the case of a general metric. Thus, we
are considering a family of solutions

ue : By(0) - C
to the complex Ginzburg-Landau equation

(9) e Ag.ue = —(1 = uel*)ue

du.|? W
/ | 8‘95 + (36) dvol,. < Clloge]
Bp(0) \ 2 €

for some C' > 0 independent of &.

with

First of all, from the local bounds stated in the appendix, it follows that

1— ‘Us‘z

(10) lue| <1+ Ce%, ducls, < = +C

on the smaller ball By /4 = B?/4(O), as well as

(11) / (dyueuga + W%‘a)) dvol,, < C,
Br4 €

where, throughout the paper, C denotes different constants which do not depend on

g, but possibly on our sequence of solutions (we will, however, emphasize whether
such constants depend on additional parameters introduced later on). Henceforth, we
suppress the subscript g in quantities depending on the metric when the meaning is
clear from context, as well as the volume form.

As in the works quoted above, we introduce the one-forms
Jue = ul(r? dh) = ul du® — u? du',

and observe that

. 2
el = fafue [ + ]
e |
on {u. # 0}, and consequently
. 1—lu 2\2
(12)  flduel? = el?) < el + 11 = e Plldue? < e+ LS

Hence, it follows from (11) that

(13) /B 3

Note moreover that we have

1.
ez—:(us) - §|]UE|2 <C.

(14) d*ju: = 0,

as an easy consequence of (9). Now, for each u., we denote by V(u.) C Bs the vorticity

set

V(ue) = {Jue| < 3},
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and define a perturbed map v, : By — C by
Ve = X(Jue|)ue,

1
t

1

where x : R — R is smooth and such that x(#) = 1 on [0, 1] and x(¢) = 1 on [}, 00). In

particular,

ve(x) = Ue(2) e St forx e By \ V(u.)

 ue(@)]
and |v:| < Clug| on V(uz). As in [6, 7, 18], a suitable Hodge decomposition of the
one-forms

(15) jve =02 (r? df) = x(luc|)*jue

plays a central role in the analysis. To obtain the exact part of the decomposition, first

consider a solution 9. € C*°(By/4) to the boundary value problem

{d*d¢e = d*(jve) = d"(jve — jue) in B7/4a

(16)
Ye =0 on 9By 4.

Note then that

/ ‘d¢€|2 §/ |j'U5—jUg|2
Bz B74

< / (fue)? = 112[ue | due
7/4

<C 11— Juel?||due |
B4
3%
(by (10)) <C # +C,
By €
which together with (11) gives
(17) e = jucllzasy, 0 + ldvell2s, 1) < C.

Next, let ¢ € C°(By/4) be a cutoff function with Bs/; CC {¢ = 1}, and consider

the two-form

(18) §e == AEII(‘P djvs) =G x* (90 djvs)a

given by convolution of djv. = 2dv} A dv? (multiplied by the cutoff ) where

(G+O@) =3 / | Gupla)(clp). ) dvol,
PEDL7/4

el
is the local Green’s operator for the Hodge Laplacian Ay = d*d 4+ dd* with respect to
the metric g. as described in Proposition A.7 (with U := By and K := §7/4), so that

Apé. = d*dé + dd* ¢ = p djue.

It is easy to see that ¢ djv. is supported in V(ue) N By/4(0), where

W (u.)

(19) |djve| < Clduc|® < C 3
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(since |duc| < g and 1 — |u|? > 2 on V(u.)). In particular, using Proposition A.7 to

bound |VG;p|(z) < Cdisty, (z,p)' ™", we have

. 2 W(u
(20) @) + IVed@ < © [ disty, (z, gy 2 W)) g,
V(UE)QB7/4 3
and as an easy consequence,
W (ue)
(21) 1€l Lo (B,,0) + IIVE o(B, 1) < Cp) : 3 = C(p)
7/4

for any p € [1, 25).
Finally, letting
(22) he i= jve — d*& — dy,
observe that h. is harmonic on the interior of {¢ = 1}, since here
Aphe = d*d(jve — d*&) + dd” (jve — die)

= d*(djvs — Ap&e)
= d*(djv= — ¢ djue)
=0.

In particular, elliptic estimates give

1hellcr(By,0) < Clihellis, )
and using (17) and (21), we deduce that
(23) lhellcr(syp) < lvellprs, ) +C < Clloge|'/2.

1/2

Using again (17), (22), and the trivial bound [|ju.||z2(p,) < Clloge|*/#, this also implies

(24) "€l L2 (B y) < Nivellz2(sy,,) +C + Clloge|"/? < Clloge| /.

Now, let S be the (subsequential) limit of the sets V(u.), in the Hausdorff topology
on Bsy. (Note that the metrics g in the family are uniformly equivalent to the Euclidean
metric §, i.e., Clg. < § < Cg. on the ball Bz /4, so Hausdorff convergence can be
considered with respect to the Euclidean metric.) This set will be useful in the proof of
the following statement.

Lemma 2.1. As e — 0, we have

(25) d*|he] = 0.

1111
=0 [loge| Jp, ,

Proof. If z € S then we can find x. € V(u.) such that . — x, and by Theorem A.3 we
then have

(26)  (Br(@)) = Hm sup pie (Byjp.—| (@) 2 c(n) lim(r - |z - )" = c(n)r?

e—0

for any r < 2 — |z|. By a simple Vitali covering argument, this implies that
(27) H 2L S < C(n)p,

and in particular S is negligible with respect to the Lebesgue measure.
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Now, for any ¢ > 0, denoting by Bs(S) the d-neighborhood of S, we can bound

| iaedind < [ @€ el + € e 5, 50 I 2 5 -
Bz Bs /5N Bs(S)

By Cauchy—Schwarz, (23), and (24), the first term is bounded by
16\l 28y )| Bs(S)[ V2 - el Lo 8, ) < Cllogel|Bs(S)|2.

Moreover, recalling the definition of S, (20) gives

W (uc)
2

(28) limsup [|d"& || oo (B, ,\Bs(s5)) < C(9) < C(9),

e—0 Bz €

which implies that the second term above is at most C(8)|loge|'/2, and (25) follows by
letting € — 0 and then 6 — 0. O

By (13), (17), and (22), we have
- |die + d*E 4 he]? . |d € + he|?

T |jU€|2 _ _
p=lim ————— dz = lim dx = lim
¢—0 27|log £ e—0 27|log €| e—0 2m|loge]

The previous lemma, together with (23) and (24), implies that

o |+ he]?

1
W= dr = v+ —|ho|*dz on B3y
27

e—=0 2m|loge]

up to subsequences, where hg := lim._,q lloghﬁ is a harmonic one-form, while

\
|d*§€|2

v .= lim —————— dx.
e—0 27|log €]

From (28) it follows that spt(v) C S, while (26) and the structure of p imply
B,
(29) li (Br(2))

r—0 pn—2 = c(n) >0,

which forces the reverse inclusion to hold on Bj/y. Thus,
S =spt(v) on Byjs.

Note that the previous argument also shows that lim.o{|uc| < 8} = spt(v) on By,
for any 8 € (0,1) (without the need of a further subsequence, as any subsequential limit

of {|ue| < B} equals spt(v)).
To prove (4), define the measure A := lim._, Wa(é‘g)

by (11). Note that, by the monotonicity formula (101), the rescaled maps uz(x) :=

dx, which exists up to subsequences

ue(p + rx) (with € = ¢/r) have energy at most Clloge| on By(0), for p € Bg/»(0) and
r< i. Applying Proposition A.5 and scaling back, it follows that TQ_”)\(BT/z(p)) <C.
Also, from [7, Theorem 2.1] it easily follows that A =0 on Bg/y \ S (since S is the limit
of the sets {|us| < S} for any € (0,1)). Hence,

A< COHMZLS

on Bg/y, while (27) and the structure of x imply that the right-hand side is bounded
above by Cv.
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This proves (4) and the theorem, provided that we check that v = pl_ S coincides
with the weight of a stationary (n — 2)-varifold V' for the limit metric gy = lim._,q ge.

On B3/, we introduce the stress-energy tensor
T. = ec(ue)I — du. ® du,

with the implicit scalar product du. ® du. = du!l ® dul + du? ® du?, and define the
measure
T.
Tp = lim ———— volg_,
=0 m|log €|
taking values in symmetric bilinear forms. The fact that u. is critical with respect to
inner variations gives div,. T: = 0, which implies that Tj is also divergence-free, in the
sense that the pairing (Tp, Vg, X) vanishes for any C? vector field X supported in By /2-
A computation similar to (12), together with (11), shows that

. 1 ljue* .
Ty =1 I — 1, .
0= 1% m|log g| < 2 Jus @ Jue | VOlg.

Also, (17) and (25) give

h 2
To=V + <|g’f —ho® h0> volg,

with

V = lim ! ’d*€6’21 — (d°&) @ (d*¢) | volg, .
e—0 m|log €| 2 o

Note that hg is strongly harmonic, meaning that dho = 0 and dg ho = 0: indeed, we

already have dj_h. = dj_(jv: — dipc) = 0 by (16); also, (21) gives dea||L1(B3/2) < C, and
hence
o dhe o djue—ddé | Apf - dd'e . d'de
dhg=lm —=lm———— > =lim——r—— =lim——~ =0
e—0 ’log5|1/2 e—0 ‘loge’l/z e—0 |10g5|1/2 e—0 |log5|1/2

on Bsy, with the limits understood distributionally (where we used (22) in the second
equality and (18) in the third one). Since hg is strongly harmonic, the term %I —ho®hg
is divergence-free, and thus divV = 0, as well.

Since tr(V) > (n — 2)v and [(Vw,w)| < |w|?v for any w € R™, the measure V can be
identified with a generalized stationary (n — 2)-varifold with weight v, according to the
definition from [25, Section A.2]. Since it has positive density on its support by (29),
it now follows from the classical result by Ambrosio-Soner [3, Theorem 3.8] that V is
actually a rectifiable varifold.

2.2. Additional bounds in the situation of Theorem 1.4. Suppose now that we
are in the setting of Theorem 1.4. Henceforth, we will assume for simplicity of notation
that g. is in fact equal to the flat Euclidean metric; it is an easy exercise to extend the
arguments to metrics converging smoothly to the Euclidean metric, and we will comment
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occasionally on the necessary modifications for this case. Thus, we are considering a
family of solutions u. : B5(0) — C to (9), for which the normalized energy measures

o ee(ue)
g <
m|loge]

converge weakly in C?(Bz)* to a multiple of the (n — 2)-plane P = R"~2 x {0}
pe = OH" 2L P

ase — 0.
On any domain compactly contained in By = B2(0), such as By, the following is a

simple consequence of the last assumption.

Lemma 2.2. Writing |du.(P)|? := Y7~ 2|duc(e;)|?, we have
1
- P)? =o.

B7/4
Proof. Since the stationary varifold V' from Theorem 1.1 coincides with a multiple of P,

viewing V as a matrix-valued measure we can write
(31) V=0MH"?LP,

where M € R™ " is the orthogonal projection onto P. As seen in the proof of Theo-

rem 1.1, the normalized stress-energy tensors @ converge to V, and by (31) this

implies that
(Trw, w)

lim de:/ Xd(Vw,w>:/ xd|V]|
=0 /p, " mlloge| B B

for any x € CY(Bs) and any unit vector w € P. Recalling the definition of 7. and the

fact that
lim/ y Lelte) :/ xd|V],
e—0 Jp, " mlloge| B
we deduce that lim._,¢ [ By X‘(ﬁfg;’gr = lim._,0 || By X% =0, as desired. O

Using the preceding bounds, we can prove the following key estimates, showing that

the limiting energy density can be computed in terms of the one-form d*&..

Lemma 2.3. Ase — 0, we have
1

lim ——— . ke |2 '
50 llog €| jue = & =0

B3z

In particular, combining with (13) gives

1 1
2 lim —— — S|d*¢ P =0.
(32) 81_% log e| Beso ee(Ue) 2‘ & | 0
Proof. In view of (17), it suffices to show that
(33) ljve = d*&lIZ2(p, ,) = o(lloge])

as € — 0. Note that
JVe — d*gs = he + dT[)Ey
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and we know from (17) that ||di.||7. (Brja) < C, so all that remains is to show that

2
1hellZ2 (B, ) = o(logel).
Since the energy concentrates along P, note that, for any fixed § > 0,

llmsup M — lmsup ||du€”L1(B7/4nB§(P))
e—0 |log e[1/2 e—0 llog | 1/2

| due HLZ(B7/4OB§

< limsu
=T llog e]1/2

< 09,

(P))
| B7/4 N Bs(P)|"/?

so that ||du5||%1(37/4) = o(|loge|). Using (23), we arrive at

1hellz2(Bs ) < Nivellpis,,,) +C = o(|loge[/?),

and the claim follows. d
Now, denote by @ the cylinder
Q = B 7%(0) x DI(0) C By,(0),

and fix a large constant K > 0, which will be specified in the final part of the proof. In
what follows, we identify a distinguished family of two-dimensional slices perpendicular
to the (n — 2)-plane P of concentration, such that the energy density 6 can be computed
in terms of the behavior of the solutions u. along these slices. (Cf., e.g., [19] or [22] for

similar arguments in the harmonic map or Yang—Mills settings.)

Definition 2.4. Given y € B?/_;(O), we say that Pyt := {y} x D}(0) (or simply y) is a

d-good slice for u,. if

sup
0<r<1/2

< d|logel,

7’2_”/ ee(us) — Twp—20|log |
B (y)xD}

sup r’ / <|duE(P)2 + ‘]Ua —d §£|2 + ee(ua) - 7‘d §5|2
B} ?(y)xD? 2

0<r<1/2
and

> < d|logel,

%4
sup r2_"/ < %LE) + |‘£€’> < K.
0<r<1/2 B2 (y)x D? €

The first and second conditions require uniform L? vanishing of du.(P) on the

cylinders B"~2(y) x D? centered at y at all small scales r, and assert that the density

2, or 1|jvc|? along the

cylinders B"~2(y) x D?, or (letting 7 — 0) along the slice PyJ- = {y} x D?, while the
82

0 can be computed by integrating any one of ec(ue), %|d*§€

third condition enforces uniform L! control on the potential and |£| over the same

cylinders at all scales.

Lemma 2.5. Denote by G. 5 C BIL/EZ(O) the collection of 6-good slices for u.. Then, for

any 6 > 0, we have

limsup |B" 2\ G. 5| < —.
a—>0p‘ 1/2\ T K
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Proof. Let F}, F2? and F3 be the sets of slices where the first, second, and third
requirements fall respectlvely. In view of (11) and (21), we have

Lo ), (P viel) eoasay= [ (5 v iel) <o

for some constant C' independent of €. The Hardy-Littlewood weak (1,1) estimate for

v f (5

the maximal function of

Liled) s as

then implies that
C
|F2| < e

Similarly, from (30) (32), (33), and the maximal inequality, it follows that

_ 2y

In order to bound the measure of F}, we observe that F} C F!¢ U F!* where we

denote by F1® and F1° the sets of slices y € Bf’/; such that

0
sup r2_"/ ec(ue) > =|loge]
0<r<1/2 BP2(y)x[D?\D2,,] 2

+ Jee(ue) — *\d*ﬁs

and

sup

)
> 5 llogel,
0<r<1/2 2

7'2_”/ xee(ue) — mwp_20|log £|
B2 (y)x D2

respectively, where x = x(z) is a cutoff function supported in D?, with y = 1 on D% /2
and 0 < xy < 1.
Since the energy concentrates along P, we have
1

—_— es(us) — 0,
|log el BT 2x[D?\D? o

1/2}
which implies that |F!¢| — 0, again by the Hardy-Littlewood maximal inequality.

Finally, for y € 35/4 (0), let

fely) = /{y}XD% xee(ug) dz.

Recall that the stress-energy tensor T, = e-(u:)I — dufdu, has zero divergence. Hence,
testing against the vector field ¥ (y)x(z)ex gives

/ ez—:(ue)ak(wX) = / Z;'Zzlajusakusaj (wX)a
By By

for ¢ € Cl(Bg/f) In particular, for k =1,...,n — 2, (30) and Cauchy—Schwarz imply
that

‘/nQ faakw
Bs/4

< Cllduell2(B, ) 1Oktel 2B, ) [¥llcr < o([loge])l|dy]|co
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(as Bg/f x D? C B,y and [[¢[|cr < Clldi)|[co). In particular, applying the Hahn-Banach

extension theorem to the functionals

1
Vi / £
oz el /oy 2

on the subspace
(V| ¢ e Ca(BLA)} C Co(BL2 R,

0
©

where CO(Bg/_f,R”*Q) = C?(B?A{R””) , it follows that there exist vector-valued
Radon measures X € Cg(Bg/f, R"~2)* such that

lim | X7 =
lim | XF| = 0

and

- 1
(K. V0) = o [ S0k,

so that div(X}) = O (|1ng55|> distributionally.
We can then apply Allard’s strong constancy lemma [2, Theorem 1.(4)] and deduce
that
1

|llog €| I = aEHLl(B?%) -0,

for suitable constants a.. In fact, since UTéal i) Br2 fe = mw,_96, the same conclusion
must hold with a. = 7f|loge|. This implies that |F!*| — 0, which completes the
proof. O

Next, we record the following lemma about the small-scale behavior of the two-form
djve near a good slice, which we will use repeatedly in subsequent sections to refine our

characterization of the limiting energy measure.

Lemma 2.6. For any o € (0,1) and v > 0, there exists 01(«,y) € (0,1) such that if
B (z) C Q is a ball with r > &% for which

(34) / lduc(P)|? < 61 [logel.
Bay(z)

then for e small enough (depending on o and ~y)

(35) - x/| de'| <~ for (a,b) # (n—1,n).

r2n / (djve (")) ap
B, ()

|lx — x

Moreover, if V(u:) N Ba,(x) N Pi- C Bs, (), with x := deg(ve, z + {0} x rS) we have

(36) 7'2"/ ( )(djva(w’))n_lm — 2MKWn_o| < 7.
By (x

Proof. We first prove (35), via a contradiction argument. If the statement fails, then
(passing to a subsequence) there exist balls By, _(x.) C @ with 7. > &% such that

|dus(P)|* =0

lim r2—"

e=0 °  |logel /By, (20
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but

)
Tgn/ (djoe(2))ap o da’| >
By () |ze —

(37)

T d

for some (a,b) # (n — 1,n). Rescaling Ba,_(x.) to B2(0), we obtain a sequence of

l—«

solutions iz of the Ginzburg-Landau equation on B3(0), with € =¢/r. <& ~* and

Ee(ug) < Clloge| < ;——[logé],
as well as )
po |dﬂg(P)‘2 —0
log €| J B, (0)
as € — 0.

By Theorem 1.1, the limit of the normalized energy densities of s has a concentrated
part |V|, for a rectifiable stationary varifold V, and by reversing the proof of Lemma 2.2,
we know that the tangent plane to V at x coincides with P, for |[V|-a.e. z. Together
with stationarity, this easily implies (testing stationarity against vector fields of the form
X = ¢v for fixed vectors v € P) that V is invariant under translations by vectors in P,
and therefore coincides on By(0) with a locally finite union of planes P + x; parallel to
P (with multiplicity at least ¢(n) > 0).

Moreover, as in (19),

W (uz)

(38) [dje] < C—

)

and by (4) we deduce that
(39) [djfe] = X, 1" L (P + )

weakly in CO(B2)*, with f; locally bounded.
Hence, the rescaled (n — 2)-cycles xdjos converge weakly as currents in Bs to a cycle
supported on | J ; (P + z;). By the constancy theorem for cycles, it follows that

(40) #(djvs) — > ;27K (P + ;) on B,

for suitable constants x; € R (actually x; € Z, by [16, Theorem 5.2], or by a slicing
argument similar to the proof of (69) below, which reveals that x; is the degree of 0z
around P + z;).

If (37) holds, then rescaling gives

.fU/

/u%wmbth%
B1

(41) 7

but fixing x € C°(By), 0 < x < 1 be some test function supported away from 0 such

that
~

Zj/ (1=x)f; dH"? < 5
(P+$j)ﬁBl

it follows from the distributional convergence (40) that, for this couple (a,b) # (n—1,n),
(djvz)qp vanishes distributionally as & — 0, so

. . x
lim . (djvé(x/))abX(x/)m dz’ = 0.
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On the other hand, it then follows from (39) that

/ (djvz(z"))ap(1 — x(x’))x—, da’
By ||

x/

/ (djvs(x"))ap—r da’
B1

||

= lim sup
E—0

<%, [ (1= x)f; dmr=
(P+xj)ﬂBl

<v/2,

lim sup
E—0

contradicting (41).
The proof of (36) is similar, where in the limiting rescaled picture we have simply
22wk (P + xj) = 2mKP. O

In the following section, we will use this together with the following formulas for &. and
V&, which follow simply from (18) and the formula for the Euclidean Green’s function
G(z,y) in R™, together with a simple integration by parts (recall that nw, = 2rw,_2).

Lemma 2.7. For any pair (a,b) with 1 < a < b < n, we have

(42) 2w —2(&)ap(x) = /Oooi <r2_”/B ( )cp(x')[djvs(a:')]ab dm') dr,
(43) V(&)w(x) = 2:(;112 /000:2 <r2n/B ( )Qp(x/)[djva(x’)]abé:j dg;/> dr.

Remark 2.8. For non-Euclidean metrics g. converging smoothly to the Euclidean
metric, Proposition A.7 shows that (42) and (43) hold up to errors of size

0(1)~/ r2n (/ lo(z")djve| dw’) dr, 0(1)'/ pl=n </ lo(z)djve| dm’) dr,
0 By (x) 0 Br(x)

both of which can be seen to be o(|loge|) (as in the proof of (44) below).

As in [6], note that combining (42) with (19) gives, for any = € Bs/5(0),

1/4 1 W (ue W (u.
6 (2))| gc/ = ( 5(2 )> dr +C 8(2 ),
0 B'r(x) B7/4(0)

which together with the monotonicity formula (101) (integrated over s € (0, 1)) gives as

in [6] the pointwise estimate

Wius) CEe(ue; Bry4(0)).

(44) & (z)] < CEc(ue; B1/4(x)) +C 5 =

B74(0) €
Interpolating with (21), we obtain

1/2n 1-1/2n —1/2n
€elion B o < €l AT, o N6l (5 ) < Cllog el 427,

and using again (21) we get

(45) / AR ARS HgsHLQTL(BS/Q)Hd*g‘fHLQn/(Qn—l)(Bs/Q) < Cllog e[~ 1/,
3/2
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For a given cutoff function x € C2°(B3/2(0)) with x = 1 on B;(0), a simple integration
by parts yields

/ Cldref? = / (0, d(x2 d°E.)
B3/ By

_/ (€, 2xdx Nd*E) + / (X* &, dd )
By

B3/

_ ey , o
_/BB/Z<§E,2XdX/\d &) /33/2<X §a,dh5>+/ (X2 &, djvz).

B3z

It follows from (21), (23), and (45) that the first two terms on the last line are o(|loge|)
as € — 0, so that

. 1 « : 1 .
lim o [ XA = lim o [ X djve)
e—0 |log ¢ By =0 |log £| B
CE s B74(0
(using (44)) < liminf = By ))/ |djve |
e0 llog ¢| B
CE(ue; B7/4(0)) W (ue)

(using (19)) < liminf

T ogel s, 2

In particular, using Lemma 2.3 and recalling that x = 1 on Bj, we deduce that

lim 7E5(u5; B1) < lim inf CEe (ue; By) W<u8)
e—=0 |loge] e—0 log ] B, €2

This computation holds for any sequence of solutions u. : By — C obeying an energy
bound E.(us; B2(0)) < Allogel.

Combining this observation with Theorem A.3 and a trivial rescaling, we obtain the
following lemma, which will be useful later.

Lemma 2.9. There exists ¢c(A,n) > 0 such that if u. solves the Ginzburg—Landau
equation on By(z), with r > €, B, /4(x) N V(ue) # 0, and

(s By (2) < Aog(r/e),

then
(46) P2 L/(;LE) > ¢(A,n).
B.(z) €
Moreover, the simpler estimate
w
(47) g™ # > c(n)
Be(z) €

holds for x € V(u.) without any additional assumptions.

Note that the second conclusion (as well as the first one, when r is comparable to
C(n)

g) follows directly from the bound |du.| < ==, which implies that W (u.) > %0

c(n)e-neighborhood of any point in B, /4(x) NV (ue).

in a
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3. PRELIMINARY ENERGY IDENTITY AND RELATED BOUNDS

In this section we establish two of the key ingredients for the proof of Theorem 1.4,
proving the preliminary energy identity (6) and the new potential bound (8) for arbitrary
families satisfying the hypotheses of Theorem 1.4.

Let u. be a family of solutions satisfying the assumptions of Theorem 1.4. Appealing
to Lemma 2.5, choose a family 6. — 0 such that

5 C

(48) liminf G s, | > ‘;j;_; — >0 ase 0,
e—

and fix y. € Gc 5.

Next, given § > 0, consider the set Us. C P;; given by

Ué,a = {.%' = (yEaZ) € PyJ; : ‘UE(:U)’ <1- 6}

Proposition 3.1. There exists C = C(8) independent of € > 0 and points p3,...,p; €
Use with k < C such that

k
U6,5 - I_I BCE(pi)a
j=1
up to a subsequence, for a disjoint family of balls Bcs(pj).

Proof. By a simple Vitali covering argument applied to the covering {B.(p) | p € Us.},
it is clear that there exist pi,...,p;, € Us. such that

B.(p;) N B:(pj) =@ fori#j
and

m
U6,s - U B5a(p§)a
j=1
where m = m. depends on ¢ a priori. On the other hand, since |u.(p)| <1 — 4§ and
|du.| < %, writing p; = (ye, 25) it is clear that

{ys}XDs(Z]E') €

for some ¢(d) > 0, and summing over 1 < j < m,. and using (87) gives

W (ue)
Pi g

mec(d) < < 2w,

hence
me < C(0).
In particular, passing to a subsequence, we may assume that m. = m is fixed independent

of €, and that the (possibly infinite) limits

i — P
(49) Yig += lig ———=

exist. It is then easy to see that the desired conclusion holds with

C(9) =10+ Ilp%}’(ﬁ, where F':= {v;; | vij < oo}.
€
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Indeed, we can form an equivalence relation on {1,...,m} by declaring that i ~ j
precisely when 7;; < 0o, and we can take a set of representatives S C {1,...,m}; with
the previous choice of C(d), we have

Use C | Bse(05) € | Besye (05),
=1 ics

since if 7 represents the class of j then |pf — p§| < (vij + 1)e for € small enough, and the

Ip§ —p5|
15

last union is disjoint since for 7,7 € S we have — ;i = 00 (unless i =4'). O

Now, for k& < C(d) and points pj,...,p} as in Proposition 3.1, denote by Dj. the
disks
Djc == Be:(p5) N Py
(note that eventually D;. is compactly included in Pyls, as |us| — 1 on B{L*Q x 0D1),
and consider the degrees

£ .__ Ue .
Kk; = deg <\u€\’ 8Dj’5> .
The following proposition gives a very useful (though non-sharp) bound on the
degrees k% in terms of the potential Ws(;‘ 5), which plays a crucial role in ruling out

energy-cancellation due to interactions between vortices with degrees of opposite signs

in the proof of Theorem 1.4

Proposition 3.2. For ¢ sufficiently small (depending on ),

(50) /D mi_(;‘) > T sl(1 — 50).

J,€
Proof. By Proposition 3.1, we know that 0D;. C {|u.| > 1—6}. Foreach 0 <t <1-4,
consider the set

Q= {Juc| <t} N Dj.,
and if ¢ is a regular value for |u.|, consider also the boundary

Sy = 0Q; C Djﬁ.

By the coarea formula for |u.| on D;., we have

Wma_/kwrww</ ! )m
0,5, €& 0 4e? s, ldlucl| '

Next, note that for each regular value t € (0,1 — 9) of |u.|, a few simple applications of

the Cauchy—Schwarz inequality give

umz/wmwwmww2
St

1 1/2 1/2
< d|u
_<Lﬂmﬂ> <&”€®
1 1/2 1/4 P
< dlu 2) S|t
<L¢mm> <&”“' 15
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which we can write equivalently as

1 3/2 2 e
> |54 (/ dlu |> ,
/& ) = P, el

and applying this in the preceding computation yields

W(u) _ 01— ~i/2
(51) ; 75 2/0 TVST\?’/Q /S |d]ucl* dr.
1-6 T
Now, since
1— 2
|du)? < E';H +C

on Dj., we have for any regular value ¢ € (0,1 —0) of |u.| that

) 11—t
(52) |duc|* < 5— +C ) [St].
Sy €

In particular, writing

|du€|2 = |u€|2|d(u€/‘us‘)|2 + |d|u5|]2,

1—1¢2
2 [ latue/ b + | |d|us||2§< : +O) S,
St St €

and an application of Young’s inequality on the left-hand side gives

1/2 )\ V2 12
2t( |d<ue/ue>|2) (/ |d|us||> s( i +c>\st|.
St St €

Moreover, since

it follows that

25 = [ (/e (d6)

St

for each regular value t € (0,1 — §), we have that
1/2
2] < [ latucflud)l < 1507 [ latuP)
St St
which we can combine with the preceding computation to see that

€ 2 1/2 1- t2 3/2
4| K5t - g |d|ue| < = +C ) |S°7=.
t

Rearranging, we see that

-1/2 1—¢2 -1
(53) Bk (/S \d!ueHz> >< = +O> A |KE| .
t

Applying (53) to the integrand on the right-hand side of (51), we deduce that

1-6 (1 _ .2)2 2 -1
W(ue) z/ (1=r ‘<1 - +C> Ak dr
0

2 2 2
Qs € 4e €

1-6
ZW‘H;’/O (1—7r2—Ce®)rdr

1
> 7|w5] - Z(l — 46 — Ce?),
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and choosing ¢ small enough so that Ce? < 4, we deduce that

2W (ue T .
[ B > S - so),

. g2
J,€
as claimed. O
In particular, summing the estimate from Proposition 3.2 over j =1, ..., k, we deduce
that

| N

) 9
J:€

2W (u 2W (u
R N e
Ye

Later, in the proof of Theorem 1.4, we will use this together with sharp upper bounds
on fpi 2W(u5)

when the density 6 < 2.

to show that there can be only one zero of nonzero degree in a good slice

Now, since y. € G. 5., we know already that

1 1
54 0=1lm— [ <|d"¢%
(54) ™= llog €| /PyL 2| &l

On our way to proving (6), we show next that the only terms in d*¢. which contribute
nontrivially to the limit are those of the form 0,(&:)qp, where {a,b} = {n —1,n}.

Lemma 3.3. Fory. € G. ;5. as above, and for any pair (a,b) # (n — 1,n), we have

i ]loga| / Vi&al® =

Proof. To begin, fix a € (0,1) close to 1, and consider the distance function
pe(x) = dist(z, V(ue)).
For each e* <r < }1, consider the set F,. C PL given by
Fri={x € {ye} x Dy : pe(x) <7}
We claim first that, for e sufficiently small (depending on «) and r > &%, we have
(55) H2(F,) < C(a)r?

for a constant C(«) independent of €. To see this, note that for each x € F), there
exists ¥’ € B,(z) N V(ue). In particular, by Theorem A.3, it follows that

27" E.(ue; Bay(2)) > c(n)log(2r/e) > ¢(n)(1 — a)[loge|.

Now, by Vitali’s covering lemma, there exist x1,...,xny € F, such that the balls
Bay(21), ..., Bor(zn) are disjoint and F,. C Ujvzl Bior(x;). From the disjointness of the
balls By, (x;) we deduce that

N - e(n)(1 - a)lloge| < 327, r* " Be(us; Bar () < 127" Ee(ues By, (y) % D).

In particular, since y. € G.s_, the right-hand side is bounded by Clloge|, with C
independent of r and &, and therefore N < C(«) for € small enough. Since F, is covered
by the N balls Big,(x;) of radius 107, the bound (55) follows.
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Next, let (a,b) be a pair of indices with a < n — 1, and fix an arbitrary small v > 0.
Since y. € G 5., for € sufficiently small, the hypotheses of (the first part of) Lemma 2.6
hold for every ball B, (z) with z € {y.} x Dy/p and e* <7 < %, so that

X

_ /
(56) p2-n / (djv(2))p~— | < .
Br(m)

|z — 2|

As a consequence, if & € F.o, it follows from Lemma 2.7 that

Vol <o [ e / e (@ o o d
g)ab = pa(x) TQ BT(I) € ab “’E - x/|
1/4 v
pe() r

< C[1+7v/pe(w)]

(or |V&| < Cif pe(z) > %), while clearly |V (& )a(z)| < O if # € {ye} x [D1\ Dy 2], by
Lemma 2.7 and the fact that here p. > 1 (eventually). Combining this with (55) and
an application of the coarea formula, since |dp:| = 1 (a.e.) we then see that

2
lim sup V(&) ap]* < limsup <1 + 72)
e—0  |logel PE\Fea e—0  |logel PE\Fa pe()

c [yd
(by the coarea formula) < lirgfgp Toz?] /sa ﬁ%(Hz(Fr)) dr

c [YVioy, ,
(integrating by parts) < limsup Toge| / — H(F)dr
oge| Joa 1

e—0
1/4
(by (55)) < limsup 2 / dr
e—0 ‘10g6’ e T
= C(a)y.

And since v > 0 was arbitrary, it follows that

1

\V 2=0.
% fogel Jpgr ¥

(57)
To estimate the integral of |V (£.)ap|? on F.a, we first observe that, by definition of &.,
1 .
|VE| < W * | djve|.

We can then invoke Proposition A.6 from the appendix and (19) to see that, since
Ye € Ge 5., the gradient |V&.| satisfies a uniform L?°° bound

V&2 (pL) < C(K)

independent of € along the slice PyLE. In other words, we have the uniform estimate

O(K)
)\2

(58) H2 (P N {IVE| > A}) <
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for every A € (0,00). Moreover, since |djv.| < Cwe(gu =) we see from Lemma 2.7 that

€ 1/2
vel< [ C;+/ G o [ W) g
0o ¢ e T B.(z) €

€
on {ye } X D /9, by definition of G, 5. (which gives fBr( Wiue) < prpn— 2) while |V&,| < C

<€2
on the rest of the slice Pyj Hence, writing

Ay ={z € Pl |V&(x)] > A},
we find that

e
/ Ve, :/ INHZ(Fao 1) Ay) dA
0

e

C(K)e ! K
e 2U%(Foa) + / C(A )d)\
€

«a

< C(a) + O(K) log(C(K)e* 1),

(
thanks to (55) and (58). Comblnlng this with (57), we deduce that

lim sup V(&) aw|” < C( 1—a).
c50 |10g€| gja ‘ )( )
Finally, since a € (0,1) was arbltrary, we can take a — 1 to deduce that the limit

vanishes, as desired. O
With the above preparations in place, we are now ready to prove the identity (6).

Proposition 3.4. For u. satisfying the hypotheses of Theorem 1.4 and a sequence of

slices y. € Ge 5. with p§ S Pyj-s and degrees /<a§ as above, we have

. o _ [log |p5 — pil|
0 = lim (Zj( £)? + D255 5]).

e—0 |llog €|

Proof. To begin, fix a cutoff function x(y,z) = x(z) on R"~2 x R? satisfying x(z) = 1
for |2| < 3, x(2) =0 for |2| > 2, and |dx| < C. Since y. € G. 5., we have

| live = &P = ofloge

Ye
together with (54), this implies in particular that

17vellr2(pL) < Cllog e|M/2.

Moreover, using (20) and the fact that V(u:) N Pyle C {ye} X D14, it is also easy to
check that

/ (&P +la'e?) < 0
{ys}X[Dl\DUz]

As a consequence, using again (54), we have

o 1, 1 1
w0 =l o [ SdaeP=timoo [ e )
e—0 |log ¢| PL e—0 [loge] P 2
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By Lemma 3.3, we can further refine this to see that

1 1

mo = 7?%0@ PJ- 2 [ n— 1(5&)71 1n]vs(8n)WLan(fs)n,nfl]ve(anfl)]-

Writing . := (& )n—1,» and integrating by parts on Pyla = {y:} x Dy, we obtain

1 1
0 =lim — djv. + dx A
0 = el e 3P (X djve + dx A jue).

Since x =1 on {ye} x Dy s, using the previous bounds and the fact that 8| <[], we
see that the second term gives no contribution in the limit. Also, x = 1 on spt(djv;) ﬂPyJ;.
We conclude that

1

59 0 = lim —— d h—1,0n).
(59) T e—0 [log €] PL 255 [ve(On-1,0n)

Next, note that djv,]| P is supported in the set
Use = {|lue| <1 -0} NPt

and recall from Proposition 3.1 that there exists a constant C = C(§) and points
pi,...,p; with & < C such that

(60) V(ue) NPyt € Us. € Bee(p5) U+ U Bee (pf).-

Using this in the right-hand side of (59), and writing Dj; . := Bece(p5) N Pyt, we see that

1 )
/ §Badjva( n— la ) Z] 1 Badjva( n— laan)
Pyt- Dj

1
= Z?:1ﬂs(p§)/D §djv6(an—laan)
J,€

1
+Xjag | 1= Be))ldjve(On-1,00).

J,€
Now, since |df:| < |[V&| < C/e (as observed while proving the previous lemma), we
have a pointwise bound of the form |8. — 8:(p§)| < C on Dj.. Also, [, |djve| < C (by
Ye

the pointwise bound |djv.| < C (ua)) and we deduce that
o=t S 605 [ Sdje(0u1,00)
= log e j=1P=\P;j D, 5 JVe(On—1,0n).
Moreover, noting that
/ djve(On—1,0p) = 2w deg(v.,0D; ) = 27m§,
Dj.

it follows that

1 k
1 = 1. _— . E
(6 ) 7T0 81_>I% ’10g€’ lelﬁé‘(p’L)ﬂ—K/
With (61) in hand, to complete the proof, it suffices to show that
1

62
(62) e50 [loge|

(Be(p) — willoge| = 32 5in51log [pf — pjll) =
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for every i € {1,...,k}. Up to relabeling the indices, it of course suffices to treat the
case ¢ = 1, and assume that the distances

r5 = [pi = pjl

are in increasing order 0 = 7§ < r§ <r§ < --- <y,
Now, fix v > 0 small and « € (0,1) close to 1, and observe that for € sufficiently small
(depending on « and ), the ball B, (p]) satisfies the full hypotheses of Lemma 2.6, with

degree
’K;S (7’) = Zr§<r"£§7

whenever

k
o 1 rj—C’Efr’?—i—CE
rels U )

where §; = d1(,y) > 0 is the constant from the hypotheses of Lemma 2.6, since
this ensures that, for each j > 1, either By, (pf) is disjoint from Bee(p5) if r < 1§ or
Bec. (p;: ) € Bs,r(p5) if r > r5. In particular, for every such r, we have

(63) 2mwn ok (r) — 7’2"/ [djve(2")]n—1n dz'| < 7.
Br(pi)
Now, it follows from Lemma 2.7 (and the bound |djv.| < CWE(;LE) < 6%) that

<C.

1/4
27wy —20e (pf) —/ 1 TQ_”/ [djvs(a:')]n_lm dz' | dr
€ r BT(PT)

Combining this with (63), we have

1/4 e
2mwn—2f:(p5) — 27rwn_2/ Ke(r) dr

c r

9

1
< C + vylog(1/4e) +/r
I

27wy ok (1) — r2_"/ [djv= ()] n—1,n d2’
Br(p1)

where

k
rs—Ce r5+ Ce
I::(E,aa)UU(J2 ,]51 )

Jj=2

Appealing once more to the uniform bound

7‘2_”/ |djve| < 7’2_"/ s <CK)=C
By (pf) Br(pf) €
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(by definition of G, 5.) and noting that each r; > 2Ce for j > 2, it therefore follows that
1/4 KE(r
Be(pi) — / L dr
. r

c
< C—l—’y\loga]—k/rdr
I

(rs + Ce) /by
<1l log(=*™) + X1 o | ez
< C +lloge| + Clog(e™ ") + >0, Og((r]?—(}s)/?

< C +9lloge| + C(1 — a)lloge| + C(a, 7).

Dividing through by [loge| and passing to the limit ¢ — 0, we deduce that

1/4 I3
soi- [

for any v > 0 and « € (0,1). In particular, taking v — 0 and o« — 1, we deduce that

1/4 KE(r
s.of)- [ ar

) 1
limsup ——
e—0 |10g 8|

<y+C(l—-a)

1
(64) limsup ——

=0.
e0  |loge]

But now we need only observe that

14 e 1/4 1
/ () dr = / - Zr§<r”§ dr
€ €

r r
1/4H6
1 k
= —dr+ 5
o

= ri(log(1/e) +log(1/4)) + Y25_5r5 (log(1/r5) + log(1/4))
= rj|loge| + Z;?:yﬁﬂlog IpT — Pl + O(1).
Together with (64), this gives the desired identity (62), completing the proof. O

1/4 k&
L dr
T

€

4. SOLUTIONS OF DENSITY < 2

Denote by D C R the collection of densities 6 arising as in the statement of Theo-
rem 1.4, and set
Omin = Inf D.
Note that ., > 0, by virtue of Theorem 1.1. By a simple diagonal sequence argument,
we see that 0,,;, € D. In terms of the minimum density 6,,;,, it is clear that Theorem 1.4
is equivalent to the following proposition.

Proposition 4.1. Under the hypotheses of Theorem 1.4, if 0 < 20y, then 0 = 1.

In particular, having established Proposition 4.1, it follows immediately that 0,,;, = 1,
and that DN [1,2) = {1}.

To begin the proof of Proposition 4.1, we note that the assumption 6 < 26,,;, allows
us to make the following reduction, showing roughly that the vorticity set lies close to a
single (n — 2)-plane at all scales > ™ for some fixed 79 > 0. Recall that G, s is the set
of d-good slices for u., introduced in the previous section.
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Lemma 4.2. Let 19 := 2613;’;;9 € (0, %) Under the assumptions of Proposition 4.1, for

any n € (0,1] there exists c(n) > 0 independent of € such that, for any sequences 6. — 0
and y. € G. 5., there exists

pe = (Ye, 2e) € Pylg
such that

(65) B_i2(pe) NV (ug) # 0

and, for any x = (y, z) € Q, we have
(66) dist(x, V(ue)) > c|z — 2|,

provided that |z — z| > nmax{ec™, |y — y|} and that € is sufficiently small (depending
onmn).

Proof. Given y. € G. 5., choose z. € D% such that p. = (ye, zc) is the closest point in
the slice PyJ; to the vorticity set V(u.). If (65) fails along a subsequence, then setting
re := dist(pe, V(ue)) > /2 we can consider the rescaled solutions

tz(x) := us(pe + rex),

which solve the &-Ginzburg-Landau equation on Bo(0) with & := ¢/r. < £'/2 (note also
that zz — 0 and r. — 0, since V(u:) — P N By(0) in the Hausdorff sense). By our
assumption y. € G 5., we then see that the rescaled solutions ug satisfy
(67) tm o [ (PP =0,

e=0 |log [ J,(0)

By Theorem 1.1, the concentrated part of the limiting energy measure

is a stationary rectifiable varifold V', and by reversing the proof of Lemma 2.2, it follows
that its tangent planes coincide with P, and we deduce that V' is given by a locally
finite union of (n — 2)-planes parallel to P, each with multiplicity at least 0y,,.

By assumption, V(uz) does not intersect B1(0), and since p. was chosen to be the
closest point in PyLE to the vorticity set, we see that there exists gz € R" 2 with |¢z| = 1
such that (gz,0) € V(ug). Since the support of |V| is the Hausdorff limit of V(iz),
it follows that it is disjoint from B;(0), but at the same time it contains the whole
(n — 2)-plane P + (qo,0) = P (intersected with Bs), for a subsequential limit ¢o of gz, a
contradiction.

Now let us verify (66). We proceed by a similar contradiction argument: suppose to
the contrary that there exists x. = (y., zL) € @ such that |z] —z.| > nmax{e™, |y, —y.|},
but
(68) lim dist(ze, V(ue))

e—0 |Zé — ZE|

=0.

Evidently, since dist(z¢, V(u:)) — 0, we must have z. — 0, and hence

Se = |2l — 2| = 0.
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For fixed small § € (0,1), we can consider the rescaled solutions

ts(x) := us(pe + sex/d),

which solve the &-Ginzburg-Landau equation on Bs(0) with & := é¢/s. € (6, n~1el™™)

(since se > ne™). Again, the rescaled solutions s satisfy (67). Also, by (65), since
70 < % we have

lim
e—0 Se e—0 neTo

After passing to a subsequence, by the last observation and (68), the Hausdorff limit of
V(az) N B1(0) must contain 0 and the point

€:=limg. e Pe

e—0 Se

which exists thanks to the assumption that |y, —y.| < n71|2. — z.| = n~!s., and satisfies
)
PH(&)| = lim — |z — 2| = 6.
IPH(©)| = lim St — =

As observed above, from (67) it follows that in B;(0) the support of the energy concen-
tration varifold contains the parallel (n — 2)-planes P and (P + &), and therefore the

ee(ie)
w|log €|

limit energy measure p = lim._,g dx satisfies

f > OminH" 2L P+ Opin " 2L (P + €).

Hence,

.. ez(Uz) 2\ 52
1 f > B > minWn— 1 1-— .
gy /31(0) |log &| 2 #BUO) 2 Brmintin—ll 4+ (1 = %) ]

Now, returning to the original family of solutions u., by the monotonicity formula (101)

0 = lim 1 / ce(ue)

e—0 Wp—9 Bi(pe) 7T‘10g 5’

we have

1
> lim inf —— s / ce(ue)
=0 wp_2(se/d)"~ B.. 5(pe) 7|log g|

. . ]log §| 1 eg(ﬂg)
= liminf po
e=0  |loge| wn—2 Jp, (o) 7|logé|

> (1 = 70)0min[l + (1 6%)"77),

and since § > 0 was arbitrary, it follows that

0 > 2(1 = 79)0min-

However, this cannot hold since we have chosen 7y such that 7y < 202’31'7"79. We thus

min

reach a contradiction, concluding the proof. O

Next, choosing a radial cutoff function ¢ € C}(D;) with 0 < ¢ <1 and ¢ =1 on
Dy /5, and applying [16, Theorem 2.1], we see that

/Dl o7,

< lim ee(ue) _ 0,

li =
P e=0/pL log ¢
€

e—0
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where J; := %alju6 is the Jacobian of u. along the slice PJ- > D; (in the last equality
ec(ue)
= lloge]

we used the fact that y. € G, 5., which gives \fP — 76| < ;). But, integrating

by parts and using polar coordinates, we have

1
QSJ& = _1/ ar(z) [/ ]Ue(de)] d?’,
Dy 2 Jo {ye}x0D,

and since [ues| — 1 on spt(d¢) C D1\ Dy, the last expression is the same as

1
_1/ Or [/ jve(d‘g)] dr = mdeg(ve, {0} x 51)7
2 )12 {ye}xdD;

up to an infinitesimal error. We deduce that the degree
ke = deg(v., {0} x S1) € Z

eventually satisfies
|/€5‘ <6< 20min < 2.

Thus, passing to a subsequence, we may assume that k. = k is constant and

(69) k| < 1.
Applying Lemma 4.2 (for fixed 1), note also that
(70) k = deg(ve, {ye} X OD,(2:)) for all r € [ne™, %],

since (66) implies that |u.| > % on the annulus {y.} x [D1(0) \ Dyero (22)].
Ultimately, we wish to show that |x| = 1 = 6. First, we compute the energy
contribution from an annular region centered at p..

Lemma 4.3. For any fized n € (0,1] and p, 7 € (0,70] as in Lemma 4.2, we have

] ! (u0) = o2k
S llogel(eT)™ 2 Jun_ o) ee(ue) = Mwp ok T,

where we set

Al(pe) == BP2(ye) x [D3(0) \ D2, (=2)].

More generally, for any family of radii r- € [€™,1) for which lim._o lﬁ) gg((ll/ /T;)) =T, we
have
1 2
(71) lim —— ee(ue) = Twp_oK*T.
0 |loge|r2 ™2 Jaz, (pe)

Proof. Let r. € [¢™,1) be a family of radii as above. For simplicity, we assume that
p- = 0, and write simply A/ = A/ (0).
Let fo(x) := (& )n—1,n(x). To begin with, we claim that

1
72 lim —— e lim dE(90).
( ) e—0 |10g€|7'?—2 /Ara ( ) 0 2|10g6‘7“e /B” 2( /19Dm5(0 Be ga( 0)

Indeed, since 0 € G, 5. for some sequence §. — 0 by assumption, it follows from the
definition of G, s, that

1 1
(73) e—0 ylogdrg—Q n e (ue) 50 2|10g€|7’?_2 A?s| &|
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Moreover, since 0 € G, s, , for any fixed 41 > 0, it is easy to see that
(74) P2 / duc(P)[? < 6 [loge]
Bay(z)

for any x = (y,2) € A,, with |y| < 3 and § > r > enre > cne™, where we take ¢ > 0
to be the constant from Lemma 4.2, for e sufficiently small. As a consequence, for any
given v > 0 we see that the hypotheses of Lemma 2.6 hold for every such ball By, ().
Combining this with Lemma 2.7, the fact that spt(djv:) C V(u.), and (19), we find
that, for x € A and (a,b) # (n — 1,n),

Vel e [ : 2"/ (djoe(a v da’| dr + C
e)abl(T) < - r o [jve (T ab|x_$/| x| dr
1/8 1
<C+ C/ — 7 dr
dist(z,V(ue)) T
Cy

<CH+ —F—FF—
=T s V)
provided ¢ is sufficiently small (if dist(z, V(u:)) > %, then actually [V&| < C). In

particular, since z € A;, by Lemma 4.2 we know that dist(z,V(u:)) > c|z|, and it
follows that

1 1 C~?
limsup_2/ |V(fs)ab|2 < lim sup _2/ 7
[loge|re A

N n e=0  |loge|rt ™% Jan [2]?
: log(1/nre)
<1 Cy2 =28
=0T Tog(1/e)
< C¥’1o
for any v > 0; hence,
: 1 2
(75) lim ———— [ V()P =0 for (a,8) # (n— 1,n).
e=0 [logelre ™= Jan.
Combining this with (73), we then see that
e [ etu) =l [ @6 0,1)008. - 600,015
im— ee(ue) = lim — —1)O0nPe — ) On—1 0]
0 ’10g€|?"?_2 Aﬂg e\Ue 50 2|10g6|7“?_2 .AQE € 1 e € 1Pe

A simple integration by parts shows that

/ [d*é-E(an—l)anﬁs - d*€6(8n)an—166]
Dl\Dnra

— / Bode ()~ [ Bode(on) + / B.dd" €. [Dr, O]
0Dy, 0D,

Dl\Dm”a
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on any slice Pl & Dq. Also, recall that dd*¢. = djv. — dh.. Hence, using the fact that
djv. = 0 on .ATE, as well as |B:| < |&|, we deduce from the preceding identities that

/ / Bodd*€.[0n1,00]
B2 JDi\Dyre

C
< lim ﬁ”dh ||L00 / |£€|
=0 |log e|r? Bl 2% Dy

1

im ———
e—=0 |log e|rf

= lim
e—0 2\log€\r5

€

where in the last two lines we used the fact that 0 € G, 5. (giving fB?;2xD1 €| < Kr2)
and (23).

Now, by Proposition A.5 and the monotonicity formula (101), together with the
pointwise bound (19), it is easy to see that

(76) P2

/ (") djve (2 )no1.n da’| < C
By ()

for all 7 > /2, for some C independent of & (alternatively, a similar bound with CK in
place of C' follows immediately from (19) and the fact that 0 = y. € G, 5.). Combining
this observation with Lemma 2.7, writing

pe(x) = dist(z, V(ue)),
we see that

(77) |€e] < C'log(1/pe) + C, ‘d*fe| < C/ﬁe;

whenever p. > €!/2. In particular, since p. — 1 uniformly on B}"2(0) x 9D;(0) as
€ — 0, it follows that

C
_ d* & (0p)| <
2|log5|r /B;}E 2 /D1 1Be d°8c(90)] < [loge] g5|

as € — 0, which proves (72).
In order to estimate the right-hand side of (72), we let S. := B/""? x 0Dy, and, for
x = (y,2) € Se, we first show for any fixed v > 0 the uniform bound

(78) 1271w 2B () — 2mkwn—2log(1/r:)| < C(v,n) + v|logel.
Note that by Lemma 4.2 we have

(79) 2r. > pe(x) > enre  for all x € S..
Moreover, again by Lemma 4.2, for any = = (y,2) € Sc C A,_ we have

V(ue) N Pyl C {y} x Dy (0) € Bay. ().
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Hence, fixing an arbitrary v > 0, we see that the full hypotheses of Lemma 2.6 hold on
By, (z) for € > 0 sufficiently small, whenever

27

——<r<
91(70,7) -

oo | =

(note that (34) holds by (74)). As in (70), the degree deg(ve,{y} x 0D, (2)) = k, and
from (36) we deduce that

(80) <~

2T KWy—9 — r2_n/ [djve ()] n—1m
B, (z)

2re 1
for x € S¢ and Sy <7 <gs

Next, recall from Lemma 2.7 that

<1

27Twn_2ﬂg(l’) :/0 ; (7-2”/3 ( )@(wl)[djve(x/)]n_l,n dx’) dr,

and note that =1 for r < i, so that
#1B,(x) 8

<C

1/8 1
27rwn255(a:)/ - 7"2_"/ [djve(x)]n—1,n dx’ | dr
pe(a) T Br(z)

for a suitable C' independent of € > 0. Note also that, by (79) and (76),

2r¢ /61 1
/ - 7"2"/ [djvg(x/)]n_lmdac/ dr
pe(x) T Br(2)

while, by (80),
1/8 1
/2r€/51 ;

Combining these bounds, we arrive at (78).

2re /01
< / —dr < C'log(2/endy),
cnre r

1/8
dr<7/ dr < ~vlog(1/r:).
2

7'5/51 r

I hwp_g — 12" / [djve (x/)]n—l,n da’
Byr(x)

Turning now to the right-hand side of (72), it follows that, for any v > 0,

2—n

. T *
< limsup —=< (C(v,m) + v|logel)|d"E|
c—0 |loge| Jg.

r2 " 0. Cnm) +lloge]

2—n

Te

11m
e—0 2|log ]

/S (B — kllog =) d*E.(3)

using (77)) < limsu
(using (77)) < n D . proms

=C(n),
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and since v > 0 was arbitrary, it follows that the limit on the left-hand side must vanish.

In particular, returning to (72), we see that

1
lim — e (us) = kllog ro|d*€.(O
e=0 [loge|rl > /A;’E e(ue) s—>0 2|log5| /Bn 2/8D717‘5 |log re|d™€-(9p)
7.2771
EI—I}(I) Q‘IOgE‘ H| Og T€| /';':L2 /D’M‘e dd 56
_ lo 4
€~>0 2|lo | gr5|/ </Dm£ ]Us)

1"5 m|logr5|

- il—rf(l) 2|log €] B 2m deg(ve, {y} x ODyr.) dy
log(1
— o o? lim 128072

e—0 log(1/e)’
where we used again (70) and, in the third equality, the fact that djv. — dd*& = dhe is
bounded pointwise by Clloge|'/2. This concludes the proof. O

Next, note that for p. and 79 as in Lemma 4.2, using the fact that y. € G. 5. and
B2 (ye) x D%ETO (2e) C B 1) (Pe), we have for any given 1) € (0, 1] that

E(ue; Al (pe)) E-(uc; BY, % (ye) x D}(0)) Ee(ue; B(14pero (pe))

> i — 1
=0 Jloge[(em)n2 =0 [logel(em)? 2P Togal )

— liminf Ec(ue; Bi(p:))  Ee(ue; Biigyeno (p2))

&0 |log | [log e|(em0)n—2
> lim inf <E€(us§ By (ps)) B Ea(ua§ B(1+17)570 (p6)2)>

e—0 |10g8| |]og5‘[(1 +77)8TO]”*

E ;B o
— Cnlimsup = (ue; B(inyero (P:))

eso [loge|[(1 +n)emo]n=2"

Eo(ue; B™ % (ye ) x D2 (0
: logel( (y))nx2 ) — 8 (as

since energy concentrates on a

where the equality comes from the fact that lim._,g

E. (us§Bl (ps))
~ Togel

plane with multiplicity 6. In particular, combining Lemma 4.3 with the monotonicity
formula (101) (integrated between radii (1 + 7)™ and 1), we see that

1 1 1 2W
(81) lim sup / — / (2u5) < Twn_ak® + C).
e—0 log(l/em) (1+m)e0 rn B (pe) €

As an easy consequence, we have the following proposition.

Ye € Ges.), which in turn equals lim._,

Proposition 4.4. For p. and 79 as in Lemma 4.2, given 6 € (0,1), there erists
1. € (€7,6%70) such that

(82) lim sup _ / 2W (ue) < Ww"_ZHQ.
e—0 (’rs/Q)n_2 e /2(Pe) g2 - 1-9

In particular, we can conclude that |k| =1, and

1 2 n—
(83) limsup/ W(2u€) < T2
75/2(p6)

e—0 (re/2)"2
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Proof. Writing
2W (u
le 1= inf r2n / #,
r€(e70/2,6970/2) Br(ps) €
we see that the existence of a sequence 7. satisfying (82) is equivalent to the statement

TWr—2 k2

that limsup, ot < —3=5—. By (81) we have, for every n > 0,

wWn—ok® + Cn > limsu ! /E&O/Q e dr
TWy— > _ —=
= T og(1/e™) Jugyenn T
51 410 0
— Jimsup " og(e”™/2(1 + n)e™)
=50 log(1/e™)
= (1—¢) limsup ¢e.

e—0

Since n > 0 was arbitrary, (82) clearly follows.

As discussed earlier in the section, since 6 < 26,,;, < 2, we know that |k| < 1, so to
complete the proof of the proposition, we simply need to demonstrate that |x| # 0. And
this is straightforward: in view of the bound (82), if x = 0, it would follow that

1 / W (ue)
S 0
(re/2)" 2 JB,_ ope) €

as € — 0; but since p. € G, 5., this would contradict Lemma 2.9 (which applies by (65)).

Hence, we must have x = *1, as claimed. O

Remark 4.5. This bound gives another proof that, in Theorem 1.1, the support of |V|
is characterized as the limit of the zero sets uZ'{0} (which can also be deduced from
Proposition 3.4). To check this, it is enough to show that the energy cannot concentrate

when u. # 0 everywhere on By. And indeed, if this happened, we could define a minimal

density 0/ . > 0, among all densities 6 arising as in Theorem 1.4 with the additional
constraint that u. # 0 on Bs. Repeating the previous arguments, since now the degree

k = 0, we would reach a contradiction to Lemma 2.9.

In the next section, we show that a sequence of Ginzburg-Landau solutions on B} (0)
with energy concentrating along the (n — 2)-plane P must have energy ~ mw,,_o|loge|
as € — 0, provided that an additional assumption such as (83) holds with . = 1. In
particular, by combining Proposition 4.4 with Proposition 5.2 of the next section, we

can complete the proof of Proposition 4.1 as follows.

Proof of Proposition 4.1. Let p. = (ye,2:) and 79 be as in Lemma 4.2. For a given

d € (0,1) to be specified below, let r. be the sequence of scales satisfying (83), whose
log(1/re)
l(:Dgg(l/Te)

existence is guaranteed by Proposition 4.4. Passing to a subsequence so that
converges, let
7:= lim 710g(1/7’5)’
=0 log(1/e)
and note that 7 € (0, 7] since r. € (€™, 97).
Fixing an arbitrary 7 > 0 and recalling (65), we then see that Ba,_(p:) satisfies
the hypotheses of Proposition 5.2 in the next section for ¢ sufficiently small, provided
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TWn—2

that we choose ¢ such that 752 < mw,,_2(1 4 d2) (with 2 as in Proposition 5.2), and
provided that

(84) lim r?_”/ ee(ue) —
e=0 Bar. (p)\Bsyr. (P+p.) 1108

holds. To check (84), observe that

By (pe) \ Bsyr. (P +pe) C Bgrzz(%) X [Dgrg (2e) \ Dgg’r‘s (2)]
= A3 (p) \ A, (pe),

and using Lemma 4.3, it follows that

—0 llog 5|r?*2 llog 5]7“?*2

02/2
i 127 [ eolus) _ o ( Pelues A5 (0e)  Belue AL, (pe)
=0 Bare (p)\Bsyr (P+pe) 108E| ~ <

= 2" 2w, ok’ — 2" 2w, _oKk?T
= 07

as desired.
In particular, for e sufficiently small, we can now apply Proposition 5.2 on the ball
Bs,_(pe) to conclude that

2—n
7’8/ ec(us) — Twp_2a| <7y
e\Ue n— )

log(re/e) B2 (ye )X D (2¢)

which implies
2—n 1
(85) e ec(us) — mun_gw <.
loge| JBr-2(y.)x Dy (z2) log el

On the other hand, it follows from Lemma 4.3 (together with || = 1) that, for ¢
sufficiently small,

2—n 1 1
Te ee(ue) — anﬁw <
logel Ja1_(p.) og(1/e)

as well. Since B! %(y.) x D1(0) = A}_(ps) U [BI%(y:) x Dy, (2)] and

log(re/e) +log(1/r:) =log(1/e),

we can combine these estimates to conclude that

2—n
€

11m
e=0 [loge| Jpr=2(y.)x Dy (0)

r

ee(ue) = mwp_2.

Since y. € G, 5., it follows that 6 = 1, as desired. O
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5. FROM BOUNDS ON W (u)/e? TO UNIT DENSITY

In this section we show that if, in addition to the hypotheses of Proposition 4.1, we
have the bound
2W _
(86) lim sup/ (2u€) < Wbin_; (1+49),
B /2(0) € 2

e—0

for some (explicit) 6 > 0 small enough, then the limiting density # = 1. In other words,
we are going to prove Proposition 4.1 with the additional assumption (86). As we saw
above, this combines with the analysis of the preceding section to give Proposition 4.1
in full generality, from which Theorem 1.4 follows.

Since the measures W dx converge to an absolutely continuous measure with
respect to H" 2 P (by Theorem 1.1), where the plane P = R"~2 x {0}, the estimate

(86) also gives

2 n—
limsup/ , W (ue) < 2(1+ ).
B,

2 — n—2
e—0 ipm (0)x D2(0) € 2

In particular, this implies that

TWn—2
2n—2

e—0 €

2W
> limsup ( |Ge5.|- inf / (2%) ,
e—0 y€Ge s, {ye}xD? €

which together with (48) implies the existence of y. € G. 5. for which

/ 2W(ue) _ (mwn—2/2""%)(1 +9)
wepxnz €2 (we—2/277%) = (C/K)

2W
(1+9) Zlimsup/ #
ge’ngD%

lim sup
e—0

We now fix K large enough (e.g., K = K(§) = %3:1—:2), in such a way that the previous

2
estimate becomes

2
(87) lim sup / W(zuf) < (1 + 26).
0 Jgyxp? €

Applying Propositions 3.1 and 3.2, we deduce that for these y. such that (87) holds,
the set
Use ={x € Pyi Due(z)| <1 —0}
is contained in a disjoint collection of disks Dce(pg), ..., Dce(p) such that the degrees

K5 of u. around dDc.(p5) satisty

lim sup gu —50)F kS < (1 + 26).

e—0

In particular, since x5 € Z, taking ¢ small enough it follows that

k
Zj:1’“§| <2

for € sufficiently small.
On the other hand, by Proposition 4.4, we know that

k
Ikl = D 25=1m51 = 1,
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so we see by parity that the case Z§:1|I€§| € {0,2} is impossible, so we must have

k
Zj:l‘ﬁj‘ =L

In other words, up to relabeling p{, ..., pf and possibly replacing u. with the conjugate
solution ., for € sufficiently small, we must have

88 kKi=1, k5 =---=k; =0.
( 1 s g k

Finally, combining this with Proposition 3.4 immediately gives the following conclu-

sion.

Lemma 5.1. Suppose that the hypotheses of Theorem 1.4 and the potential bound (86)
are both satisfied. Then the limiting density 0 = 1.

By a simple contradiction and scaling argument, we can recast the result in the
following ‘quantitative’ form.

Proposition 5.2. For any v > 0, there exists d2(y) > 0 such that if u. solves the
Ginzburg-Landau equation on a ball Bo,(z) (where x = (y, z) € R""2 x R?) with ¢ < §or,

and satisfies

2W
(T/2)2_n/ © 5(2%) < Twp—2 + 02,
BT‘/Z xT

V(ue) N By (x) # 2,

and (to ensure that all energy concentrates along the (n — 2)-plane P + x)

T2—n/ ec(ue) < dalog(r/e),
l32r(m)\1352r(1)4_m)

then

r2—n

— ee(Ug) — Twp_2| < 7.
log(r/¢) /J3¢2<y)xDa<z> L) ’

6. SOLUTIONS CONCENTRATING WITH PRESCRIBED DENSITY 6 € {1} U [2, c0)

In this section, we explain how to use the entire solutions of the Ginzburg-Landau
equations constructed in [11] to prove Theorem 1.10. More precisely, we prove the
following proposition.

Proposition 6.1. For each integer k > 2 and 7 € [0,1), there exists a family of
solutions (ul)ee(0,0(r,r)) i the unit 3-ball B3}(0) C R3 with energy concentrating along
the line P = {0} x R, degree r = deg(uc, 3S* x {0}) and limiting energy measure

i C=() = O(k, T)YH L P,
e—0 m|log €|

where

0(k,7) =K+ Kk(k—1)

L k(k +1)
1+7 2 '
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It is straightforward to check that Theorem 1.10 follows from Proposition 6.1, since
U2, [k, W) = [2,00). The solutions described in Proposition 6.1 are obtained by
rescaling families of entire solutions with x helical vortex filaments constructed in [11].
Namely, we rely on the following result. (In what follows, we make the identifications

R? =~ C and S' 2 R/27Z.)

Theorem 6.2. [11, Theorem 1] For k € {2,3,...} and € < o(k) sufficiently small,
there exists a solution ve : R? x S — R? of the Ginzburg-Landau equations

(89) e2Av. = DW (ve)

satisfying
C(x)
loge|’

ve(z, 1) — H;le(s_l[z — ff(tﬂ)’ <

where w : R? — R? is the radially symmetric degree-one solution constructed in [13],
and f5 : St — R? satisfies

tm | flog 2] £5 (1) — v — Lee®U=07/] — .
e—

Moreover, these ve have the additional symmetry
(90) ve(2,t) = " (e72)
for some map . : R? — R2.

By looking closely at the construction of these solutions and keeping track of a few
key estimates in [11], we are able to check that the following estimate holds.

Lemma 6.3. For every 7 € [0,1), there exists a constant C(k) < oo such that the
solutions ve : R? x 81 — R? from Theorem 6.2 satisfy

(91) /D | eelue) < O log(1/7H)

fore < eo(k,T), and, for every § € (0, 1), there exists moreover a constant C(6, k,T) < 00
such that

(92) / ee(ve) < C(d,k,T)
[D.—\Dj.—]x S

fore <e1(d,k,T).

We postpone the proof of Lemma 6.3 to the end of the section; next, we show how
the results of Theorem 6.2 and Lemma 6.3 can be used to prove Proposition 6.1.

Proof of Proposition 6.1. As in [11], we identify the solutions v, : R? x S' — R? given
by Theorem 6.2 with solutions on R? that are 27-periodic in the third variable. Under
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this identification, note that Lemma 6.3 gives

/ 65(1)8) < / 65(1}5)
B;QL D, x[—e=T,e"7]

< CS_T/ ee(ve)
D__; xSt

< C(k)e T log(e™™ 1),

T

and similarly

ex(v) < Ce / e.(v.)

[D.—7\Dj x5t

/BST(O)\B(;ET(P)
< C(0,k, 1) .
It is then straightforward to see that, for & = £!*7, the rescaled maps
ul (R3 = R?, ul(z) = v (/")
solve the £-Ginzburg-Landau equations
E2Aul = DW (ul)

on R3, and satisfy
/ ez(uz) = ET/ ec(ve) < C(k,7)log(1/¢€)
B}(0) B3__(0)

and, for any ¢ > 0,

/ cxtup) =< | ex(ve) < C(8,1,7).
B (0)\B5(P) B%__(0)\Bs,—~(P)

In particular, it follows that the maps
ul @ B3(0) — R?, for & € (0,e0(r)'"7),

give a family of solutions to the Ginzburg-Landau equations on B3(0) (or similarly, any
fixed compact subset of R3) with energy of order log(1/&) concentrating along P as
€ — 0; i.e. (up to subsequences),
lim eg(ugz
£-0 m|log €|

der =0H'L P

for some 6 > 0.

To compute 6, we appeal to Proposition 3.4, together with Theorem 6.2. Fixing a
small (but arbitrary) § € (0,3), consider 6: — 0 and ¢z € Gz5. C (—3, 3) a family of
dz-good slices for ul as in the preceding sections. By virtue of the symmetry (90) of v,
note that we can simply take tz = 0. Following the analysis of the preceding section,
consider the set

Usz = {2 € R*: [ul(2,0)] < 1 -6}
By Theorem 6.2, we see that if |v.(2,0)| < 1 — J, then

K - € C(K“) 0
[[= w(e 1[z_fj(0)}) < @+1—5§1—§
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for e sufficiently small, and since the model single-vortex solution w satisfies |w(z)| — 1
as |z| = oo, it follows that
K
z€ U Bes)e(£5(0)).
j=1
Moreover, note that for 1 < j <l < k, Theorem 6.2 gives

£5(0) = f7(0)] > VAL je2ita—vm/n
V/|loge|

el

= oge]

e2i(l—1)7r/n| + O(|10g8|_1/2)

for e sufficiently small and ¢(x) > 0, and a similar upper bound also holds. In particular,
it follows that the balls Bes).(f7(0)) are mutually disjoint for e sufficiently small, and
it follows from the C° closeness

_ . C(x)
v=(z,0) — H;‘?:lw(s 2= @] < log &

that
deg(ve, D¢ 5):(f5(0))) =
In particular, for our rescaled solutions uX(z,0) = ve(z /€7, 0), writing
pj =" f5(0),
it follows that
Usz = {(c72,0) : [ue(2,0)| < 1 -6} C U Bog)er+( U Bes)
j=1
where the balls Bc(g)g(pf- ) are mutually disjoint, ul has degree
k5 := deg(ul, 0Dc5)2(75)) = 1,

and
c(8, K)EIHT) (8, ) L CE.RE _ CE R/ 04

< 1p5 — il < =
V/|loge] \/]10g5| : V/|log €] \/|loge|

for 1 < j <l < k. Thus, applying Proposition 3.4, we deduce that

. llog [p5 — pi||
6= lim (Zﬁllwzmm Ll

|log £
-
= —1
k+k(k—1) T
completing the proof of Proposition 6.1. (|

It remains now to prove Lemma 6.3, verifying that natural energy growth conditions

hold for the solutions constructed in [11].

Proof of Lemma 6.3. For simplicity, we specialize to the case kK = 2, for which the
construction in [11] is carried out in detail. In this case, the solutions v, : R? x St — R?
of Theorem 6.2 have the form

ve(2, 1) = e Vo (e 2 e),
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for a map V. of the form

Ve(2) = w(z — deyw(z +de)[n - (14 ivpe) + (1 — 1) - ']
(see [11, eq. (3.2)]), where w : R? — R? is the radially symmetric solution of
Av+ (1 —[v]*)v =0

with degree one constructed in [13], d. € R? are points in the plane with
C

ey/|logel|’

d.| <

7 is a cutoff function of the form

n(z) = m(|z = del) +m(|z + del),

with 71(t) = 1 for t < 1 and n;(t) = 0 for t > 2, and 1. : R? — C is an unknown
function whose implicit construction (with estimates) is the content of the proof of
Theorem 6.2.

It follows from [11, Proposition 6.1] (see also [11, p. 18] for the definition of |[¢)||,)
that the real part R(1.) of 1. satisfies

C
flog <]

(93) IR(¥:)| < where min{|z + d.|} > 2

and, for any fixed o € (0, 1], the imaginary part satisfies!
(94)  |S@W)| < C(0)(|z —de| 2 + |24+ d:|"" 2 +27°) where min{|z & d.|} > 2.
In particular, where min{|z & d.|} > 2, we have
1= V(@] = 1= (e — do)lfw(z + do)le=30)
<= fw(z = do)|| + [1 = Jw(z + do)|| + |1 — 73]
< C(o)(|z = de|772 + [z + de| 2 + 279,

where we used that the model single-vortex solution w(z) satisfies 0 < 1—|w(z)| < ‘z% (cf.
[11, Lemma 7.1]). In particular, scaling back down to the solutions v. = e**V.(e~%z/¢),
it follows that

1 foe(e, )| < Clo)e> (|2 — eede|? + |z + eede|7~2 4 1)

where |z + ef'ed.| > 2. Also, from the bound (102) in the appendix (and a trivial
rescaling), we have |u(z)| <14 Ce?R™2 on Bp/,(0), for all R > 1, which implies that
|ve| < 1 everywhere.

In particular, by the preceding estimates, setting

pe(z,t) == min{|z — eed.|, |z + e'ed.|},

INote that the first occurrence of 72 in the definition of ||th2||2,« from [11, p. 18] should read £2~°.
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we see that for o,7 € (0,1)

/ (1= |ve]?)? < / (1= Jv)?
D, ;x5! g2 - J{pe<2e} e2

2e
o (1 foePY?
{4e=7>pe>2e} g2

2 c 1 2—0( 0—2 2
<02 G400 [ e e
Co)
2
< Clo)(1+ 2170,

<C+ . 62(2—0) (520—2 +€—27’)

where we used the coarea formula to bound f{45_72p5>25} pﬁ("”) < C(0)e?772 (as each
level set {p. = r} has length at most Cr); hence, taking o0 =1 — 7 gives
1— 2\2
D,y —7xS1 €

for all 7 € (0,1), and thus also for all 7 € [0, 1).
With the bound (95) in place, it follows from Proposition A.4 (after a suitable
rescaling) that

(96) / dlue|? < C(r)
D__; xSt

as well, so to obtain the desired energy estimates for v, it remains to estimate the

contribution from
|dve|? — [d]ve|[* = [ve] 72 |joel?,
recalling that
jue = vi(r? df) = v} dv? — 2 dv}.

To start, observe that on {p. < 4e}, we have
2 2 C
(97) |dve|” < Ce® - = < C,
{pe<de} €
so we only need to estimate the energy contribution from the region
A:=[D,- x SN {p: > 4e}.
To this end, for R € [2g,2¢77], consider the annular regions
Qr :={R < p:(2,t) < 5R}
and
o i={2R < p.(2,t) < 4R},
so that, for £ < go(7) sufficiently small (since |eed.| < C/+/]loge| < e~7), we have

Je,r
(98) Ac 9.
j=1
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where J., := [log(e~")/log2] and, for € < £,(d,7) (since |e'ed.| < C/+/|loge| <
30577),

JET
(99) [D.—- \ Dy—r] x S* C U Q.

Is 7,0
where I ;5 := |log(6e771)/1log(2) | — 3. Now, given R € [2¢,2e77], let xr be a cutoff

function such that

o C
0<xr€CX(QR), xr=1onQ%, |dxgrl< i

Next, observe that where p. > 2¢, v. has the form

ve(z,t) = e2Mw(e e s — deyw(e e s + dp e,

and since the model single-vortex solution w satisfies ﬁg;l = i, it follows that
ve(2,t) oz — elted, 7+ e'ted, e
[vel(2,t) |z — eited.| |z + eited,| ’

where we set
0o (2,1) == R (e e 12)).
It is straightforward to check that

T + efled, < C
|z +eited,| || ~ |2+ eited,|

. L C
| (ve/|ve]) — dpe| = [7(e™" e /|ve])] < .

£

and as a consequence,

where p. > 2¢. Moreover, recall that, since v, solves the Ginzburg—Landau equations,

we have as always d*jv. = 0; as a consequence, for any R € [2¢,2¢77], we see that

[ Xtioedod = = [ oetive )
and therefore
[ o vl = [ Xt itoe/ o)
= [ v soafloch) — gy + [ Xt deo)
< [ xlivd < = [ eutivndd)

1/2
< Cllxn jol o2 ( [ o7+ el mR\) .

Now, since yg is supported on the set Qg = {R < p. < 5R}, whose area is < CR?, we

see that c
/pgzx%zé/ m=C
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Moreover, it follows from (93) that |¢.| < 5= on Qg for R > 2¢, so that

[log 2]
c C c
d 200 . Q < - .. 2 < —_—.
[l dXrlZeo - [Qr| < loge|? R CR" < loge|?

Finally, since |v:| < 1, we have

HXR.jU&‘”L2 < ”XR‘Ua‘_l jU€HL27

and putting together the preceding computations gives
IxRlve| ™" joel72 < Clixrlve| ™ jvell 2,
and hence

(100) /Q/ |U€|—2’jva‘2 < /X%‘vg—z‘jvd? <C.

R

Now, applying (98), it follows that

/ |UE|_2|jv€2:/ |U€|_2’jvs|2+/ |Us|_2|jvs|2
D__ xSt {pe<4e} A

Jer _oy.
gC‘*’Zj:ﬁ o |ve| 72 [jve

2)e

<C+CJ.,
< Clog(1/e™),

and since we have already shown (in (95) and (96)) that

/ (eelue) — el ljuel?) < C(r),
D__; xSt
it follows that

/ ec(uz) < Clog(1/e™h) + C(1) < Clog(1/e™1)
D__ xSt

for € < go(7) sufficiently small, as claimed.
Moreover, for any § € (0,1) and & < g¢(9) sufficiently small, it follows from (99) and
(100) that

— . J - _ )
/[D \D x5t |U£| 2|JUE|2 < Zjilgmg /Q/ ’7)5’ 2‘]U€|2
e~ T 5e—7IX .

2Je

J,
< Je,r
- E]:Ie,r,éc

= C([log(c™""")/log 2] — ([log(de™"~")/log(2)] — 3))
< (5 —log(9)),

hence

/ ec(ue) < C(0,7),
[D.—7\Dg —r]xSt

completing the proof of the claim. O
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APPENDIX.

In this appendix we collect some fundamental estimates for maps u : BY(0) — C
which are critical for the Ginzburg—Landau energy

dul? W (u)
Eg(u):/Bl< 29—1- =2 d volg,

with respect to a smooth Riemannian metric g, defined on the closure B. Recall that

u solves the nonlinear elliptic equation
e2Agu+ (1 — |ul*)u = 0.

In the proof of these results a central ingredient, which also appears in our arguments,
is the following monotonicity formula (see, e.g., [25, Proposition A.1]).

Proposition A.1. For any x € B}(0), denoting by Bs(x) the geodesic ball with respect

to g, we have

d o2 B (u; Bg(x 1 1 2W (u
(101) % (60(9) E(Snz( ))) 2 Sn72 / ‘a,/u@ + Snl/ 6(25)

for all s € (0,inj,(z)), where we omit the volume element of g. In particular,

C(g)s? EE(U; Bs(.’IJ))

Sn—2

sHre
is an increasing function of the radius s € (0,inj,(x)).

Note that the constant C'(g) — 1, when we let g converge smoothly to the Euclidean
metric. We also record some useful pointwise bounds for v and its differential.

Proposition A.2. Assuming € < 1, on the smaller ball B?/2(0) we have

(102) u(e) <1+ Clg,me2, iy < SO,
Also, if the energy E-(u) < Alloge|, then on B?/Q(O)
(103) duf2 < ! _ELUP +C(g, A n).
Proof. The function p := |u| satisfies

A+ (p+1)(p—1)p <0,

22
while it is easy to check that, for any fixed s € (3,1), by(z) :== 1 + 'yz-:Qm is a
supersolution on By = B?(0), for v > 7(g,n) > 0 large enough.

On B, we have p < b, for some least v > 0. However, we cannot have v > 7, since
then the supersolution b, would touch the subsolution p from above (at an interior
point), violating the maximum principle for semilinear equations.

Thus, we must have p < by on B, and letting s — 1 we get

62

lu(z)| <1+ C(g,n)m
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on B, from which the first half of (102) follows. Using also the equation, it follows that
lu| < C(g,n) and |Agu| < g’") on Bjs16, Which easily imply the bound

on Byg. Indeed, the bounds |a| + [Azu| < C(g,n) for @(x) = u(ex) on Bis/i6
(with the rescaled metric §) easily give the desired bound |da|; < C(g,n) on any ball
By g(w) € By/s(0), hence on By s, (as e < 1).

It is interesting to observe that, even without assumptions on the energy of uw on
By, the previous inequalities give E¢(u; By /o) < @ (which is sharp, for the trivial
unstable solution u = 0).

In order to improve on the previous pointwise bound for |du| = |dul|,, we observe that

N Lo

> (du, dAgu) + Ricg(du, du) > — |du|? — || Ricg || oo |dul?

by Bochner’s formula, and
L—Juf _ fuf 1—uf |duf?
9 2e2 T g2 g2 g2’
As a consequence, the difference
|dul
2

1— |ul®
2e2

f= — (1+€%|| Ricg [|2)

satisfies
2!UI2
Agf =

In particular, the positive part f is subharmonic, and it follows that
f<C(g,A,n)[logel

on By/g. Also, by the bound |du| < @ and Proposition A.5 below, we have

/ £ < Clg,m) / Wlu) < g, A,m).
B3/4ﬂ{\u|§%} B3y €

On the other hand, the subequation for f easily implies that

2
/ ﬂb#ﬂ+li@ﬂﬂsc/ ()2l
Br/s € B7 /s

for any ¢ € C° (B;L/g). In particular, by Cauchy—Schwarz,

1/2
/ fr<C(g.n) [/ IU\Q(ﬁ)Q] < C(g,A,n)ellogel,
By an{|ul>1} By sN{lul>%}

where we used the bound 0 < f* < C(g, A, n)|loge| on By s. Together with the previous

bound, using again the subharmonicity of f*, we arrive at

fSﬂ%@A}f*SﬂaAm0+ﬂ%w
3/4

on Bj /9, which gives (103). O
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In the asymptotic analysis, the most fundamental tool is the clearing-out for the
vorticity, which we state here for arbitrary metrics (the proof is a simple localization of
the arguments from [24, Section 4.3]).

1), there exist constants n(B,n) and c(B,g,n) such that,

Theorem A.3. Given 8 € (0,
n0) with e <7 < ¢, if E-(u; Br(x)) < mr"~2log(r/¢), then

for a geodesic ball B,(z) C B
u(x)| > 6.

As we saw in (13), the logarithmic growth of the energy exhibited by typical solutions
u is caused solely by the angular part ju = u*(r? df) = u! du? —u? du' of the differential.
This fact relies on two inequalities: first of all, we can bound the radial part d|u| in
terms of the potential as follows (see, e.g., the argument from [7, pp. 329-331], which
readily generalizes to arbitrary metrics).

Proposition A.4. On the smaller ball By, = B{L/Q(O) we have

—|u 2\2
(104) /B dJull? < C(g,n) /B A=l | e mye2,
1/2 1

4e2
provided that € < 1.

Also, we have the following sharp bound, which constitutes one of the main con-
tributions of [7], and allows to deduce the same bound for the previous integral of
|dul]?.

Proposition A.5. On the smaller ball By, = B’f/2(0) we have

(1 —[ul?)? E.(u; By) ( E(u; Bl))
105 / < C(g,n) 22 Jog (24 21 )
(105) Bi)s 42 (9,m) llog €] llog €|

provided that € < ¢ and E;(u; By) < =, for some ¢ = c¢(g,n) and oy = ap(n). In
particular, assuming E-(u; B1) < Alloge|, it follows that

(1 — |u?)?
> < CO(g,A,n)

for e small enough.

The proof relies on a covering argument using Theorem A.3 (see [7, pp. 323-328]%),
and adapts to arbitrary metrics with straightforward modifications, using balls with
respect to g in the statement of [7, Proposition 2.4] (see [12, Thereom 2.8.14] for a proof
of the Besicovitch covering theorem on Riemannian manifolds).

2Note that (2.3) in [7, Proposition 2.2] should read |uc(z)| < 1+ m
the bound (102) in the present paper, by scaling) and that the assumption in [7, Proposition 2.2 and
Proposition 2.3] should be dist(z, 9Q) > e.

(which follows from
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The conclusion then follows from an estimate off the vorticity set {|u| <1 —op}, for
some o small enough (see [7, Theorem 2.1]3).

On an unrelated note, we also record the following useful Lorentz estimate for a
Riesz potential, which is used in the proof of Lemma 3.3. Recall that, for a function
f:R™ = R, its L>*-quasinorm is defined as

1l 200 oy = sup A{| £ > A}[*/2.
A>0
Proposition A.6. If f,g: R™ — R satisfy
1
|f] < W *gl,

then for any y € R"2 we have

1
(106) 1/ (Y, )l L2002y < C(n)sup / , lg]-
B (y)xR?

r>0 rn=2

Thus, the exponent "+ in the classical Sobolev bound || f|;n/(m-1).0c < C(n)||gll 1
can be improved to 2 (the exponent that we have on the plane), on a slice {y} x R,
provided that we control the maximal function on the right-hand side of (106).

The proof is presented in [18, Lemma A.2] when n = 3, but it is straightforward to
adapt it to the case of general n.

Finally, we briefly show how one can obtain precise asymptotics for the (local) Green
function of A, the Hodge Laplacian on k-forms, even when the metric is not Euclidean.
Let U C R™ be a bounded smooth domain (n > 3), together with a smooth metric g on

U. Let us fix an orthonormal frame (w;);es for the bundle of k-forms on U.

Proposition A.7. Given a compact subset K C U, there exists Gy, € QF(U \ {p}) for
every p € K, satisfying

AHGZ',p = 6p . wi(p)

on U, in the distributional sense, and such that the difference

Hip(q) = Giplq) — G(dist(p, q)) wip(q)

obeys the bounds
|Hip(a)| < Cdist(p,q)*™",  |[VHip(q)| < Cdist(p,q)*"

for q € U, for some constant C = C(g,K,U), where G(r) := m s the

standard Green function on R™ and dist(p, q) is the geodesic distance induced by g (the
constant C' — 0 when g converges to the Euclidean metric in the smooth topology).

3We point out the following misprints: in (A.5), a = O*QEE)# >

52z (we assume |uc| > 3); in
equations (A.11)—(A.12) some signs are wrong, but this does not affect the argument; most importantly,
in (A.21) the right-hand side is just C’Hea(ug)Hi/lQ(Bl)
the last estimate on p. 347 still implies (A.23) with 8, = (2 — ao)q%q2 € (0,1), as well as (A.25) with

the same 3, (by (A.20) with ¢ = 2).

but, assuming (without loss of generality) =22
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It is clear from the proof that G; ,(¢) and VG; ,(q) depend continuously on the couple
(p,q), away from the diagonal {p = ¢}. With this proposition in hand, we can then
easily invert the Hodge Laplacian (locally): given n € Q¥(TU), the convolution

zwwzagﬁammwmw@qum

then satisfies A8 = 1 on the interior of K, and the previous bounds for H;, imply
that S resembles the usual convolution with the Euclidean Green function (at small
scales, or when ¢ is almost flat).

Proof. For any (smooth) differential form w € Q¥(U) we can find a unique a € Q¥(U)
such that Aga = w, with each component of « vanishing at OU. Such « can be obtained

o [ (M WEOE
o\ 2 2 ¢

in the space WOI’Q(U, AFR™) (note that ||ayr2 < C(g, U)(||de|p2 + ||d*l|12) for a in
this space, by [15, Theorem 4.8] and a simple compactness and contradiction argument).

by minimizing the energy

We have a2y < C(g,U)l|wll 2@y and, by standard elliptic regularity for systems,

(107) ledlLs @y < Clg, s, U)|lwll e

for all s,t € (1,00) such that 1 >+ — 2.

t n

Fix a cutoff function x € C°(U) with x =1 near K, and let

Gip(q) = x(¢)G(dist(p, q)) wip(q)

for any fixed p € K, where w; , € Q¥(U) is such that w; ,(p) = w;(p) and Vw; ,(p) = 0.
Using normal coordinates centered at p, it is easy to check that

’AHGi,p‘ S C(ga K7 U) diSt(p, Q)Q_n;

hence, Ay G, coincides with a k-form ;, € LY(U) on U \ {p}, where t € (1, 5).
On the other hand, an integration by parts shows that

AHéi,p = 6p . Wi,p(p) + Pip = 5p : Wi(p) + Pi.p

on U, in the distributional sense. As explained above, by approximating ¢;, with
smooth k-forms, we can then find a = «;, such that Aga;, = ¢;;, and (107) holds
(with w := ¢;,). To conclude the proof, we show that |Va(q)| < Cdist(p,q)>™ for
some C' = C(g, K, U); the conclusion will follow by taking G; , := Gip — @i p.

But indeed, considering the rescaled k-form «a,.(z) := a(p + rz), we see that

—n/s

AR ]| Loay < O @ipllLo(B,\B, ) < Crt", lewllpsay < C(s)r

whenever % >1-— %, for the annular region A := By \ By 9, provided that r is small
enough (with C' depending also on g, K,U). By standard elliptic regularity, we then
obtain |Va,| < C(s)(r*=" 4+ r~"/%) on A, which gives

[Va(q)| < C(s)(dist(p, ¢)* " + dist(p, )~ ~"/*).
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Taking s sufficiently close to 7 (if n > 4, or to oo if n = 4) gives the claim for n > 4;

when n = 3, from Aya = ¢;, we can immediately conclude that |a| < C, and we can
take s := 0o in the previous bound to conclude that |Va(q)| < C dist(p, q) L. O
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