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CHAPTER 1

Introduction

This thesis deals mainly with a famous open problem in sub-Riemannian geometry and
geometric control theory, namely the regularity of geodesics in sub-Riemannian manifolds,
which are also called length minimizers. Roughly speaking, a sub-Riemannian manifold is
a smooth manifold where, at each point, a vector space of admissible directions is assigned,
as well as a positive definite inner product on this space, in a smooth fashion. The resulting
distribution is required to satisfy the so-called Hérmander condition, which is diametrically
opposed to the integrability condition. Horizontal curves are absolutely continuous curves
whose speed is admissible at a.e. time. Defining their length in the usual way, a horizontal
curve is then said to be a length minimizer if it minimizes the length among all horizontal
curves connecting its endpoints.

The regularity problem arose soon after the paper [Str86| by Strichartz was published,
thirty years ago. In this paper, it was claimed that all constant-speed length minimizers
correspond to solutions to a suitable Hamiltonian system in 7% M, as in the case of Rie-
mannian geometry, and therefore they are always smooth. The proof of this false assertion
depended on a flawed application of the celebrated Pontryagin Maximum Principle: basi-
cally, the author forgot to treat the so-called abnormal case. Later, the author admitted
that his paper contained an irreparable mistake.

Some years later, in [Mon94], Montgomery gave the first example of a length minimizer
which does not come from the aforementioned Hamiltonian framework. After that, many
other examples were found, showing that the nature of length minimizers is much more
subtle. It is still an open problem whether constant-speed geodesics, which a priori are
only Wh*_regular, are always smooth (i.e. C*°-regular) in any sub-Riemannian manifold,
or even whether they are always C'-regular. This problem is open in the model case
of Carnot groups, as well. This special class of sub-Riemannian manifolds consists of
Lie groups whose Lie algebra is stratified. They provide an infinitesimal model for any
sub-Riemannian manifold, near any given point (provided the point satisfies a technical
condition, which holds generically).

Some partial results are known: if the assigned distribution has step at most 2, then all
geodesics are smooth (and, in fact, the claim by Strichartz is true in this case). In the
context of Carnot groups, the regularity problem has recently been solved also when the
step is at most 3 (independently by Tan-Yang in |[TY 13| and by Le Donne-Leonardi-Monti-
Vittone in [LLMV13|). In [Susl4]| Sussmann proved that, in presence of analytic data (and
in particular in Carnot groups), all geodesics are analytic on a dense open set of times,
although it is not known whether this set has full measure. Finally, one year ago, the first
general regularity result was obtained by Hakavuori-Le Donne (and will appear in [HL16|):
in this paper, which builds on the ideas contained in |[LMOS]|, it is proved that geodesics
cannot have corner-like singularities.

The thesis is organized as follows.

e In Chapter 2, besides defining sub-Riemannian manifolds, we prove some basic
metric and topological facts, such as the classical Chow-Rashevsky theorem, which
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1. INTRODUCTION

asserts that they are connected by horizontal curves. We also introduce the notion
of control and we derive the first order optimality conditions for geodesics, which
allow to classify them as normal and abnormal ones. Finally, we prove that the
solutions of the Hamiltonian system considered by Strichartz are locally length
minimizers.

In Chapter 3 we focus on the special case of Carnot groups and we prove several
useful properties of them which are used later, in Chapter 5. We also prove the
smoothness of all geodesics when the step is at most 3, following [LLMV13].

In Chapter 4 we develop a well-known second order theory for C?-regular maps,
which is based on a generalization of the Morse index, and we apply it to obtain
further optimality conditions for geodesics, known as the Goh conditions (which
suffice to prove the regularity when the step is at most 2). Then, following [AS95|
(and correcting a mistake in this paper), we prove a theorem by Liu-Sussmann
which shows the local minimality of a very general class of curves. We apply
this result to obtain explicit examples of strictly abnormal geodesics, such as the
example by Golé-Karidi (which appeared in [GK95|) in the context of Carnot
groups.

In Chapter 5 we revisit the proof of the aforementioned result by Hakavuori-Le
Donne, giving a presentation which is somewhat more transparent than the origi-
nal one. Then, we obtain a quantitative refinement, which allows us to exclude a
wider class of singularities when the manifold is a Carnot group of rank 2. In order
to obtain this improvement, we exploit the notion of excess and the compactness
of unit-speed length minimizers, as well as a careful choice of the scales at which
a suitable correction technique is applied. Using similar methods, we are able to
prove the lack of minimality for an interesting family of horizontal curves.

Finally, the Appendix is mainly devoted to a revisitation of the classical Cauchy-
Lipschitz theory for ODEs, in the generality needed in this thesis, and to the
proof of some useful facts concerning flows of time-dependent vector fields. We
also present the global Baker-Campbell-Hausdorff formula for nilpotent groups.



CHAPTER 2

Sub-Riemannian manifolds and first order theory

2.1. Sub-Riemannian manifolds

The aim of this section is to introduce the general setting where our regularity problem
takes place, namely sub-Riemannian manifolds. Later on in the thesis we will specialize
in the study of Carnot groups, which represent a model case and can be viewed as a sort
of first-order approximation of any sub-Riemannian structure at some given point (see

Section .

Informally speaking, a sub-Riemannian manifold is a smooth manifold where we can move,
at an infinitesimal scale, only in a prescribed set of directions, depending on the particular
point where we are located. Moreover, each such direction is given a norm, as on a
Riemannian manifold: this in turn will enable us to define the length of a path between
two points. Let us now give the precise definitions.

DEFINITION 2.1. Given a smooth manifold M, a smooth distribution D with rank » > 0
is a smooth subbundle of the tangent bundle, i.e. a map x — D, which assigns to each
point x € M an r-dimensional vector subspace of T, M, in a way such that locally we can
write D, = (X1(z),..., X, (z)) for some smooth vector fields Xi,...,X,. A metric g on
D is a smooth assignment of a positive definite scalar product g, on each vector space D,
(here smooth means that, whenever D = (X,..., X,) on an open subset U C M, the map
x — ¢.(X;, X;) is smooth on U, for any i, j).

DEFINITION 2.2. We denote by I'(T'M) the space of all smooth vector fields on M. Given
a smooth distribution D, we define inductively Lie®(D) C T'(TM) for k > 1 as follows:

Lie' (D) := {X e T(TM) : Vo € M X(x) € D,},

N

Lie" (D) := {X +) Vi, Z] | Y € Lie"(D), X, Z € Liek(D)} .
i=1

Of course the number N of terms in the last sum is allowed to vary freely. Lie**(D) can

be equivalently defined as the real vector subspace of I'(T'M) generated by Lie*(D) and
{[Y.Z] | Y € Lie*(D), Z € Lie*(D)}. We also set

Lie®(D) := G Lie®(D).
k=1

REMARK 2.3. The spaces LieF(D) form an increasing sequence of vector subspaces of
[(TM). Moreover, it is easy to prove inductively that Lie*(D) is in fact a C°(M)-
submodule of I'(T'M), i.e. it is also closed under multiplication by a smooth function. This
is clear when k = 1 and in general it follows from the fact that a[Y, Z] = [aY, Z] + Z(a)Y .

REMARK 2.4. If there are X, ..., X, such that D = (X3,..., X,), it is immediate to verify
inductively (using the identity [aY,bZ] = ab|Y, Z] + aY (b)Z — bZ(a)Y) that Lie*(D) is

5



6 2. SUB-RIEMANNIAN MANIFOLDS AND FIRST ORDER THEORY

generated, as a C°°(M)-module, by all possible j-fold iterated Lie brackets
{Xilv [ "y [Xijpri]'] e H

of these vector fields, as j varies from 1 to k.

DEFINITION 2.5. For any 1 < k < 0o we set

Lie"(D, z) := {X(x) | X e Liek(D)}.

REMARK 2.6. It is clear that Lie! (D, ) = D,. Furthermore, the definition of Liek(D, x) is
local, in the following sense. If U C M is an open subset, U is endowed with the restricted
distribution D|,; and we can form the C°°(U)-submodules Lie* (D|;;) of T(TU). Then, for
any x € U and any k > 1, we have

Lie* (D, z) = Lie* (D], x) .

Indeed, the inclusion Lie*(D,z) C Lie* (D], x) is clear. Moreover, one can immediately
check, by induction on k, that any X € Lie* (D|;;) coincides with a suitable X’ € Lie*(D)
on a fixed neighbourhood V' € U of = (for the base case k = 1 it suffices to let X' :=nX,
for any ¢» € C2°(U) such that ¢y =1 on V, extending X’ by zero outside U).

DEFINITION 2.7. A smooth distribution D is said to be bracket-generating (or totally non-
holonomic, or to satisfy the Hormander condition) if for any x € M we have Lie™ (D, z) =
T, M. Notice that, as (Liek(D, a:)) x>1 Is an increasing sequence of vector subspaces whose
union is Lie> (D, z), an equivalent condition is that, for any z € M, there exists a finite
k > 1 such that Lie*(D,2) = T, M.

DEFINITION 2.8. A sub-Riemannian manifold M is a smooth, connected n-dimensional
manifold, equipped with a bracket-generating distribution D and with a smooth metric g
defined on D. In the sequel, for vectors v,w € D we will often use the notation (v,w)
instead of g(v,w), as well as the shorthand |v| := g(v,v)"/2. r is called the rank of the
sub-Riemannian structure, while the step is the least s < oo such that Lie®*(D,z) = T, M
for any x € M.

REMARK 2.9. When r = n, the bracket-generating condition is trivially satisfied. This
special case corresponds to Riemannian geometry, where a metric is given on the whole
tangent bundle T'M.

DEFINITION 2.10. A curve v € H([0,T], M) is said to be horizontal (or admissible) if
Y(t) € Dy for ae. t € [0,T]. In such case, its length is L(y) := fOT |5(t)| dt, while its
energy is E(v) := %fOT 15(t)|* dt. The Carnot-Carathéodory distance between two points
r,y € M is

deo(z,y) = Weigf L(v),
@,y

where Q , is the set of horizontal curves v € H1([0,1], M) with v(0) = z and (1) = y.
We will often simply write d in place of do¢.

Since the length of a horizontal curve is clearly invariant under linear reparametrizations,
we would obtain an equivalent definition of dcc by replacing [0, 1] with [0, 7] in the defi-
nition of €, ,, with variable 7T'.

In the last definition, H([0,T], M) is the space of continuous curves which in local co-
ordinates belong to H'. For a precise definition of this space, see Definition in the
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appendix. We notice that the same definition of length makes sense more generally for

horizontal curves in AC([0,1], M) = Wi([0, 1], M).

DEFINITION 2.11. We use the notation B, (z) := {y € M : dec(z,y) < r} for the Carnot-

Carathéodory ball with center x and radius r > 0, in order to distinguish it from the usual
Euclidean ball B,(z) when M = R"™.

Let us motivate heuristically the requirement that D satisfies the bracket-generating condi-
tion. Take two vector fields X,Y € Lie! (D). Let us denote by ®;(X) the flow map at time
t associated to X, so that ¢ — ®;(X)(p) is an integral curve for X and is horizontal. The
Lie bracket has this geometrical meaning: suppose we move for a short time ¢ along X,
then along Y, then back along —X and finally along —Y. The outcome of this maneuver
is a null displacement at the first order in ¢, but at the second order a Lie bracket [X, Y]
appears. More precisely, as we will show below (see Proposition , we have

04(—Y) 0 (= X) 0 @4(Y) 0 24(X)(p) = @12 ([X, Y])(p) + o(t?),

in any fixed local coordinate system (so that the last sum has a meaning).

In the picture we have set py 1= ®(X)(p), p2 1= P(Y)(p1), p3 := Pt(—=X)(p2), p1 =
O (—Y)(p3) and ¢ := @p2([X,Y])(p). Thus, we can approximate displacements in the
direction [ X, Y] and iteration of this operation should allow us to move in any direction (but
at the expense of using very long horizontal paths). So the bracket-generating condition
can be viewed as an infinitesimal condition which should guarantee that any two points of
M can be connected by a horizontal path. This is indeed the case and will be proved in

Section 2.4l

In fact, we do not yet know that the Carnot-Carathéodory is finite, nor that d(x,y) = 0
implies = y. These facts will be proved in the next sections.

2.2. Some basic metric properties

It is often useful to work with constant-speed paths, instead of arbitrary AC or H' ones.
We now show that it is always possible to reparametrize an AC' curve so that the new
curve has constant speed.

REMARK 2.12. If v € AC(]0,T], M) is horizontal, h € AC([0, 7]) is increasing and h(0) = 0,
h(r) =T, then vo h € AC([0,7], M) is horizontal as well and satisfies L(y o h) = L(y):
the fact that o h is AC' and horizontal follows from Lemma while

T i T
L(yoh):/ |1oh|hd£1:/ Y| dct
0 0
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by Lemma [A.7]

We will prove that every horizontal curve has this form, for some h and some horizontal ~
with |¥| = 1. Before doing that, it is convenient to extend (non-canonically) the metric g
to the whole of T'M.

LEMMA 2.13. There exists a smooth Riemannian metric ¢’ on T'M such that g = ¢'|p, i.e.
such that g(v,w) = ¢’(v, w) whenever v, w € D.

Proof. To begin with, we endow M with an arbitrary Riemannian metric h. This enables us
to define a complementary distribution D’ := D=+, where the orthogonal is taken pointwise
in T'M with respect to h.

We claim that D’ is smooth as well: locally we can write D = (X7,..., X,) and, applying
the Gram-Schmidt algorithm, we can assume that X1, ..., X, are orthonormal with respect
to h. Since we are arguing locally, we can also find X,11,..., X, such that (Xi,...,X,)
is pointwise a basis of the tangent space. Now

,
D = <Xi =) WX, X)X | i:r+1,...,n>,
j=1

proving the smoothness of D’.

We set ¢’ := g @& (h|p), ie. given v,w € TM we decompose them as v = v + va,
w = wq + way, with v1,w; € D and vy, ws € D', and we define

g/(v,w) = g(Ul, wl) + h(UQ’U)?)'

¢' is the required smooth Riemannian metric (notice that the map v — wv; is smooth,

since locally, if Xi,...,X, € D are orthonormal with respect to h as before, v; =
> j=1 h(v, X;)Xj; hence v+ v2 = v — vy is smooth as well). O
We will use the notation (v,w) = ¢ (v,w) and |v| := ¢'(v,v)"/? for any v,w € TM,

extending the previous one.

ProposITION 2.14.1f § € AC([0,7], M), then we can write § = v o h for some v €
AC([0,T], M) with |4] = 1 a.e. Here T':= L(J), h € AC([0, 7]) is increasing and h(0) = 0,
h(r) = T. Moreover, such v is unique and ¢ is horizontal iff v is horizontal.

Proof. For the existence part we can localize and assume M = R". In order to avoid
ambiguity, we will denote by |-| , the norm associated to ¢" and with ||, the usual Euclidean
one. We remark that |-, is not a norm on R™: |v|, makes sense only when v € TR",
whereas the Euclidean norm is defined as usual on R™ and also on TR™ by means of the
canonical identification T, R"™ ~ R™, for any = € R".

Define .
h(t) = / 5| @yan
o !¢

for 0 <t < 7. his AC, it is increasing and satisfies h(0) = 0, h(7) = T. Define also the
pseudo-inverse

k(s):=min{t: h(t) = s}
for 0 < s < T and set y(s) := dok(s). Clearly 6 = yoh. Moreover, for any 0 < s < s’ < T,

k(s') | . k(s') | |
sy —y(s)| = |5(k(s")) — 5(k(s < 6| (H)dt<C 0
) =), = o)~k < [ ]3] waese |

(t)dt =C(s'~s),
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since there exists some C' > 0 such that, for any z in the compact set v([0,7]) and any
v € T;R", it holds |v|, < C'|v[,. Thusy € Whee ([0, T],R™) and in particular it is AC. So
the chain rule (Lemma |A.8|) applies:

5= (3 o0h)h ae.

We use this convention: 7, é and h denote classical derivatives and, whenever A vanishes,
the right-hand side of the above formula is meant to vanish as well (even when 4 o h is

undefined).

Let us call B C [0 7] the Borel set of all ¢ where &, 4 o h(t) and A(t) are all defined,
’ ‘ t) # 0 and the above formula holds. We know that £*(h([0,7]\ B)) =0

(see Lemmas and |A.6] - For any t € B we have
8], (1) = Bl (he)h(t) = [y (R(D) |9

so that ||, (h(t)) = 1. Since [0,T] = h([0,7]), we have [0,T]\ h([0,7] \ B) C h(B), so
|ﬁ|g/ (s) =1 on a subset of [0,7] with full measure.

(1),

gl

Assume now that v is horizontal: from the chain rule and the fact that

£ ({t:4(h() & Dup } \ {t: hlt) =0} ) =0

(see Lemma [A.6) we deduce that ¢ is horizontal as well. Conversely, assume that J is
horizontal: then, letting B’ := {t €eB:it) e D(;(t)}, for any t € B’ we have

$(h(6)) = (1) 8(t) € Dy = Doguco-

so again §(s) € Dy (4 on the subset h(B') C [0,T], which has full measure.

To prove uniqueness, assume § = 7' o b’ for some v € AC([0,T"], M) with |¥'], = 1 a.e.
and for some increasing h’' € AC mapping [0, 7] to [0,7"]. For any t € [0, 7] we have

W(t) = /h’ dt_/M (W' ()R (') at’ =

by the chain rule again. So T'=T", h = h/ and, from ~ o h =~/ o h and the surjectivity of
h, we deduce v = «'. O

) dt’ = h(t),

REMARK 2.15. It follows that doc can be defined equivalently as inf L(7y), letting vy vary in
AC(]0,1], M), in W1°°([0,1], M) or even among constant-speed curves, keeping of course
the requirement that v is horizontal and v(0) = z, v(1) = y. In addition, a very useful
characterization of do¢ is

doc(a,y) = _inf (2E()"?,
T,y

E(~) denoting the energy of v. This fact comes simply from the Cauchy-Schwarz inequality

- /o1 7] (2) dt < </01 51 (t) cht)l/2 — QE(y)?

and the fact that equality holds iff v has constant speed. Again this is true also replacing
H?' curves with one of the above classes.

We now prove that (M, dcc) is an extended metric space, which means that doc satisfies
all the properties of a distance except that a priori it could take on the value +oo (which
will be ruled out by Theorem [2.34)).
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PROPOSITION 2.16. For any z,y,z € M we have doc(z,y) = doco(y, x) and doc(z,z) <
deco(z,y) + doo(y, z). Moreover, d(z,y) =0 iff x = y.

Proof. The first property follows from the fact that, if v : [0,1] — M is a horizontal path
from x to y, then (1 — -) is a horizontal path from y to z with the same length. To prove
the second property it suffices to notice that, given two horizontal paths v, : [0, 1] — M,
~ connecting = to y and § connecting y to z, then their concatenation

R0 if t € [0, 3]
() = {6(2t— ) ifre L]

is a horizontal path from z to z and L(n) = L(vy) + L(9).

It is evident that d(x,z) = 0. Now assume that d(z,y) = 0 but x # y. The auxiliary
Riemannian metric ¢’ that we built at the beginning of this section defines a distance dg
exactly as g defined doo (we simply replace g by ¢’ and D by TM, so that when minimizing
Ly (v) all the curves from x to y are admissible). Since clearly doc(z,y) > dy(x,y), to
reach a contradiction it suffices to show that dy (x,y) > 0. For the sake of completeness,
we include a proof of this fact (i.e. that the distance induced by a Riemannian metric
separates points), although it is well-known and is quite unrelated to the topics treated in
this thesis.

Take a smooth chart ¢ : U — R", U being an open neighbourhood of y, such that

#(y) = 0. We fix a positive R such that = & ¢~1(Bg(0)) =: K. We also define r : R* — R
by 7(z) := |z|. Since Bg(0) is compact, there exists some ¢ > 0 such that

(67 ¢ (v,v) > |vf?

for all v € |, 5, TzR", where (qb_l)* g’ is the pullback of ¢’ by ¢! : R" — U and |v], is
the standard euclidean norm. Consider now a curve v € H'([0,1], M) from z to y and call

s :==min {t:(t) € ¢t (Bry2)}, s:=sup{t <s:y(t)¢ K}.

Since {¢t : y(t) € cb*l(BR/g)} is open, we deduce poy(s') € OBp/o. It is clear that v(s) € K
and ¢ o y(s) € 0Br. Now we have

];:/: %(rogboy) () dt < / dr (d(3(1))] dt < / do(3(1))], dt

Sl

S c_l /S <(¢_1)*g, (d¢<7(t)),d¢(’)/(t>))>§ dt = C_l/ (g,<~y(t)7f-y(t)))% < C_lL(’y),

S S

where we used the fact that r is 1-Lipschitz. So L(y) > %, which is a positive constant

independent of ~y, proving that dg (z,y) > 0. O

REMARK 2.17. The same proof shows that the topology induced by dcc is finer than the
original one: indeed, we proved that, if U C M is open (in the original topology) and
y € U, then any point x € M \ U must lie outside some ball B.(y), for some sufficiently
small € independent of x, proving that B.(y) C U.

In fact, the two topologies coincide: this will be a byproduct of the proof of the Chow-
Rashevsky theorem given below. In the remaining part of this section, we will take this
fact for granted, as well as the finiteness of dcc, in order to simplify some proofs (this is
legitimate since the results that we are going to prove here will not be used in the rest of
the thesis).

On any metric space one has an intrinsic notion of length of a continuous curve, whose
definition is built using solely the given distance. Taking into account how doc was defined
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on M, it is natural to expect a relation between the length of a horizontal path and its
intrinsic length. Corollary [2.24] will address this point.

DEFINITION 2.18. Given a continuous curve v : [0,7] — M, let us define the intrinsic
length of ~ as

N-1
Li(y) i=sup »_ d(v(t:),7(ti+1))
=0

where the supremum is taken over all choices of times 0 =ty < --- <ty = T (letting N
vary as well). The intrinsic distance between two points x and y is d;(x,y) := inf L;(v),
as -y varies among all continuous curves connecting = to y.

REMARK 2.19. Of course, nothing changes if we require that the sequence of times is strictly
increasing in the definition of L;. Notice that L; is additive, i.e. L;(vy) = L; (’Y|[o,t]> +

L; <’y\[t’T]) for any t € (0,T). We also remark that, for any =,y € M, we have d;(x,y) >

d(x,y) (this happens in every metric space): for any continuous curve v : [0,7] — M
connecting x to y the choice N := 1, tg := 0, t; := T gives L;(y) > d(z,y). The next
proposition shows that, in our special case, the converse inequality holds as well.

REMARK 2.20. L; is invariant under continuous reparametrization, i.e. if v =
h increasing and continuous, then L;(y) = L;(d): the inequality L;(vy) < L;(0
while the converse one follows from the surjectivity of h.

d o h, with
)

is trivial,

PROPOSITION 2.21. (M, d) is a length metric space, i.e. for any z,y € M we have d(z,y) =

Proof. By Remark it suffices to show that d;(z,y) < d(z,y). Take any horizontal
path v € Q, ,. For any choice 0 =ty < --- <ty =1 we have

4t A (te) < L (V)

since 7|, | is a horizontal path connecting (t;) to ¥(ti41). So

Listit1
N-1 N-1
> d(t)Atis) £ 30 L (Vi) = O,
i=0 i=0
which gives L;(v) < L(v). Thus d;i(z,y) < L(vy) and the thesis follows by taking the
infimum over . U

Before proceeding further, let us make a simple but useful remark.

REMARK 2.22 (Localization). Let U C M be any open subset. If one replaces M with U,
the set of horizontal paths between two given points z,y € U can become smaller (since we
are excluding those which intersect M \ U). So we have the inequality d(z,y) < dY(z,y),
where dV denotes the Carnot-Carathéodory distance on the manifold U.

However, whenever B,.(x) C U, we have d(x,y) = dY(z,y) for any y € B,(z), so in fact
B, (z) = BY(z) (BY(z) denoting the ball with respect to dV): to see this, fix any y € B,.(z)
and 0 < € < r — d(x,y). There exists a horizontal path from x to y (in M) with length
less than d(x,y) + € < r, so any point on this path belongs to B, (x) C U. So this path is
contained in U and we deduce dV (x,y) < d(z,y) +¢. Now it suffices to let € — 0 to obtain
d¥(z,y) < d(z,y).
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We also remark that, if B.(z) C U, then d(y,z) = dY(y, z) for any y, z € B, /3(x): indeed,
d(y, z) < %r and any horizontal path connecting y to z with length less than %r is contained
in B,.(x) C U. We conclude that dV(y, z) < d(y, z) in the same way as before.

THEOREM 2.23.1If v : [0,7] — M is continuous and L;(7y) < +o0, then ~ is a continuous
reparametrization of a horizontal unit-speed 7, with L(¥) = L;(y).

Proof. Step 1. To begin with, we will replace 7 by its arc length reparametrization 7, with
respect to L;. To this end, we define h(t) := L; (w|[07t]) (for t € [0,T7).

Let us prove that A is continuous: fix any 0 < ¢t < T and any ¢ > 0. We can find
t=ty < <ty=Tsuchthat SN o' d (y(t:), y(tis1)) > Li (fy|m> e So,ift' € (t,11)
satisfies d (y(t'),v(t1)) > d(~(t),v(t1)) — €, we deduce

N-1
Li (M) = d6®),2(E0)) + 3 d (18, (Ei1)
=1

=

v

a(v(t),v(ti41)) = € = Li (V) — 2€

<.
Il
=)

and finally
Bt = h(t) + Li (1) = hO) + Li (Vo) = L (Vo) < B0 + 26,
so h is right-continuous. An analogous argument shows left continuity.

Now we define k(s) := min{¢: h(t) = s} (for s € [0, L;(~y)]). Then we set 7 := v ok, so
that v =% o h (since 7 has to be constant on [k o h(t),t]). We have

A(3(5),3(0) = d (), 7B 0) < Ls (Vo) = £ = 5

proving that 7 is 1-Lipschitz with respect to d. In particular, 7 is a continuous curve from
T to y.

Step 2. We have to show that 7 is a unit-speed horizontal path. It suffices to obtain that

~ is horizontal and ‘ﬁ’ < 1 a.e., because then the proof of Proposition [2.21| shows that

L(®) > L;(7) = L;(v), so we must have “y\) =1 a.e., as well.
g/

Let us localize the problem. As ~([0,7]) = 7([0, L;(7)]) is compact, we can cover it with
finitely many open sets U; diffeomorphic to R". We can also find some r > 0 such that
B, (7(t)) is compactly contained in some U; (depending on ¢) for all ¢ € [0, L;(7)]: here we
use the equality between the two topologies. Finally, since 7 is 1-Lipschitz, we can find a
subdivision 0 = sy < -+ < s = L;(y) such that

A([si-1,8i]) € B, /3(V(si-1))

for all 1 < 7 < k. By Remark we have d(z,y) = dY(x,y) whenever z,y €
B, /3(y(ti-1)) and B,.(5(t;-1)) € Uj, so for any t,_1 < s < t < t; the intrinsic length
of ﬁ][sﬂ with respect to d¥i is still t — s. Restricting our attention to 7|[ti—1,ti]’ we reduce
to the case M = R™. We still denote by 7 the new curve and (up to translating the time)
we call [0, d] its parametrization domain.

Step 3. For any j > 0 we define the set of times 7; := {2%6 |0<i< 2j} and we denote
tg = 2%5 Since d (ﬁ(ti),?(ti+l)) = tg+1 — tg, we can find a constant-speed horizontal
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path ~/ [tf,tfﬂ] — M joining 7(t!) to ﬁ(tg_H), with L(y/) < 2 (1 + %) We can also

assume ] ([tf : tf+1]) C B,(7(0)) € R™ (this ball is to be meant with respect to the Carnot-

Carathéodory distance). Let us call ; : [0,0] — R™ the curve obtained by concatenating
Vs o e o> Vag_q-

We remark that || g S 1+ % a.e., so that (since ; takes values in a compact set in-
dependent of j) |¥;|, < C a.e., for some C independent of j. For any time having the
form t = 2]05 we have ~,(t) = 7(t) whenever j > jo. Thus, (7;) being an equicontinuous
sequence of curves converging on a dense subset to 7, we deduce v; — 7 uniformly on

[0,6]. In particular, 7 is Lipschitz (as a map with values in R") and 4; — 4 (in the usual
duality with L([0, 6], R™)).

.12
Now we show that f: ‘;y\‘ dt <b—a for any 0 < a < b <. This is an easy consequence
g/

of weak convergence: indeed, identifying T,R™ ~ R" for every z (so that 7;(t) will be
considered as a vector in R", rather than an element of T, )R") and denoting by g (x):
R"™ x R™ — R the auxiliary metric ¢’ at z,

b b
b—a=tim [ 05(0) Go(0)35(0) = i [/ G0) G50 35(0)
b, b ) . by,
> / a\ dt + 2l inf / (1)) (70, 35(0) = 7(1)) dt = / 3l

The second equality follows from the continuity of ¢/, the uniform convergence v; — 7 and
the estimate |§;], < C, while the inequality is a consequence of

g/ (1)) G5 (1), 5(8)) =/ (30)) (1), A1) ) + 29/ G(1)) (7). 55(5) = 3(1))
+g/G) (350 - 3@, - A)) -

Finally, the liminf vanishes thanks to the weak convergence. Since a and b are arbitrary,

we obtain ‘/7\‘ <lae
g

Step 4. The fact that 7 is horizontal can be seen in two ways. For instance, one can find
locally n — r differential forms w1, ...,wy, such that v € T,R™ lies in D iff w;(v) = 0 for
every 7 + 1 < i < n (locally there exist n linearly independent vector fields X;,..., X,
such that D = (X1,...,X,) and it suffices to take the dual basis wy,...,w, pointwise).

Now, for any fixed i = r + 1,...,n, we have ff w; (v5(t)) (5(t)) dt = 0 and, by weak
convergence again, f; wi (A(t)) <‘y\(t)> dt = 0 (for any sufficiently small interval [a, b)), so

that w; (5(t)) (ﬁ(t)) =0 ae.

Alternatively, recalling the proof of Lemma we can define the penalized metrics g/, :=
g @ m (h|p), for any m > 1. Replacing ¢’ with g}, we obtain

5.2
|k
0

Im

dt < 6.

But, for any v € T, R", we have

g(v,v) ifveD
+o00 otherwise

I (V,0) T g (v, 0) = {
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(in fact, g/, should be regarded as the natural extension of g to the whole tangent space).
By monotone convergence we deduce

512
/ M dt < 6 < 400,
0 95o
so we cannot have ‘y\ ¢ D on a subset with positive measure. O

COROLLARY 2.24. Let v € AC([0,T], M) and assume that L;(y) < 4+oco. Then 7 is hori-
zontal and L(v) = L;(7).

Proof. By Theorem ~v =7 o h for some horizontal unit-speed 7 : [0, L;(y)] — M and
some continuous increasing h : [0,7] — [0, L;(7y)]. Let us prove that v is horizontal: we
can assume that M = R™. By Theorem we know that v = 7 o h for some horizontal
unit-speed 7. Let w : [0, L;(y)] — R"™ be any Borel function such that ¢ < |w| < C
everywhere (for some suitable ¢, C' > 0) and w = /7\ a.e. By Lemma denoting by u the
unique positive measure on [0, 7] such that h(t) = u([0,¢]),

h(t) ¢
90 =20+ [ ws)ds =5(0)+ [Cwond

(to be precise, in the last equality one should integrate on h~1([0, h(t)]) instead of [0, 1],
but the difference between these two intervals is u-negligible as h = h(t) there). We deduce
that

(woh)u=A4L"
Comparing the corresponding total variations and using ¢ < |wo h| < C, it follows that
p < L' So his AC and the horizontality of 7 follows from Remark Moreover,

L(v) = L) = Li(7). O

2.3. Admissible controls and the endpoint map

Throughout this section we will always assume that D = (X,..., X,) for suitable globally
defined vector fields. We now show a convenient way to parametrize horizontal paths in
H'([0,1], M) starting at a given point x. Notice that we are fixing only the starting point;
on the contrary, in general the set €2, , does not have any reasonable structure, since the
additional constraint that the final point is y can become singular (which is also the reason
why the first order conditions derived in this chapter will not suffice to obtain the regularity
of length minimizers).

DEFINITION 2.25. The Hilbert space L?([0,1],R") is called the set of controls. A generic
control will be usually denoted by u. Let U, C L?([0,1],R") be the set of the controls u
such that the Cauchy problem

{W(t) =Y i i) Xa(y(t))
7(0) ==

has a (unique) solution v € H([0, 1], M) satisfying the above ordinary differential equation
for a.e. t. U, is called the set of admissible controls and sometimes it will be simply
denoted by Y. We will use the compact notation (u(t), X) (z') := >_._; u;i(t)X;(a’) (for
any =’ € M).

In Appendix B we show that this Cauchy problem has at most one solution and that U/ is
an open set.
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REMARK 2.26. Given a horizontal curve 6 € H([0,1], M) with §(0) = z, we can write
5(t) = S ui(t)Xi((t)) for some u € L2([0,1],R"), which is uniquely determined a.e.
Notice that § is the solution of the Cauchy problem with the control u, so v € U,. u
will be called the control associated to §. Conversely, given u € U,,, the solution v will be
called the trajectory associated to u. It is now clear that there is a correspondence between
U, and the set of horizontal curves (in H'([0, 1], M)) starting at z, given by the above
associations, which are inverse to each other.

DEFINITION 2.27. More generally, for any T > 0, we denote by U, (or simply by Ur)
the open subset of L2([0,T],R") consisting of the controls u such that the above Cauchy
problem has a solution in H([0,T], M).

DEFINITION 2.28. Given u € L%([0,T],R"), for any A > 0 we define the rescaled control
uy € L*([0,\T],R") by
up(t) == A tu( A7),
The reversed control is u € L*([0,T],R"), given by
u(t) == —u(T —t).
Given v’ € L%([0,T'],R"), we also define the join of u and ' to be the control u * u’ €
L3([0,T + T'],R") defined as

ol (t) = u(t) t€[0,T]
YRR Ty te (T T+ T

REMARK 2.29. Again, there is a correspondence between U, 7 and the set of horizontal
curves defined on [0, 7] and starting at x. Notice that, if v € H'([0,T], M) is a horizontal
curve with (0) = z, then «(7'-) is a horizontal curve defined on [0, 1]. This gives a bijection
between the horizontal curves on [0,7] and the ones on [0, 1] (with starting point x); the
corresponding bijection between U, v and U, is given by u +— up-1.

DEFINITION 2.30. We define the endpoint map

Endr : {(z,u) :u € U7} C M x L*([0,T),R"), (z,u) — v(T),

where v € H'([0,T], M) is the unique solution to the Cauchy problem. When T' = 1 we
will use the simpler notation End(x,u). Sometimes, when the starting point x is fixed,
Endz (or End) will just have Uy = U, 1 (or U = U,) as its domain.

In Appendix B the regularity properties of Endy are studied. In particular, Proposition
and Corollary (applied to the rescaled controls, so as to reduce to the case T' = 1)
tell us that {(z,u):u € U7} is an open subset of M x L?([0,T],R") and that Endr is
C*™ on it.

We now list some basic properties of the endpoint map.

PROPOSITION 2.31. Let u € Uy 7, v’ € Uy, 17, where y := Endr(z,u), and A > 0. Then:
(1) ux € Uy a7, Endyp(z,uy) = Endr(z,v) and imd Endyr(z, )y, = imdEndrp(z,-)y;
(2) w e Uy, Endr(y,d) =  and rkd Endr(z, ), = rkd Endr(y, -)x;

(3) uxu' € Uy pyr, Endpyq (v, u*u') = Endg (y,u’) and
rkd Endy 7/ (2, ) ys > max {rkd Endp(z, )y, tkd Endr (y, )y } -
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Proof. Calling v and § the trajectories associated to w and u’ (starting at = and y respec-
tively), notice that y(A~!-), ¥(T —-) and the curve obtained by concatenating v with § are
all horizontal curves in H'. The associated controls are those written in the three items
of the statement and the assertions concerning their admissibility and their endpoints are
now clear. Moreover, from Endr(z,u) = Endyp(z, uy) we get

dEDdT(l', )u[’U] = dEnd,\T(JJ, ')u,\ [UA]a

proving that imd Endyr(z,+),, = imdEndr(x,-), (since v — vy is a bijection between
L2([0,T],R") and L2([0, \T],R")). For the second item, differentiation of the identity

(2.1) Endr(Endr(z,u),u) =
with respect to u gives, using the smoothness of Endy and the chain rule,
dEndp(-,1)y[d Endr(z, )y [v]] + d Endr(y, -)z[0] = 0.

This gives rkd Endp(z, ), = rkdEndr(y, )y, since d Endy(-, ), is invertible (which can
be seen differentiating (2.1)) with respect to z). Similarly,

dEnd7 1 7(, s [V * V] = di Endry 1 (z, (u+ sv) x (v + sv'))
s

s=0

d
= Endg (Endr(z,u + sv),u + sv')
s

s=0
= dEndy (-, u')y[d Endr(z, )y [v]] + d Endy (y, ) [V']

and the last assertion follows from the fact that d Endy/ (-, '), is invertible, which is seen
by differentiating the following identity with respect to y:

Endz (Endp (y,u'), (u')) = y.
O

Let us call ®; the flow associated to some fixed control @ € U, 7, i.e. 4(z) := Endy(2’,w)
for t € [0,T]. By the same argument used at the end of the preceding proof, we know that
o7l is a diffeomorphism onto its image for a suitable neighbourhood V' of = (depending on
T). It will be convenient to introduce a modified version of the endpoint map, namely

E/Jn\dT(u) = (I)T|V_1 o EndT(x,u).
Notice that E/Jn\dT (u) = z and that E/Jn\dT is defined on some neighbourhood of w.

LEMMA 2.32. The differential of E/n\dT at w is given by

o T
A(Endr)ele] = [ @ (o10).X) &) .

Proof. It suffices to compute dmg[v]. Assume for the moment that w,v € C*°. From
Proposition we have (in local coordinates near x)

T
e (7 4+ sv) = / & (v(t), X) (Endy (@ + sv)) dt.
0
So, noticing that E/rElt(ﬂ) = z for any t,

o T
%EndT(mSU) - /O ®; (u(t), X) (x) dt.

5=0
Since E/lrElT (u+w) is smooth as @ and v vary (notice that u appears also in the definition of
Endr, due to the presence of ®7) it follows that the same formula holds for any @ € U and
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any v € L?([0, 1], R"), provided we show that the right-hand side is continuous in (%, v) (in
the L? topology). The right-hand side equals

T T
;/0 vi(t)d (@), [ X (®y(z))] dt

and it suffices to know that, whenever u,, — @ in L?, we have ®7(x) — ®;(z) uniformly
on [0,7] and that the same convergence holds (in local coordinates) for the first spatial

derivatives of ®}', where ®} denotes the flow associated to u,,. This follows from Proposition
and the compactness of [0,7] x {x}. O

COROLLARY 2.33.If w € Uy 1, then X;(y) € imdEndy(z, )y for any ¢ = 1,...,r, where
y := Endp(z, ).

Proof. For any 0 < € < T we define v; . € L*([0,T],R") by

. — 0 te[o,T_e]
Vie(t) := {ez te (T —eT).

€

For fixed i, since t — ®; X;(x) is continuous, we have

T T
Mmoo 1 * *
dBndr)afond = [ 8 0. X) (@)t = ¢ [ (@X)(@) bt~ (@7X,)(a)
0 T—e
as € | 0. Since im d(ETH\dT)E is closed in T, M (as it is a finite-dimensional subspace),
we deduce d(®r);'[Xi(y)] = (®4X;)(x) € imd(Endr)z. This gives the thesis, since

dEndy(z, )z =d (‘I)T o ETI;iT)f =d(®r), 0 d(E/Jn\dT)H- 0

2.4. Chow-Rashevsky theorem

In this section we prove the fundamental fact, proved independently by Chow (1939) and
Rashevsky (1938), that any two points in a sub-Riemannian manifold can be joined by a
horizontal path.

THEOREM 2.34. If M is connected (as a smooth manifold) and is endowed with a bracket-
generating distribution D, then for any couple of points z,y € M there exists a constant-
speed curve 7 : [0,1] — M satisfying v(0) = x, v(1) = y and +/(t) € D for a.e. t € [0,1].

This result follows easily from the local openness of the endpoint map End, which we state
as a lemma (to be proved later).

LEMMA 2.35. Assume that D = (X3,...,X,) and fix T € M. For any u € U (U being the
set of admissible controls for the endpoint map End(z,-)), End(z,-) : Y — M is locally
open at u (i.e., for any positive r such that B,(u) C U, End(z, B,(u)) is a neighbourhood
of End(Z,u)). As a consequence, End(Z, -) is an open map.

Before proving the lemma, let us see how Chow-Rashevsky theorem is deduced.

Proof of Theorem[2.3]. In view of Proposition it suffices to find a horizontal curve
in H' joining  to y. We define a relation on points of M by saying that a ~ b iff @ and b
can be joined with a horizontal curve in H'. This is clearly an equivalence relation. Since
M is connected, we are reduced to showing that the equivalence classes are open, as this
implies that there is only an equivalence class. So, fixing any T € M, we have to prove that
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all the points in a neighbourhood of T can be joined to . By localizing we can assume
D = (Xi,...,X;). The thesis follows immediately from Lemma choosing w := 0 and
noticing that End(z,0) = =. O

Proof of Lemma[2.35 The proof is divided into three steps. In the sequel we will omit the
dependence of End on the starting point .

Step 1. Let us recall that End is smooth (see Corollary [B.16]). The goal of this and the
following step is to find an arbitrarily small v € U such that d End,, is surjective. To this
aim, we can localize and assume M = R", as well. Let

k= lin% max {rkdEnd, | u € U, ||ul|, < €}
€—

(the requirement u € U becomes redundant when e is sufficiently small). We remark that
the maximum in the above formula is decreasing as ¢ — 0, so the limit exists and we
can find some € such that the maximum equals k for any 0 < ¢ < €& Fix any u € U
with |jull, < € < € and rkdEnd, = k. We can find vy,...,v; € L%*([0,1]) such that
dEndy,[vi],...,dEnd,[vg] form a basis of imdEnd,. So the map F : B,(0) C R¥ — R"
given by

k
F(tl, . ,tk) := End <u+ Zti’ui>

i=1
is a smooth embedding if 7 is small enough. Let us call N := F(B,). Moreover, shrinking
r if necessary, we can assume ||[u+ Y t;v;||, < € for any t € B,. Hence, by the choice of ,
we have rkd End,; < k, for any «’ having the form v’ = u+ Y t;u; (with t € B,.). But, as
imdEnd,, O imdF;, we have rkdEnd,, > rkdF; = k, thus we obtain rkd End,, = rkdF;
and im d End,, = im dF;.

Step 2. From the last equality and Corollary we get X;(p) € T,N for any p € N
and any ¢ = 1,...,r. Before proceeding further, we need two simple facts about flows of
smooth vector fields.

PROPOSITION 2.36. If X is a smooth vector field on R™ such that X (p) € T,N for any
p € N, then ®4(p, X) € N for any small enough s (depending on p € N).

Proof. Since N is embedded, X restricts to a smooth vector field X |y on N. The thesis
follows from the fact that any integral curve for X|5 (in N) is also an integral curve for
X in R™. O

ProposiTiON 2.37.If X and Y are smooth vector fields on R", then for any xg we have

oy SN 80

Proof. Since $®,(X)(z) = X (4(X)(x)), we have

@t(X)(x)—w—l—/o X (@,(X)(z)) dr—x+tX(x)+/0 /OTdX[X] (®(X)(x)) dsdr

=& X (@) + S dX[X](2) + o),
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where the error is uniform as x varies on a compact neighbourhood of xy (we use the
notation dX[X]|(p) instead of dX,[X (p)] for brevity). Thus

2
D4(Y) 0 @4(X) (o) = @4(X)(0) + 1Y (P4(X)(20)) + %dY[Y} (Pe(X)(0)) + o(t?)

=x0+ (X +Y)(x0) + t; (dX[X] +2dY[X] + dY[Y]) (z0) + o(t?),

D_y(X) 0 ®y(Y) 0 By(X) (o) = o + tY (mg) + t;(dX[X] +2dY[X] +dY[Y] — 2dX[X + Y]

+dX [X])(w0) + o(t?) = 2o + Y (x0) + t; (2dY [X] — 2dX[Y] + dY[Y]) (z0) + o(t?),

D4 (Y)o®_4(X)o®y(Y) o ®y(X)(z0) = 0 + t;(QdY[X] —2dX[Y] +dY[Y]

—2dY Y]+ dY[Y])(x0) + o(t?) = xo + t*[X, Y](20) + o(t?).

From Proposition [2.36] we deduce that
o(s) ==_ 5(Xj)o®_ ;5(Xi)o® 5(X;) 0P 5(Xi)(p) €N

if s is small enough, for any fixed p € N. But by Proposition a'(0) = [X;, X;](p), so
[Xi, X;](p) € T,N (notice that, to reach this conclusion, we do not even need to check that
o’ is continuous at 0). Iterating this argument with X; and X; replaced by [X;, X;] and
X}, and so on, by the bracket-generating condition we finally obtain T, N = R", so k = n.

Step 3. Let us go back to the original statement. We have obtained that d End,, is surjective
for some arbitrarily small u. Now let us define

U= ug * (U)s * (W)1-25,
(see Definition [2.28). We remark that End(v) = End(u). Moreover, by Proposition [2.31]
d(Endys),; is still surjective and rkd Endy > rkd(Ends),; = n, so dEndy is surjective
as well. Thus End is locally open at @, i.e. the image of any neighbourhood of v is a

neighbourhood of End(@). In order to conclude the proof of the lemma, we just have to
show that ¥ can be made arbitrarily close to @w. In fact, we have

1 [t 2 207 t
=2 oYY = - S R 73
o — |3 /0 5u(5> u(t) dt—l—/é 5u<2 5) u(t)
+/1 1 _(t—20 _7@2
wl1—20\1-235) "

dt
4. /252 /1 1 (t—26> _
<= ||ul|5 + 2 u|® (t) dt + u —u(t
ul+2 [P @t | g Togs ) )

1
We can choose § such that the last two terms are arbitrarily small (the fact that the last
one is infinitesimal is clear if @ is replaced by any function in C, ((0,1),R") and it can be
deduced for w, as well, by a standard approximation argument). Now that J is fixed, we
recall that ||ul|, < €, so we are done upon selecting some € such that %62 is small as we
want. U

2
dt

2
dt.

COROLLARY 2.38. The topology induced by doc on M coincides with the original one.
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Proof. Call 7 the original topology and 7' the one induced by the Carnot-Carathéodory
distance. We have already proved that 7 C 7’ (see Remark . We are left to show that,
given any = € M and € > 0, we can find an open set U € 7 such that x € U and U C B.(z).
Shrinking e if necessary, we can localize and assume D = (X7,..., X,). We can also assume
that Xi,..., X, are orthonormal. By Lemma[2.35| the set U := End(z, B.(0) NU) belongs
to 7. To conclude, notice that U C B(x): indeed, if u € B.(0) NU, calling v : [0, 1] — R"
the curve associated to this control, we have

1
L(y) = /0 i (8) dt < fJully < &

so that End(z,u) = (1) belongs to B(z). O

2.5. Ball-box comparison

The fact that the topology induced by dcc coincides with the original one can also be
deduced from a classical result proved by Nagel, Stein and Wainger in [NSW85|, which we
now state for the sake of completeness (although it will not be used in this thesis).

Assume M = R™ and D = (Xj,..., X,) for simplicity. For any = € R™ let
s(z) := min {k : Lie"(D, z) = TmR"} .

By the bracket-generating condition, s(x) is finite for any z. Now fix any compact subset
K C R™. Since, for any z, all points y close to z still satisfy Lie*(®) (D,y) = T,R", we
have s(y) < s(z) near z, i.e. s is upper semicontinuous. Hence, s(-) has a maximum s on
K.

Let Y1,...,Y, be an enumeration of all possible iterated commutators of the form
[[ o [levij}v e ’]7ij}v

with j1,...,0m = 1,...,7and 1 < m < 3. We call d(i) the length of the iterated com-
mutator which gives Y; (i.e. the integer m). For any x € R™ and any I = (i1,...,i,) €
{1,...,q}", we let

d(I):=d(i1) + -+ d(in), Mi(z):=det (Vi (x),...,Y; (x)),

where Y, (2),...,Y;

i, () are identified with vectors in R™. We also define, for any z,h €
R?’L

)

expy(h) i= ®1(z, Yi, + -+ + hnY3,)
(see Definition for the notation) and

Iy . I n 1/d(i)
Box,.(z) : {expx(h) |heR ’1I§nl?§Xn’hk| < 7"},

which is well-defined and is also an open neighbourhood of x if A\;(x) # 0 and h is suffi-
ciently small.

THEOREM 2.39 (Ball-box comparison). There exist 7 > 0 and C' > 1 (both depending on
K) such that, for any x € K and any 0 < r < T, we have
Box!,(z) C B(z) C Box(,(x)

whenever |\j(z)|r*) > $max; [As(z)|r

that doc(z,y) < C' |z —y|'/* for any z,y € K.

d(J) . Moreover, there exists some C’ > 0 such
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For the proof, we refer the reader to the original paper [NSW85].

Fixing any z € R"™ and using this theorem with K := {z}, from the double inclusion
we deduce that the two topologies on M = R" coincide. Notice that, as in the previous
section, in order to obtain this corollary the assumptions on M can be easily removed:
using Remark in the general case it suffices to show that, given x € M and r > 0,
B, (x) is a neighbourhood of z in the original topology. To show this, we can assume that
B, (x) C U, for some U diffeomorphic to R and such that here D has a global frame. Since
BY (z) C B,(z) (see Remark [2.22)), we are reduced to showing the thesis on U =2 R", which
is the already treated special case.

2.6. Local existence of length minimizers, lack of uniqueness
We now define length minimizers and show that they locally exist.

DEFINITION 2.40. A horizontal curve v € AC([0,T], M) is a length minimizer or a geodesic
if, for any horizontal curve §([0,T], M) with §(0) = ~(0) and 6(7") = 6(T), we have
L(v) < L(§). Moreover, if v has constant speed, we say that it is a strict length minimizer
if it is a length minimizer and if, whenever equality occurs in the preceding inequality for
some constant speed d, we have § = ~.

REMARK 2.41. Equivalently, a horizontal curve v € AC(]0,T], M) is a length minimizer if
L(7) = d(7(0),7(T)).

The condition for strict length minimality can be reformulated by asking that, whenever
equality occurs for some (not necessarily constant-speed) d, then 6 = o h for some AC
increasing h : [0,7] — [0, T].

PROPOSITION 2.42 (Local existence of geodesics). Any point € M has an open neigh-
bourhood U C M such that, for any y € U, there exists a constant-speed v € €1, , which
is a length minimizer. We can choose U in such a way that v([0,1]) C M for any length
minimizer connecting x to .

Proof. Assume first that M = R™ and x = 0. By Corollary (or simply by Remark
we can find some r > 0 satisfying U := B, (z) C B;. Now fix any y € U and pick
a sequence of curves 7, € {;, such that L(y;) — d(z,y). We can assume that these
curves have constant speed, so that [, = L(yx) < C for a suitable constant C' < +oc.

Since 7, ([0, 1]) € Bj, which is a compact set independent of k, we deduce that |¥|, < C’
for some C’ < +o00. Thus the curves v, have a common Lipschitz constant, so (up to
subsequences) we can assume y; — v in CY([0, 1], R"), as well as 4% — + in L2([0, 1], R™).
The fact that «y is horizontal can be seen by the same argument used in Step 4 of the proof
of Theorem Finally, v(0) = z, v(1) = y and

L(v)? <2BE(y) <liminf 2E(y;) = lim L(y)* = d(z,y)°.
k—o0 k—o0

We used the lower semicontinuity of the energy, which was already proved in Step 3 of the
aforementioned proof. This proves that v is the required geodesic.

In the general case, let V' be a neighbourhood of x such that there exists a diffeomorphism
¢V — R" with ¢(x) = 0. Again, we can find some r > 0 satisfying U := B, (z) C
¢~1(Bi) (B denoting the usual Euclidean ball). In order to prove that U has the desired
property, Remark [2.22] allows us to replace M with V', and hence with R"™. We have thus
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reduced to the already treated case. The second part of the thesis follows from the fact
that U was chosen to be a ball. 0

ExaMPLE 2.43. Contrary to the special case of Riemannian geometry, in sub-Riemannian
manifolds we do not have local uniqueness of length minimizers: in Section [3.6] we will
compute the geodesics in the Heisenberg group H, which is the simplest example of a sub-
Riemannian manifold which is not Riemannian (i.e. with r < n). As we will see, H can be
identified with R? by using the exponential coordinates and we will show that any nonzero
point z on the zs-axis (in particular, as close as we like to 0) is connected to the origin
by a one-parameter family of geodesics, which are obtained from each other by a rotation
around the xs-axis. The situation is illustrated in the following picture, where the upper
point is z and the lower one is e.

2.7. First order minimality conditions, normal and abnormal geodesics

In this section we derive the first order necessary conditions for a given horizontal path
v € H(]0,1], M) to be an energy minimizer, which is equivalent to being a constant-speed
length minimizer, as we noticed in Remark In Riemannian geometry one can simply
perform a first variation and obtain that geodesics have to satisfy a suitable Euler-Lagrange
equation, which is an ordinary differential equation. Smoothness of geodesics is then easily
deduced by a simple bootstrap argument.

In sub-Riemannian geometry we cannot directly adapt this method, due to the horizon-
tality constraint. We will obtain some necessary conditions using the method of Lagrange
multipliers. The possibility of applying this method relies on the fact that we still have a
natural way of parametrizing horizontal curves starting from x := ~(0), which is provided
by the set of admissible controls & = U, ; (assuming, as we will do throughout the rest
of this chapter, that there is a fixed global orthonormal frame D = (Xy,..., X,)). While
minimizing the energy of the curve corresponding to u € U, i.e. % ||uH2, we have to impose
the constraint that End(z,u) = y, where y := y(1). This constraint can be degenerate:
in this case, Lagrange multipliers could fall in the so-called abnormal case and become
insufficient to deduce the regularity of ~.

In what follows, v is fixed and the corresponding control is called w. The starting point x
will be omitted when dealing with the endpoint map.
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DEFINITION 2.44. The extended endpoint map is defined as
extEnd : U - M xR, extEnd(u) := (End(u), E(u)),
where E(u) == 1 ||u||3 is the energy of the horizontal curve associated to u.

DEFINITION 2.45. A map f : X — Y between two topological spaces X,Y is locally open
at x if, for any neighbourhood U of x, f(U) is a neighbourhood of f(z).

The key observation is that, since v minimizes the energy in €2, ,, extEnd cannot be locally
open at w: indeed, if this were not the case, we could find some u € U (arbitrarily close to
u) with End(u) = End(w) = y and E(u) < E(w). Let us use the same notation introduced

before the statement of Lemma . We will simply write End (instead of ETI;:h), as well
as

extEnd := (E/r;i, E) .

LEMMA 2.46. The differential of extEnd at @ is given by

- 1 1
d extEndy|v] — ( / 7 (uo(t), X) (z) dt, / @), v(t)) dt) |
0 0
Proof. This immediately follows from Lemma [2.32] combined with the fact that
1
B +v) = B@)+ [ @(t). o) dt-+ 0ol
(which gives dEg[v] = [ (a(t),v(t)) dt). O

Notice that extEnd cannot be locally open at w, as well. Thus its differential cannot
be surjective: this means that there exists a nonzero covector (\,z) € ThM x R =

e@d(ﬂ(M x R) which vanishes on im demdg, ie.

1 1
/A@m(t),X)(g;)dHu/ @(t),v(t)) dt =0
0 0

for all v € L2([0,1],R"). Rescaling \ if necessary, we can assume that 7 € {0,1}. Let us
remark that, for any vector field Y,

(oY (@) = (07 XY (@) = (@) XY (1))

Hence, defining A(¢) := (@;1)* e T3y M, we deduce

1 1
|20 @0.3) 6@)de+7 [t o) @t =o.
0 0
Since v is arbitrary, we arrive at

(A#), Xi(v(#))) + 7ui(t) = 0

ae.,foralli=1,...,r.

DEFINITION 2.47. The curve A : [0,1] — T*M, associated to a given covector A € T M as
above, is called dual curve.
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DEFINITION 2.48. In general, we say that a curve v € H([0,1], M) with control @ is an
extremal if @ is a critical point for extEnd (with starting point x := (0)), or equivalently if

w is a critical point for extEnd. We say that 7 is a normal extremal if there exists a (neces-

_ — 1 —
sarily nonzero) covector (\, 1) € (imdextEndg> , i.e. vanishing on im d extEndg; we say

_ — €L
that v is an abnormal extremal if there exists a nonzero covector (\,0) € (im d extEndg)

We emphasize that this definition makes sense only in presence of a fixed global frame
Xq,..., X, for D.

In the normal case we could well have A = 0, while in the abnormal case X is forced to be
nonzero, so that \(¢) # 0 for all ¢ € [0,1]. It should be clear that v is an extremal iff it is
a normal or abnormal extremal.

DEFINITION 2.49. Given a dual curve A, if there exists 7 € R such that
_ o — N\
(A7) € (imdextEndg) \ {0},

we say that the couple (v, \) is a bieztremal (here X := \(0)). If 7 = 1 we say that (v, \)
is a normal biextremal, while if 7 = 0 we say that it is an abnormal biextremal.

We have proved the following result.

THEOREM 2.50 (first order necessary conditions). Given a constant-speed length minimizer
(or more generally an extremal) v : [0,1] — M with control u, there exists a nonzero
multiplier (A,7) (with 7 € {0,1} and \ € T;(O)M) such that, calling A\ the corresponding
dual curve, it holds

(2.2) (A1), Xi(y(1))) + vui(t) = 0

forae. tandalli=1,...,r.

COROLLARY 2.51. In the Riemannian case, where r = n, abnormal extremals do not exist.
Thus, any length minimizer is necessarily a normal extremal.

Proof. Assume by contradiction that the statement of Theorem holds with 7 = 0.
Then we have A(t) € D,JY-( p = {0} for any ¢. In particular, (A,7) = 0, which contradicts the
nontriviality condition for the multiplier. O

REMARK 2.52. By Theorem a biextremal (7, \) cannot be both normal and abnormal,
unless @ = 0, which corresponds to the case of the constant curve v(t) = z. Conversely
(assuming 7 < n), choosing A € Dy \ {0}, the constant couple (v, \) := (z, \) is a normal
and abnormal biextremal. Nonetheless, there are nontrivial examples of extremals v which
are both normal and abnormal (with respect to different covectors \).

REMARK 2.53. The same argument can be followed backwards: we obtain that, if 7 € R
and A : [0,1] — T*M are such that A(t) € T2, M, A(t) = (&, ") A(0), (7, A(-)) solve
and (7, A(0)) # 0, then ~ is an extremal (and (7, ) is a biextremal). Notice that
(7,A(0)) # 0 is equivalent to asking that 7 # 0 or A #Z 0 (since A # 0 iff A(0) # 0 iff
A(t) # 0 for all ).

In order to deduce information about the regularity of , it is useful to express the dual
curve as the solution of a suitable ordinary differential equation.
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LEMMA 2.54. We have A\ € H'([0,1],7*M). Moreover, choosing local coordinates (z,p)
for T* M, the p-component of A solves the differential equation

(2.3) p(t) = —p(t) (u(t), dX (7(1))) -

Here (u(t), dX ((t))) is shorthand for ) u;(t)dX;(v(t)), dX; is identified with the n x n
Jacobian matrix of X; and p(t) is viewed as a row vector. Conversely, any curve A €

HY([0,1], T* M) which lifts v and solves locally this differential equation is the dual curve
associated to A(0).

Proof. Let [a,b] C [0,1] be any interval such that v([a,b]) lies in the domain of the local

chart. Let us show that the thesis holds on [a,b]. We can assume that a = 0: indeed,

defining @’ € L?([0,1 —a],R") by @' (¢) := u(t + a) and denoting by ®; the associated flow,

we remark that @’ is the control associated to y(a + -) and that, since 4y, = P} o Py,
At +a) = (27,)" A = (1)) (@2 )X = ((2) ™) " A(a),

so we can replace v, A, w and b with y(a+ ), A(a + ), @ and b — a (respectively) in what

follows.

Let us denote by p(t) the p-component of A and by p the same for X. We have

p(t) =P (d2(1(0))) " =PI ()",
where J(t) := d®¢(v(0)). Thus, as is shown in the proof of Proposition p(t) is
H!-regular on [0,b] and solves

p(t) = —pJ ()OI () = —pJ ()7 (@), dX (v(t)) = —p(t) (@(t), dX (4(t)))

(due to the well-known fact that f(A) := A~! has differential df4[B] = —A~1BA™!).
The converse statement follows from the fact that a curve solving locally the differential
equation is uniquely determined by A(0). ]

THEOREM 2.55 (smoothness of normal extremals). Any normal extremal v € H'([0, 1], M)
is smooth, i.e. v € C*([0,1], M).

Proof. Let A be a dual curve such that (v, ) is a normal biextremal. Let us prove, by
induction on k, that v, \ € C* for any integer & > 0. The base case is clear: v and \ are
continuous, as they belong to H'. Now assume that v, A € C*: since 7 = 1, equation ([2.2)
gives

ai(t) = — (A1), Xi(~(1))) € C*.
Thus, from 4(t) = Y., w(#) Xi(v(t)) € C*, we deduce v € C**1. Similarly, (2.3)) gives
X e Okt O

As a consequence, the regularity problem for constant-speed length minimizers is reduced
to the case of geodesics which are not normal extremals. This motivates the following
definition.

DEFINITION 2.56. An extremal ~y is said to be strictly abnormal if it is not normal, i.e. if

— € —
(imdextEndg> does not contain any covector of the form (A, 1).

REMARK 2.57. Of course, a strictly abnormal extremal is abnormal. Moreover, if v is

— €L
strictly abnormal, we have (imdextEndg) = Z x {0} for some vector subspace Z of

TxM, so im dextEndz = W x R with W = Z+. Notice that, in the case of a (strictly)



26 2. SUB-RIEMANNIAN MANIFOLDS AND FIRST ORDER THEORY

abnormal extremal, Theorem[2.50]tells us only that there exists some dual curve A satisfying

A(t) € D#(t) for any t¢.

Let us now explore more in depth the structure of normal biextremals.

As ~(t) is simply the projection of A(t) € T*M on the base space M, the couple (v, A) can
be identified with the curve A taking values in T* M, with the caveat that, when working
in local coordinates, A(t) needs to be represented with 2n coordinates.

In the case of a normal biextremal, A evolves according to the Hamiltonian H(\) :=
f% i ()\,Xi>2, with respect to the canonical symplectic structure of T*M (we recall
that the canonical symplectic form is w = —d#f, 6 being the tautological one-form, whose
expression in local coordinates (z,p) is @ = > | p;dx;). This means that, in local coordi-

nates (z,p), A solves the system

or equivalently

which follows from (t) = >, w;(¢t)X;(v(t)) and (2.3)), keeping in mind that w;(t) =
— (A1), Xi(v(1)))-

Conversely, if A : [0,1] — T*M solves (locally) this Hamiltonian system, then the couple
(7, ) is a normal biextremal, where v := 7 o A is the projection on M. Indeed, by the
first equation, the control associated to « is given by @;(t) = — (A(¢), Xi(y(¢))). Hence,

the second equation of the system tells us that A is a dual curve for v (by Lemma [2.54)).
Remark applied with 7 := 1, shows that (v, A) is a normal biextremal.

As a corollary, given any normal biextremal (v, A) with control u, we have the following

identities:

(24) HOM®) = —5 S50 = 5 () (1)
=1

(2.5) — (A0, 3(0) = = > w(t) A0, X(v(1)) = D_w () = ()% (1),
i=1 i=1

which both follow from the fact that @;(¢t) = — (A(¢), Xi(7(¢))).

Moreover, the Hamiltonian is constant along A: indeed, in local coordinates, writing \(¢) =
(x(t),p(t)) we have

d._ OH , O0H. 0H OH OH OH

all = 9 W0+ 5,0 = 5 o~ o

where we omitted the dependence of H and its derivatives on (z(t),p(t)), for simplicity.
Thus, by (2.4), any normal extremal is automatically constant-speed.

2.8. Minimality of short normal extremals

In what follows, we will always use the redundant notation (v, \) for a biextremal, so that
in local coordinates A\ can be safely identified with a covector in (R™)*.
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THEOREM 2.58. Any normal extremal v : [a,b] — M is locally length minimizing, which
means that, for any s € [a, b], there exists some ¢ > 0 such that Vis—er sterjnia,y) 18 a length
minimizer. As a consequence, there exists some § > 0 such that, whenever s, s’ € [a, b] and
0<s —s<é, V5,5 is a length minimizer.

Proof. The existence of § follows from the first part by a compactness argument: assume
by contradiction that there exist sy, s7, € [a,b] with 0 <'sj, — s, — 0 and such that 7|}, o,
is not a length minimizer. Up to subsequences s,, — s for some s € [a,b] and we have
s, — s, as well. Choosing € > 0 as in the first part of the thesis, for large n we have
[Sn, 8] C [s—¢€,s+€]N[a,b] =: 1. Since 7|; is a length minimizer, Vjs,.,5,] has to be a
length minimizer as well, contradiction.

In order to prove the first part, let A be a dual curve such that (7, \) is a normal biextremal.
We can assume that s = 0 and that v has unit speed (since, if |¥| = v > 0, y(v™!) is
unit-speed and (y(v~!),v " A(v™!")) still solves the Hamiltonian system). The core of the
proof will consist in finding a suitable calibration —A, which will be a smooth, closed (and,
in fact, exact) one-form A defined on a suitable neighbourhood V' of v(0), such that

(2.6) (=A(x),v) < |l
for any v € D, with equality when x = ~(¢) and v = 4(¢) for some (small) ¢.

In order to build the calibration, we can work in local coordinates. We will go back to M
in the last step of the proof.

Step 1. Up to translating and rotating the coordinates, we can assume that v(0) = 0 and
A0) = e (e},..., e’ being the usual dual basis of (R")*). Let H' := R"~! x 0. We remark
that §(0) & ToH’, since (A(0),5(0)) =1 (by (2.5)). For a sufficiently small neighbourhood
U’ of 0 in R" !, we can find a (unique) smooth & : U’ — (R™)* such that £(0) = A(0) and
H((2',0),&(2") = =3, £(2') € (e}) for any 2’ € U'.

Possibly shrinking U’, we can assume that the Hamiltonian system has a solution defined
on (—¢,¢), for every initial condition

(z,p)(0) = ((2',0),£(2")),

as «’ varies in U’. Let us call (I'(z/,t), A(2/,t)) the solution at time ¢ and notice that
'0,t) = v(t), A(0,t) = A(t) (when t > 0). Shrinking U’ and €, we can assume that
F|U,X(7676) is a diffeomorphism onto its image V' (dl“(o’o) is invertible because, as remarked
earlier, §(0) = dl'(0,0)[(0,1)] & ToH' = dL(g,0)[R"* x {0}]). Thus 2’ and ¢ can be viewed
as smooth functions defined on V', as well as A, by composition.

The fact that H is preserved along the Hamiltonian flow tells us that, for any x € V,
H(z,A(z',t)) = —3, or equivalently

(2.7) STAE 1), Xi(2)) = 1.
i=1

Step 2. We now show that —A is the desired calibration. In order to obtain ([2.6)), let
v € Dy. Writing  =T'(2/,t) and v = >._; h;X;(x), we compute

r r 1/2
(—Av) == hi (A@' 1), Xi(2)) < (Z h?) = Jv|,
=1 =1



28 2. SUB-RIEMANNIAN MANIFOLDS AND FIRST ORDER THEORY

thanks to (2.7) and the Cauchy-Schwarz inequality. If |v| = 1, equality holds exactly when

r

v=— Z (A(2',t), Xi(2)) X;(z) = T'(2/, 1)

i=1
(here I = %F); in particular, it holds when = = (t) and v = 4(t), for some ¢ € [0, €).
In order to obtain the exactness of —A, we show that in fact —A = dt. We define
Y (z) :=T(2, 1),

i.e. Y(z) is the speed (at z) of the extremal passing through z. The fact that (I', A) solve
the Hamiltonian system gives

(2.8) Y(x)=—> (A1), Xi(z)) Xi(x),

A t) = Z (A2, 1), Xi(z)) (A(2/, 1), dX;(x))
(2.9) = —(A(2/,t),dY (z)) — Zd (A(2',1), Xi(2))) (A(a', 1), Xi(z))

= — (A(',1),dY (z >+dH z, A2 1)) = — (A2, 1),dY (2)),
thanks to the constancy of H(z, A(2/,t)).
Now —A and dt clearly agree on dI'(, 4)[(0,1)] = Y (z): their common value is 1 (because
(A,Y(z)) = 2H (z,A(2/,1)) = —1, by (2.§)). It suffices to show that, given any w € R""!,
they agree on dI(, [w, O] as Well But dt always vanishes on this vector, while —A

vanishes on it if ¢ = 0 (recall that A(z’,0) = £(2’) was chosen to be a multiple of ef).
Finally,

d
7 (A(x',t),dL (y )[w, 0]) = 0,
since
d
<th(:c',t),dF(z/7t) [w, 0] > = — (A2, t),dY (x) o dT (4w, 0]),

d
<A(.’L‘ t) Cltd (' t) [w, O]> = <A(CCI, t), dY(%) o dF(m/i) [w, 0]> 5
thanks to (2.9)). So < A1), dT (g1 4 [w, O]>, being constant in ¢, has to vanish identically.

Step 3. We are ready to conclude the proof. In order to avoid ambiguities we write
—A = df (instead of —A = dt). Let us choose any Carnot-Carathéodory ball B,.(v(0)) C V
and choose any € < %. Let us write [—a, ] := [—¢/,€'] N [a,b] (for suitable a, 3 > 0, not
both vanishing). ¥|_, g is a length minimizer: let ¢ : [~a, 8] — M be a horizontal curve

with L(3) < L (1) _o.5) =+ B, 8(~a) = 1(~a) and 8(8) = 3(8). As d(3(t),5(~a0) <
L(6) < 2¢€ for any t € [—a, f], we get

d(6(t),7(0)) < 2¢'+ d(v(=a),~(0)) < 3¢ <,
so that 0([—«a, 5]) € B,(7(0)) € V. Finally,

ot = / dt = F(4(8)) — F(1(=0)) = [(O(8)) — F(5(~0))

-4 dt</i‘

(2.10)
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REMARK 2.59. The proof shows that '7|[—a,5] is in fact a strict length minimizer, i.e., if
0 : [-a,B] — M is a constant-speed horizontal curve with the same endpoints, then
L(0) < L(7y) unless § = ~: indeed, if L(d) = L(v), ¢ has to be unit-speed and, since
equality holds in (2.10)),

(=,5(r)) =

for a.e. 7. As we remarked in Step 2 of the preceding proof, this implies §(7) = I'(2/,t)
for a.e. 7 (writing 6(7) = I'(2/,t)). Now, thinking 2’ as a function 2’ : V' — U’ as in the
above proof, we have
d
dr
for a.e. 7, which implies

5

(1) =1

(' 08)(7) = day)[6(7)] = dapy [D(2,1)] = 0

2'(6(r)) = 2'(0(—a)) = 2'(y(=a)) = 0
for any 7. Similarly, thinking ¢ as a map ¢t : V — (—e,€), we get %(t od)(1) = 1,
which combined with t(6(—«)) = t(y(—a)) = —a gives t(6(1)) = 7 for all 7. Thus
o0(t) =T(0,7) =7(7), i.e. 6 =7.






CHAPTER 3

Carnot groups

In this chapter we restrict our attention to a special class of sub-Riemannian manifolds,
namely Carnot groups. Their importance in sub-Riemannian geometry is due to the fact
that they serve the same role of tangent spaces to sub-Riemannian manifolds, much as
Euclidean spaces in Riemannian geometry: the precise statement of this principle is given
in Section 3.4l

3.1. Definition and basic properties
Some basic facts about Lie groups are listed at the beginning of Appendix D.

DEFINITION 3.1. A stratified group is a simply connected Lie group G whose Lie algebra g
admits a stratification, i.e. a decomposition

g=Vid- -V,

such that Vi41 = [Vq,Vi] fori=1,...,s—1and [V}, V] = {0}. We define r := dim V} and,
for any X € g, we denote by 7;(X) its projection on V; (so that X =71 (X)+---+75(X)).

REMARK 3.2. It is a well-known fact in the theory of Lie groups that simply connected Lie
groups are determined, up to isomorphism, by (the isomorphism class of) their Lie algebra.
Moreover, a deep result, known as Ado’s theorem, guarantees that any abstract Lie algebra
g (over R) can be realized as the Lie algebra of a simply connected Lie group G.

In the case of nilpotent Lie algebras, we can find a formula for the group law of G using
the global chart provided by the exponential map, together with the Baker-Campbell-
Hausdorff formula: see Proposition [D.7] Put in another way, we can exhibit a posteriori
such a group G, by choosing G := g and defining a group operation by means of the Baker-
Campbell-Hausdorff formula, as is done in the proof of Proposition (but we know that
such operation is associative just because we already know that a Lie group which realizes
g exists, so in fact we cannot avoid the appeal to Ado’s theorem).

PROPOSITION 3.3. The Lie algebra g of a stratified Lie group G is graded, meaning that
Vi, Vj] C Vig; for all i, j > 0, with the convention that Vj, := {0} if £ > s. In particular, g
is nilpotent.

Proof. We can assume 4, j < s. The proof is by induction on ¢. When ¢ = 1 the thesis holds
by definition. Assuming that it holds for some 4, let us prove it for i + 1. Let X € V41
and Y € V;: we have to show that [X,Y] € Vi 41. Since X — [X,Y] is linear, we can
assume that X = [Z, W] for some Z € Vi and W € V;. Jacobi’s identity gives
[X7 Y] = [[Z7 W]7Y] = [Zv [W7 YH - [VV, [Z7 Y]]
By the inductive hypothesis we have [W,Y] € Viy;, so [Z,[W,Y]] € [V1,Viisj] = Vigjp.
Similarly, [Z,Y] € [V1,V;] = Vj41 and, by the inductive hypothesis again, [W,[Z,Y]] €
Vitj+1.
31
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From the property [V, V;] C Vij; we get
ad(Y1) - - ad(Y)Yet1 € Vijgogipyy =0

whenever Y1 € V;,,...,Ysy1 €V, since i1 + -+ + 4541 > s+ 1. By the multilinearity of
the left-hand side, we deduce that this holds for all Y7,...,Ysy1 € g. In particular,

(3.1) ad(Y1)---ad(Yy) =0

for all Y7,...,Ys € g, proving the nilpotency of g. ]

So any stratified group is a nilpotent Lie group (which means that its Lie algebra is
nilpotent). By Proposition in the appendix, the exponential map exp : g — G is
a diffeomorphism.

Associated to a fixed stratification g = Vi @ - - - @ V; is a left-invariant smooth distribution
D, given by
Dg = dLg[Vl]a

where L, denotes left multiplication by g (i.e. Lgy(z) := gx). The fact that D is left-
invariant means that dL4(Dy) = Dgp, which immediately follows from Lgy = Lgo Ly,

DEFINITION 3.4. A Carnot group is a stratified group G (with a fixed stratification), to-
gether with a positive definite inner product g on V;. G is a sub-Riemannian manifold
once we define the sub-Riemannian metric g, := (L,-1)*g on D, or more precisely

9z (v, w) :=G(dLy—1[v],dLy—1]w])

for any v, w € D, and any x € G. Here, of course, dL,-1 should be interpreted as d(L,-1),.

REMARK 3.5.D satisfies the bracket-generating condition. Moreover, choosing a basis
Xi,..., X, of V4 and calling X} the corresponding left-invariant vector fields, we have
D = <X1L, . ,XSL>, so Remark shows that s is exactly the step of D, in agreement
with the notation introduced in Definition 2.8l

REMARK 3.6. The metric g defined above is left-invariant: given v,w € D,, we have
g(dLg[v],dLg[v]) = g(v,w) (again we write dL, instead of d(L,),), since

g(dLa [’U], dLa[U]) = g(dL(az)—l odL, [’U], dL(ax)—l o dLa[w])
g(dL,-1 0dLy—1 odLg[v],dLy—1 o dL,—1 o dLg[w])
[

= g(v,w).

DEFINITION 3.7. For any r > 0 we define d, : g — g by the formula
S
dp(x) ==Y r'm(X),
i=1
which is a Lie algebra automorphism (thanks to the property [V;,V;] C Vi4;). Since G
is simply connected, there is a unique Lie group homomorphism 4, : G — G such that
d(6y)e = dr. Such maps §, will be referred to as the dilations of G.

REMARK 3.8. By uniqueness we have §; = idg and (since d,s = d o dg) Ops = Op 0 Js.
So id = 4, 0 §,-1 = §,-1 0§, and in particular all dilations are Lie group automorphisms.
Moreover, d(6,)z(Dz) = D, (z): indeed, for any v € D, we can write v = d(Lz)e[w] (for a
suitable w € V1) and it suffices to notice that

d(8r)z[v] = d(dy 0 Ly)e[w] = d(Ler(z) 00y )e[w] = d(Lér(x))e[dr(w)] € D(;T(CL')‘



3.1. DEFINITION AND BASIC PROPERTIES 33

We used the identity 6, o Ly = Ls, (5) © d,, which holds since, for any y € G,
6r 0 Ly (y) = 0r(wy) = 6:(2)0:(y) = Ls, (2 © 07 ()
The computation which was used to show the invariance of D under 9, also shows that
|d(6r)o[v]] = ldr(w)] = 7 |w| =7 |v|
for any v € D, (where |v| := g(v,v)"/2, as usual).

PROPOSITION 3.9. Fix a horizontal curve v € AC([0,T],G). For any a € G and any r > 0
the curves L, o~ and 9§, oy are horizontal and we have

L(LaO'Y) :L(’Y)7 L(5r07) :TL(’Y)'

As a consequence, for any z,y € G, the Carnot-Carathéodory distance satisfies

d(ax, ay) = d(.ﬂ:‘, y): d(dT(x)v 67“(3/)) = rd(x, y)'

Proof. Since 4 (L, 0 v)(t) = dLa[¥(t)] € D) for a.e. t (by left-invariance), we obtain
that L, o~ is horizontal. By Remark

T T
L(Loor) = /0 dLa[3(D)]] dt = /0 5(0)] dt = Li).

Similarly, by Remark [3.8] 4, o~y is horizontal as well, with

T T
L5 0) = /0 A8, [ ()] dt = /0 rF()] dt = rL(3).

We deduce that d(az,ay) < d(z,y) and d(6,(z),5.(y)) < rd(z,y). Replacing a with a~*
and z,y with az,ay in the first inequality, we obtain the converse one. Similarly for the
second inequality, replacing r with »~! and z, y with &,(z), 6,(y). O

COROLLARY 3.10.Fix any a € G and any r > 0. A horizontal curve v : [0,7] — G is
a length minimizer iff L, o v is a length minimizer. Similarly, v is a length minimizer iff
0 07 is.

Proof. Recall that v is a length minimizer iff L(y) = d(y(0),(7")). The thesis now follows
from the preceding proposition. ([l

It will be useful to have at our disposal a (non-canonical) positive definite inner product
g on the whole of g, such that g'|,, = g and V; L V; whenever i # j. Notice that,
defining ¢!, := (L,-1)"g’, we immediately obtain Lemma in the special case of Carnot
groups.

We fix from now on an adapted basis Xi,...,X, of g, i.e. a basis which is obtained by
joining bases of Vi,..., Vs (so that Xy,..., X, is a basis for Vi, X;41,..., Xrtdimv, 1S @
basis for V, and so on). We can (and will) also assume that Xi,..., X, are orthonormal

with respect to the inner product g’. We call X} the corresponding left-invariant vector
fields on G.

DEFINITION 3.11. For any 7 = 1,...,n there exists a unique 1 < j < s such that X; € V;.
We define d(7) := j and we call d(i) the degree of i. Moreover, let r; denote the maximum
index with degree j, so that riy = r, r¢ = n and d(i) = j iff r;_1 < i < r; (for any i =
1,...,nand any j = 1,...,s, with the convention ¢ := 0). Notice that dim V; = r; —r;_;.
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k

DEFINITION 3.12. The structure constants (cij

tions

iik=1..n Of g are defined by the n? equa-
1‘77 b I
n
(X5, X5 = ki X
k=1

Now we show that some properties, which hold only locally in sub-Riemannian manifolds,
become global in the special case of Carnot groups.

PROPOSITION 3.13. For any z € G and any r > 0, the Carnot-Carathéodory ball B, (x)
has compact closure.

Proof. Recalling Corollary we can find some € > 0 such that B.(e) has compact
closure in G. Proposition 3.9 now gives

B, () = Ly (Br(e)) = Ly 0 01, (Be(e)),

so B, (x) has compact closure, as well. ]

PROPOSITION 3.14. For any z,y € G there exists a geodesic connecting x to y.

Proof. By Proposition [2.42] we can find some open neighbourhood U of e such that e can
be connected to any point z € U by a length minimizer. For any fixed z,y € G, we have
6.(z7'y) € U if » > 0 is small enough. Let v be a length minimizer connecting e to

5-(z71y): by Corollary L, 06,-1 07 is the desired geodesic. O

PROPOSITION 3.15. For any fixed T € G, denoting by U C L?([0, 1], R") the open subset of
admissible controls (with respect to X¥, ..., XF), we have U = L?([0,1],R").

We give a proof which shows that this fact holds in general in any Lie group (provided
that we still use left-invariant vector fields).

Proof. Assume by contradiction that, for some control u € L%([0,1],R"), we have the
proper inclusion Ipqq(Z,u) C [0,1] (see Definition [B.7). Fix any compact neighbourhood
K of e. Writing Iq.(Z,u) = [0,T), by repeated application of Corollary we can
find a sequence t; T T such that y(t;4+1) & v(t;)K for any j (where v : [0,T) — G is the
trajectory associated to (Z,u)). Now,

woi=uly g ) € Uy, End(y(t),w!) = v(t41) -

indeed, the trajectory associated to (y(;),u’) is
() tel)
V) =) tEt ]
Y(tj41) T E [tj41, 1]
Thus, by left translation, we have
w €U, End(e,u’) =5(t)  y(tj1) & K.

This contradicts the continuity of End(e,-), which on the contrary gives End(e, ul) — e
(as w? — 0 in L2([0,1],R")). O
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3.2. Exponential coordinates

As is shown by Proposition [D.7] in the appendix, exp : g — G is a diffeomorphism.
Moreover, g can be identified with R™ by means of the previously fixed basis of R™. Thus
we obtain a global coordinate chart on G, defined by the correspondence

R" > (z1,...,2p) <> exp(e1 X1 + - + 2, X,,) € G.

These global coordinates will be called exponential coordinates of the first kind, or simply
exponential coordinates.

DEFINITION 3.16. Given a monomial 27" - - - 227, the sum > i ; d(i)a; is called its weighted
degree. A polynomial in x1,...,x, is said to be homogeneous if the monomials which
compose it have the same weighted degree. We use similar definitions for polynomials in two
variables: the weighted degree of z{* - -- x%"y'fl -yl is defined to be Yoy d(i)(ou + Bi).

REMARK 3.17. From Proposition we have exp(X)exp(Y) = exp(P(X,Y)), with

s—1

(—=1)P (ad X)*1 (ad V)% - - (ad X)Fr(ad V)
2) PX)Y)=X+Y .

(32) P(X,Y) + +p§:1 > (ki t ke + Dkl eyl 410

0§k1,...,kp<s
0</ty,..., €p<8
ki+0;>1

In this double sum we have left out all the terms which are automatically zero by (3.1)), in
order to emphasize the fact that P(X,Y") is a finite sum. Writing

X=> uX;, Y=Y yX;, P(X,Y)=)> P(X,Y)Xy,
i j k

by the multilinearity of each term in the formula for P(X,Y) we get that Pi(X,Y) is a
polynomial in the variables x1,...,2n,y1,-..,yn. Most importantly, Px(X,Y") is homoge-
neous with weighted degree d(k): indeed, P(X,Y) is a linear combination of terms of the
form

[xi1,1Xi1,17 [xil,ZXil,27 T [yj1,1Xj1,17 [yj1,2Xj1,27 Y [ T xlXZ] o ]
TV
k1 1

(k2 + ¢3 + --- + kp + £, additional blocks of commutators are there but are not dis-
played). Each such term equals a constant vector in some V,, multiplied by a monomial
in z1,...,on, Y1, ..,y with weighted degree m (which immediately follows by repeated
application of the property [Va,Vi] C Viayp, recalling that X; € Vy;)). Thus only terms
containing a monomial with weighted degree d(k) can contribute to Py (X,Y).

PropoSITION 3.18. In exponential coordinates we have
Xty =0+ Y fy@)0;,
J:d(5)>d(@)

for suitable polynomials f;; € Rlz1,...,z,] which are homogeneous with weighted degree

d(j) — d(i).
Proof. We have

9

d
XE(z) =dL, [ exp(tX;)
t=0

d
— " (x-te
dt t(j g te)

so, writing X (z) = Y.'_, fi;0;, fi; is given by the formula

fij(x) = %Pj (Z kakatXi>
2

t=0
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By (3.2), when d(j) < d(i) we have

Pj <Z :L‘ka»,tXi> =x;+ 5ijt
k

(since the double sum in belongs to Vy(;)4+1), 50 fij(z) = 6;j. For d(j) > d(i), the right-
hand side is obtained by selecting the terms in P;(} ", x, X, tX;) (thought as a polynomial
in the variables x1, ..., x,, t) where t appears with exponent 1 and dividing them by ¢. Since
this polynomial is homogeneous with weighted degree d(j) when ¢ is replaced with y;, it
follows that f;; is homogeneous as well, with weighted degree d(j) — d (7). O

We now turn to a very simple, yet useful estimate, which can be seen as a special case
of the ball-box estimates already stated in Theorem [2.39] in the general context of sub-
Riemannian manifolds.

PROPOSITION 3.19 (Ball-box estimate). For any x € G, writing x = exp(z1 X1+ - -+x,X,),
we have

C™ max |a;|VD < d(z,e) < C max |ay|V/4O

1= yeeny =1,...,

for a suitable C' > 1 depending only on G. As a consequence, calling

Box, := {x . max |z;|Y90 < ’I“},

= geeey T

we have the inclusions Box, ,c C B, (0) € Boxcy-

Proof. Notice that, since §, o exp = exp od,., we have

(3.3) Or(z) = 6, o exp (Z miX,) = exp od, (Z xiXi> = exp <Z rd(i):ciXi> .

So, working in exponential coordinates, the i-th component of §,(z) equals rd@g;. Now
let
flz) = max |zg|V/4D
i=1,....,n
From the preceding discussion we deduce that f o d,(x) = rf(x). The distance from e
satisfies the same property, i.e. d(d,(x),e) = rd(z,e) (by Proposition [3.9). Thus (since
the thesis is trivial when = = e) we are left to show that the thesis holds for some C' when

f(z)=1.

Let K := f~!(z), which is a compact set with respect to the standard topology of R™
(when viewed in exponential coordinates). By Corollary K is compact with respect
to the topology induced by d. Thus, d(-, e) has positive maximum and minimum values on
K, which is the thesis. ]

REMARK 3.20. Defining S, := {z : d(x, e) = r}, these spheres are all homeomorphic to each
other: in fact we have S, = §,(S1). Moreover, in exponential coordinates (i.e. identifying
G with R™), we can define

F: 8]31 — Sl, F(l‘) = 5d(x,e)*1(33)-

For any y € S let Ry := {6,(y) | r > 0}. Each R, intersects 0B; at exactly one point
G(y): indeed, the map r — |4, ()| is strictly increasing (see (3.3))) and its limits at 0" and
+oo are 0 and +o0o. We also have F(G(y)) = y, so F is surjective. F is injective as well:
if F(z) = F(2') =:y, then z,2’ € Ry, so that z = G(y) = 2’
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This proves that F' is a homeomorphism. Hence, all the spheres S, are homeomorphic
to S"~1. In the general context of sub-Riemannian manifolds, it is still an open problem
whether any sphere which is sufficiently small (depending on its center) is homeomorphic
to ™1,

PROPOSITION 3.21. Fix any nonzero X € V; and let v : R — G, 7(¢) := exp(tX). Then v
is a length minimizer between any couple of its points, i.e. 7\[(1 b is a length minimizer for
any a < b.

Proof. We can clearly assume that |X| = 1. Let us fix two reals a < b. § : [0,b — a] = G,
given by §(t) := v(t + a), is a reparametrization of ’y|[a p)- Moreover,

5(t) = exp((t + Q)X) = exp(aX) eXp(tX) = Lexp(aX) © ’}/(t),

so by Corollary it suffices to treat the case a = 0. Now assume X = X; (which we
always can, up to choosing another adapted, orthonormal basis for g) and let n € Qe ()
Calling u the control associated to 1, in exponential coordinates we have 7; = u; a.e.
(since the first component of X7 vanishes when i > 1 and equals 1 for i = 1). Thus,

1 1 1
Ly) = /0 f (£) dt > /0 fua () i > /0 in(t)dt =y (1) — 7 (0) = b,

while L <7‘[o,b]> —b. 0

3.3. Horizontal curves in Carnot groups
In Carnot groups, besides using controls, we have another useful way to parametrize hori-
zontal paths starting at e.
Recall that, for any 1 < j <s, 7; : g = V; denotes the canonical projection (with respect
to the direct sum g =V; @ --- @ Vs). When j = 1 we will write 7 instead of 7.
LEMMA 3.22. There is a canonical group homomorphism 7 : G — (Vi,+), given by
mrexp(z1 X1+ FxpnXn) m o1 Xy + -+ 2. X,

which depends only on the chosen stratification of g.

Proof. The smooth map given by the above formula does not depend on the choice of the

adapted basis X7, ..., X,,: indeed, we have the intrinsic formula 7 = 7 o exp~!.

We are left to show that 7 is a group homomorphism. Given g = exp(x1X; + -+ + 2, X},)
and ¢’ = exp(2) X1 +- - -+, X,,), the Baker-Campbell-Hausdorff formula (3.2)) tells us that
exp~1(gg’) equals (z1+2}) X1+ -+ (2. +2.) X, plus some terms contained in Vo@®...dH V.
So

m(gg") =7(exp ' (99') = (w1 + ) X1 + -+ + (& + 27) X, = 7(g) + 7(g).

This lemma can be easily generalized as follows.

DEFINITION 3.23. For any 1 < j < swelet W; :=V; @ ---® V, and G; := exp(Wj).
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LEMMA 3.24. For any 1 < j < s, G, is a closed subgroup of G. There exists a canonical
homomorphism

Gy =V, exp(@r_ 1 X, 1t A Xn) 2o X 1+ e X

which depends only on the chosen stratification of g.

Proof. The fact that G; is a subgroup follows from the Baker-Campbell-Hausdorff formula,
while its closedness is clear since exp is a diffeomorphism. Now recall that X, 41,..., X,

is a basis of V;. We have the intrinsic formula 7; = 7; o exp \Wj_l, which shows that 7
does not depend on the choice of the basis for g.

The assertion that 7; : G; — Vj is a homomorphism can be obtained exactly as in the
previous proof. O

The next lemma will be used in the proof of Theorem [3.26]

LEMMA 3.25. The homomorphism 7 : G — Vi satisfies dr, (X" (z)) = X, for any € G
and any X € Vj. Here we are using the canonical identification Ty (V1 = V1.

Proof. We have

d d
XU(2) =dL, | — exp(tX = — tX ,
(@) = dL | Grewp(ex)| | = Swesex))|
so that, using the fact that 7 is a homomorphism,
d d d
dry(XE(z)) = —nm(xexp(tX)) = —(m(z) + m(exp(tX))) = —(tX) =X.
dt t—o dt =0 dt t=0

The following theorem says that there is a correspondence between horizontal curves start-
ing at e and curves in V; starting at 0 (given by the composition with )

THEOREM 3.26. For any v € H'([0,7],G), calling u the associated control, for a.e. t
we have %(W o)(t) = >I_, ui(t)X;. Moreover, given any curve § € H'([0,T],V;) with
§(0) = 0, there exists a unique horizontal curve v € H'([0,T],G) such that 7oy = § and
7(0) =e.

Proof. Using Lemma we obtain

d
o —(moy)(t) = dmyy)[¥( Z u;(t dﬂ'v(t) Z u;(t

for a.e. t. This also shows that, if mw oy = §, the control u is uniquely determined by J
(since X1,...,X, is a basis of V1), proving the uniqueness part of the second statement.

Conversely, to prove the existence of a lift of 8, let us write (t) = S7_, u;(t)X; for a.e. t,
for suitable u1, ..., u, € L?([0,T]). By Proposition the horizontal curve «y starting at
e and associated to the control u := (uq,...,u,) exists. The above argument shows that
%(77 ov)(t) = é(t) for a.e. ¢, which gives 7o~ = § (since w0 (0) = 0 = §(0), as well). [

The following generalization can be obtained by a completely analogous proof (or alterna-
tively can be deduced from the result just proved by a left translation).
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THEOREM 3.27. Fix any x € G and call ¥ := 7(x). Given any curve § € H'([0,7],V})
with §(0) = Z, there exists a unique horizontal curve v € H'([0,T], G) such that Toy = §
and v(0) = =.

3.4. Carnot groups as tangent spaces for sub-Riemannian manifolds

Carnot groups are model spaces among all sub-Riemannian manifolds, in that they play
the same role as Euclidean spaces in the class of Riemannian manifolds. In this section we
will limit ourselves to give a precise statement of this fact, whose proof is beyond the scope
of this thesis. To begin with, let us give some basic definitions which allow to extend the
notion of tangent space to a very general setting.

DEFINITION 3.28. The Hausdorff distance between two nonempty subsets A, B of a metric
space (X, d) is

dy(A, B) := max < sup inf d(x,y),sup inf d(x, .
1 (4, B) {x@gyey (2,y) sup Inf ( y)}

Note that, in spite of the name, dy in general is not a distance on P(X) \ {0} (since we
have dy (A, A) = 0; we could also have dy (A, B) = +00): it becomes a distance only when
restricting to the class of compact subsets of X. In the sequel we will not need to guarantee
that dp is a distance, though.

DEFINITION 3.29. The Gromov-Hausdorff distance between two (nonempty) metric spaces
X,Y is

as i, j vary among all isometric embeddings ¢ : X — Z, j : Y — Z and Z varies among all
metric spaces (we remark that there is no set-theoretic issue in this definition, as we can
always assume that Z =i(X) U j(Y), or even that Z = i(X) U j(Y)).

Again, dgp is not really a distance: dgp(X,Y) = 0 does not imply that X and Y are
isometric; moreover, we could have d(X,Y’) = 400, as well. However, it can be shown that
dap becomes a distance on the class of nonempty compact metric spaces (considered up
to isometries): see |AT04, Proposition 4.5.2].

DEFINITION 3.30. A sequence of pointed metric spaces (X,,, z,,) is said to converge to (X, x)
if dGH(Bfén (zn), Ba (x)) — 0 for any R > 0. A similar definition can be given for the
convergence of a family of metric spaces (Xy,x)) (indexed by A € RT), as X | +oo.

DEFINITION 3.31. Given a metric space (X,d) and any A > 0, the dilated metric space
(AX,dyx) is given by AX := X and d)x(z,y) := Ad(x,y) for any z,y € AX = X. We say
that a pointed metric space (Y,y) is a tangent space of X at xz € X if

(AX,z) = (Y, y)
as A T 400, in the sense of the previous definition.
Finally, we give a technical condition, on points of a sub-Riemannian manifold, which will

be sufficient to have a Carnot group as a tangent space. As is shown in Remark [3.33] this
condition is satisfied generically (in the topological sense).
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DEFINITION 3.32. Given a sub-Riemannian manifold M and calling D its distribution, as
usual, we say that D is equireqular at x € M, or that = is an equiregular point, if there
exists a neighbourhood U of x such that, for any 2’ € U and any k > 1,

dim Lie*(D, 2') = dim Lie*(D, z),
(see Definition [2.5)).

REMARK 3.33. Equiregular points form an open dense subset W C M: the fact that W is

open is clear from the definition. In order to obtain that W is dense, fix a nonempty open
set U C M. We have to show that U NW # (). Let

s(z) := min {k - Lie* (D, z) = TmM} ,
as we already did in Section and
s:=min{s(z) |z € U}.

Notice that, since s(-) is upper semicontinuous, {x € U : s(z) = s} is an open subset of U.
Possibly replacing U with this set, we can assume that s(z) = s for any x € U. Now set
Us := U and define inductively, for 1 < k < s,

dj, == max {dimLiek(D,x) |z € Uk+1} ,Ug = {x € Upir: dimLiek(D, x) = dk}.

Since z +— dim Liek(D, x) is lower semicontinuous, Ugyq is open in Ug. By a reverse
induction, we obtain that U is a nonempty open subset of M, for any k =1,...,s. U; is
formed by equiregular points, since here dim Lie*(D, -) = n if k > s, while dim Lie*(D, -) =
dp if 1 <k<s.

We are now ready to state this fundamental result, which was first obtained by Mitchell
in |[Mit85].

THEOREM 3.34 (Mitchell). If D is equiregular at = € M, then there exists a Carnot group
G (depending on x) such that (G, e) is the unique tangent space to (M, dcc) at .

A slightly more complicated statement holds for any point of M and was proved by Bel-
laiche in [Bel94].

THEOREM 3.35 (Bellaiche). Given any = € M, (M,dcc) has a unique tangent space at
x, which equals (H\G, [e]) for some Carnot group G and a connected closed subgroup H,
having the form H = exp(h) for a suitable graded Lie subalgebra b of the Lie algebra of
G.

Here the set of right cosets H\G is endowed with the distance
d(lg;lg']) == inf {d(hg,h'q’) | h,h' € H} = d(g, H{')

(the last equality follows by left-invariance), which induces the quotient topology. It could
well happen that H = {e} even in the case that z is not equiregular.

3.5. First order necessary conditions

We now revisit the statement of Theorem [2.50] as well as that of Lemma [2.54] for an
extremal v € H'([0,1],G). In the case of Carnot groups, the equations take a simpler
form involving the structure constants of the Lie algebra g. This allows to compute explicit
formulas for the normal extremals in many concrete Carnot groups. We will also use these
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reformulations in order to give an example of a strictly abnormal length minimizer in a
Carnot group, in Section [4.6]

We can define a frame of left-invariant one-forms w1, ...,w, on G such that wl( ) = 0;j

holds everywhere: it suffices to take the dual basis wy,...,w, of g* (with respect to the
fixed basis X1,...,X, of g) and to define

UJZ(IL‘) = (L 71)*@ = d(sz1);wi.
The relation w;(XF i) = (2] now holds since

wi (X <Wza dL,—1[X (x)]> (wi, X > = 0ij-

For any covector v € T;‘G, we denote by vy, ..., 1, its components with respect to this
frame, so that v = > | vw;(z) and v; = (v, X} ()). These coefficients v; should not be
confused with the components of v in exponential coordinates.

THEOREM 3.36. Given a biextremal (v, A) and 7 € R such that

(A0),7) € (i]mzeEE\ndﬂ)l \ {0},

we have

(3.4) )\Z(t) + ﬁui(t) =0

for a.e. t and all i = 1,...,r. Moreover, the dual curve A solves the system
(3.5) M) = =)0 ehui () Ae(t)

j=1 k=1

for a.e. t and all i = 1,...,n. Conversely, any couple of curves (y,\) € H'([0,1], T*G)
solving these two systems is a biextremal if (A(0),7) # 0; here we write that the couple
takes values in T*G to mean that v is the projection on G of A\ € H([0,1], T*G).

Proof. In this proof we will write X; instead of X} for simplicity. Substitution of A(t) =

ZJ 1 A (t)w;(v(t)) in gives
0= (A1), Xi(v(1))) + vuy(t 2513)‘ + T (t) = Ai(t) + T (t),

for any i =1,...,7r. So (7, A) solves the system 2) (for some 7 € R) iff it is a biextremal
(see also Remark[2.53]), provided A is the dual curve associated to A(0) and the nontriviality
condition (A(0),7) # 0 holds.

Now assume that A lifts . Let us recall the identity
n
(X5, X;] =) e Xa,
k=1

which holds at e by definition and thus on all of G, as well, by left-invariance. Thinking A
as a covector in (R™)* in exponential coordinates, (2.3 is equivalent to asking

(A0 Xi((1)) = = 3~ w;(DADAX; K] (v(1))
j=1

foralli=1,...,n and a.e. t. But

(A®). X)) = =
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(\; should not be confused with the i-th component of A in coordinates), so, recalling that
A(t) = >2h—1 uj (1) X;(v(1)), the above system is equivalent to

Ai(t) = =D u(OABAXG X (v(1) + D ug (DA AXG[X;]((1)
j=1 Jj=1
== ui(t) (AB), [X3, X1 (v(1))
j=1

==Y > du AR,

j=1k=1

3.6. A concrete example: the Heisenberg group

We now show how, using the equations derived in the previous section, one can compute
explicitly the length minimizers in the case of the Heisenberg group H, which is perhaps
the simplest example of a sub-Riemannian manifold which is not Riemannian.

I
DEFINITION 3.37. The Heisenberg group is the Lie group H := 0 1 = < GL(3,R).
001
0 * =
Its Lie algebra g can be identified with 0 0 = , which is a Lie subalgebra of
0 00

gl(3,R). Notice that, letting
X1 = ez, Xo:=e3, X3:=eis,
we have X3 = [X1, Xo|. H is a stratified group, with the stratification
g=V1® Vs, Vi:=(X1,Xy), Va2:=(X3).

H becomes a Carnot group, with » = s = 2, by choosing the inner product on V; such that
X1, X, is an orthonormal basis. Identifying H with R3 using the exponential coordinates,
the left-invariant vector fields take the well-known expressions

T T
X{(2) = 01— 505, XJ(x) = 02+ 505, X5 (2) = s,
which can be obtained by the same method used to prove Proposition [3.18|

From the proof of Corollary which can be carried out without localizing, or simply
from Theorem (which shows that abnormal biextremals do not exist in H) we know
that all length minimizers are normal extremals. Given a unit-speed normal biextremal

(7,A) defined on [0,7], with v(0) = e, equations (3.4) and (3.5 take this simple form

(notice that ¢}, = —c3; = 1, while all the other structure constants vanish):
AL = —u2A3
)\1 = —Uu :
)\2 = ul)\g
Ao = —u2, \
A3 =0.

Thus, eliminating A\; and Ao and calling v the constant value of A3, we obtain

'&1 = VU9
'&2 = —vuj.



3.6. A CONCRETE EXAMPLE: THE HEISENBERG GROUP 43

If v = 0 we have y(t) = exp(u; X1 + u2Xs2), which is a length minimizer for any 7" > 0
by Proposition . Assume now that v # 0. Taking into account that u? + u3 = 1, we
arrive at
u1(t) = asin(vt) 4 8 cos(vt)
{UQ(t) = —fsin(vt) + a cos(vt)

for some a, 8 such that o? + 82 = 1. Finally, using

5(6) = (XF () + 1 XEG0) = ua(1)0y -+ us(t)ay + 2RO~ 100

(in exponential coordinates, «;(t) denoting the i-th coordinate of y(t)), we can obtain first
~v1 and 79, by taking the antiderivatives of u; and us vanishing at 0, and then we can
compute v3. We arrive at

03

a(1—cos(vt))+S sin(vt)

(3.6) (1) = —B(1—cos(vt)) +asin(vt)

v
_ vt—sin(vt)
202

Conversely, if v : [0,7] — H has this form, then 7 is a normal extremal. Notice that ~y

touches the zsz-axis only when t = Q‘I“TT, for some integer k > 0. Fix any 1 # 0: the unit-
speed length minimizers v : [0, 7] — H connecting 0 to (0,0,7) can be found by looking for

the minimal 7" = 2‘%’" (which equals L(7)) such that v(T") = (0, 0,n), for some 7 as above.

From
2k km
T= Wy n=vT)= T2 sgn(v)
we deduce that v has sign opposite to n and |v| = %, which gives T' = 2+/km |n|. This

attains its minimum value when k& = 1 (we cannot have k = 0 since n # 0). So the

unit-speed geodesics from 0 to (0,0,7n) are the curves = : [0, 2/ ]77]} — H given by the
above formula, with v := —sgn(n), /‘%'. Notice that (a, ) € St is arbitrary, so we have a

one-parameter family of geodesics.

Finally, we show that, for any © = (z1,x2,23) € H with (z1,22) # (0,0), there exists a
unique unit-speed length minimizer from 0 to x. This is clear if 3 = 0 since, in this case,
any normal extremal from 0 to z must have v = 0. Otherwise, if x5 # 0, it suffices to show

that x = «(t) for a unique = : [0, %} — H given by (3.6) and a unique ¢ € (0,2+/7 |n]).

In order to find 7, it is convenient to work with complex numbers. Notice that v (t) = 1
and yo(t) = xo iff
(@ —if)(1 —e ")

T +1ix9 = " ,

since the right-hand side equals 7 (t) 4 iy2(¢). This equation gives

o |m + x| _ i+ ad
11— vt 2(1—cos(vt))

Setting s := |v|t (which now varies in (0,27)) and substituting v=2 into
vt — sin(vt) s —sins
S T T

we arrive at the equation

2 2 ;
r{i+x3 S—sins

73 = —sgn(v) 4 1—coss’
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Now s — 525108 g 4 diffeomorphism from (0, 27) to (0, +00): indeed, its derivative equals
1—%, which is positive iff 2—2 cos s > ssin s, i.e. iff 4sin® (%) > 2ssin (%) cos (%),
which is trivial if s € [r,27) and follows from tan($) > % if s € (0,m). Thus, the
preceding equation uniquely determines s and sgn(v). Finally, |v| = %, t = ﬁ
and o — i85 = % are uniquely determined, as well (so that the same is true for 7).

3.7. Extremal polynomials

Recently, in [LLMV13|, Le Donne, Leonardi, Monti and Vittone obtained a way to in-
tegrate and showed that, for a fixed biextremal (7, ), the components \;(t) :=
(A(t), XF(7(t))) of A(t) depend only on ~(t), by means of suitable extremal polynomials,
whose definition depends only on A\(0). As we will see below, their degree properties imply
the smoothness of length minimizers in Carnot groups when s < 3.

In this section we will identify G with R™ by means of the exponential coordinates of the
second kind, which means that we will implicitly use the map

F:R"—> G, (z1,...,25)— exp(zp,Xy) - -exp(z1X1),

as well as the following fact.
ProposiTION 3.38. F' : R” — G is a diffeomorphism.

Proof. F is injective: assume by contradiction that F'(z) = F(y) for some x # y and let ¢
be the smallest index such that x; # y;. From F(z) = F(y) we deduce

exp(znXy) - - exp(z; X;) = exp(ynXn) - - - exp(v: X;).

Letting j := d(7) and applying the homomorphism 7; : G; — V; (see Lemma [3.24)), we get
[B’LXZ + -+ xT]'XT]' = y’LXZ + -+ yTjXTj7
which implies x; = y; by linear independence, contradiction. F' is surjective, as well: fix
z € G and set x(;) := x. Let ’/Tl(.%‘(l)) =1 X1+ -+ a. X, and set
T(9) = 7)) exp(—a1 X1q) - -exp(—a,. X;) € Gy

(the fact that z(9) € G follows from 71 (z(9)) = 0). Let ma(7(2)) = ary 41Xy 41+ -+, X
and

T(3) = T(2) exp(—p 11X 41) - - - exp(—a, X;y) € G3
(again, the fact that x3 € Gg follows from (3 € G2, together with ma(x(3)) = 0).
Iterating, after s steps we arrive at z(,,1) = e. Thus,

T = x(1) = T(9) exp(a, X;) - exp(a1 X1) = m(3) exp(ay, X)) - - - exp(a1 X1)
== exp(oann) o ~exp(a1X1).

This argument, which shows the surjectivity of F', in fact exhibits a smooth right inverse
H:G — R, ie. amap H such that F o H = idg. Since F is bijective, we have H = F~1,

proving that F'is a diffeomorphism. ]
DEFINITION 3.39. For any v € R" and any 7 = 1,...,n, the extremal polynomial P €
R[z1,...,zy] is given by the finite sum

n
1
Plax)= > Y acgivkaza

aeN? k=1
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(see the remark below), where al:= oq!---ap!, 2 = z7' - 20" and the generalized

structure constants c];i are defined by

n
ad(X,,)* -+ ad(X) M X; = Y cf X
k=1
These polynomials P’ can be viewed as functions on G by the above identification (i.e. P/
corresponds to the smooth function PP o F~1: G — R).

REMARK 3.40. Since ¥, = 0 when > j—1 @jd(j) +d(i) > s, the sum defining P is indeed
finite and each nonzero monomlal in that sum has weighted degree at most s — d(7).

These special polynomials satisfy a remarkable identity, which is the core of the proof of
Theorem [3.42]

THEOREM 3.41. For any v € R"” and any i,j = 1,...,n we have P’(0) = v; and
n

(3.7) XjPr =Y dp}

on all of G.

We omit the proof, which is quite long and involves several clever manipulations, and refer
the reader to the original paper [LLMV13|.

THEOREM 3.42. Given a biextremal (y,\) defined on [0,7] with v(0) = 0, let v; =
(A\(0), X;) and v := (v1,...,vy,). For any t we have

Xi(t) = PP (x(1)).

Proof. The thesis is clear when ¢ = n: by (3.5) we have Ay = 0, so that A, is constant;
similarly, by (3.7), X ]LP,’{ = 0 on G (for any j), so that P is constant on G and we obtain

Pr(v(t)) = B(0) = vn = An(0) = An(?)

for any t. It now suffices to show the thesis for a fixed i, assuming that it holds for any
i’ > 1. For a.e. t we have, using again and (| .,

d v
i Zuj HEXEP ()

T )
j=1k=1

== > ui(t)eam()
=1 k=1
= )\z(t),

in the second-to-last equahty we used the fact that ck PL(y(t) = —ck. Ak (t), which is trivial
when k& < i (since then c = 0) and follows from the inductive hypothesm when k > 7.
Since

B 0y(0) = P7(0) = vi = Ai(0)

as well, we deduce P! o y(t) = \;(t) for any t. O
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Using a result which will be proved later in the thesis (namely, the Goh conditions), we
can now deduce the smoothness of constant-speed geodesics when s < 3, which was also
proved by Tan and Yang in [TY13| with different techniques.

THEOREM 3.43. Assume that s < 3 and let v : [0,7] — G be a constant-speed length
minimizer. Then 7 is smooth, i.e. v € C*([0,T],G).

Proof. Step 1. Let v : [0,T7] — G be a constant-speed length minimizer and assume by
contradiction that v is not smooth. By left translation, we can assume (0) = e and,
rescaling the speed, that 7' = 1. Since y is not smooth, it has to be a strictly abnormal

extremal (see Theorem [2.55]). Such v cannot exist if s = 1 or s = 2 (see Corollary and
13;

the proof of Corollary 4.13)), so we must have s = 3. We can assume that r is the minimal
rank such that such a counterexample exists.

By Theorem there exists a dual curve A : [0, 1] — T%G satisfying
(), (X, XF1(()) = 0

for any t and any 4,7 = 1,...,r. Since (y,\) is an abnormal biextremal, we also have
(A(t), XF(y(t))) = 0. Recalhng that Vo = [V1, V1] and that [XiL,XJL] is the left-invariant
vector ﬁeld assoc1ated to [X;, Xj], we deduce

AN(t) =0, Vi=1,... 1, Vt€[0,1].

Step 2. Let v; :== X\;(0) and v := (v1,...,v,) # 0. We now prove that there exists some j
with d(j) = 2 and such that Py 2 0. 1If this is not the case, given any m with d(m) = 3
we can write (using V3 = [V1, Va])

Xm= Y o X, X5
i:d(i)=1
J:d(§)=2

for suitable o;; € R, which 1mphes Zawc
displayed equation). Thus, using ,

0= Z 0y X[ P} = Z Zawchk_Zékak—

i:d(7)=1 :d(1)=1 k=1
J:d(5)=2 J:d(5)=2

i = Okm (the sum being over i,j as in the

which gives in particular v, = P} (0) = 0. Combining this with v; = X;(0) = 0 for i < rg,
we obtain v = 0, which is absurd.

Step 3. Thus, there exists some j with d(j) = 2 and Py # 0. Since the weighted degree of
any monomial in P} is at most 1 (see Remark [3.40) and P7(0) = v; =0, P} has the form

,
= B
i—1

Let us define w € Vi* by (w,> i, 2;X;) = Y ;_; Bizi. Notice that, by Theorem
PP(v(t)) = 0 for any t. But on G we have P} = wor (since 7o F(z) = >7[_; ,X;,
as 7 is a homomorphism by Lemma . To reach a contradiction, it suffices to show
that 7 is still a length minimizer in a Carnot subgroup G’ C G with smaller rank (G’
could be even smaller than the subgroup 7! ({X : (w, X) = 0}), which is not necessarily
a stratified subgroup).
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Step 4. Let Yi,...,Y, be an orthonormal basis of V; satisfying (w,Y;) = 0 for i <r —1
and (w, Y;) # 0. We define inductively

‘/1/ = <Y1> ey Y;ﬂ_1> s z'l+1 = [‘/1/7 ‘/zl]

(fori=1,...,5s—1) and we set g’ := V] @ --- @ V. We obtain [V}, V] C V/,, (with the
convention that V/ := {0} if k > s) by using Jacobi’s identity repeatedly, exactly as in the
proof of Proposition Thus, ¢’ is the Lie subalgebra generated by Y7,...,Y,_; (and is

a graded Lie subalgebra of g).

Define G’ := exp(g’), which is a simply connected Lie subgroup whose Lie algebra is g'.
By the preceding discussion, G’ is a stratified group; it becomes a Carnot group with the
metric induced by §]V1, (see Definition . Moreover, G’ has rank r — 1.

Step 5. We are left to prove that ¥([0,1]) € G': once this is done, v will be a length
minimizer in G, as well (since, for any horizontal curve § in G, its length in G’ equals

its length in G), contradicting the minimality of r. Calling v = (vi,...,v,) the control
associated to v with respect to Yi¥, ..., Y;F, from (w, n(y(t))) = 0 we deduce
d T
0= % o, (1)) = (s HO]) = D wilt) (0, Vi) = wr(t) (0, Y5
i=1
for a.c. t, thanks to the fact that dm.[Y;*((t))] =Y; (by Lemma [3.25). Thus v, =0, so
the horizontal curve 4/ in G’ associated to the control v" := (vy,...,v,_1) (with respect to
the frame of left-invariant vector fields Y, ..., Y.l | in G') satisfies
T
() = Y ult) X (1)
i=1

in G, as well, for a.e. t. Hence, 7/ = ~, proving that v([0,1]) C G'. O






CHAPTER 4

Second order theory

In this chapter we develop a second order theory, with the aim of providing necessary and
sufficient conditions for the minimality of a given strictly abnormal extremal. The necessary
conditions can be used to obtain, in the special case of sub-Riemannian manifolds with step
2, the absence of strictly abnormal minimizers and thus the smoothness of all minimizers.
On the contrary, the sufficient conditions will enable us to give explicit examples of strictly
abnormal minimizers, even in Carnot groups.

In the first part we look for second order necessary conditions for a horizontal curve to be
a minimizer. Before delving into the precise definitions and proofs, we sketch the structure
of the argument. Let us assume that v : [0,1] — M minimizes the energy among all
horizontal curves (in H'([0, 1], M)) joining v(0) and v(1) and that + is a strictly abnormal
extremal. Let u € U be the control associated to v, so that v(1) = End(y(0),u) (we will
omit the dependence on (0) in the sequel). We have already observed (see Section
that the extended endpoint map extEnd : if — M x R cannot be locally open at u in such
case.

As we will see soon, this implies that extEnd has negative index at u, the index being a
generalization of Morse index to maps whose codomain is a manifold, and as a corollary
we will obtain that End has negative index at u as well. Then we will compute the Hessian
of End and, by a blow-up technique, we will deduce that v admits a dual curve satisfying
the so-called Goh conditions.

4.1. Hessian and index of maps between manifolds

In order to motivate the definition of the Hessian, consider two finite-dimensional dif-
ferentiable manifolds N, M and a smooth (or just C?) map F : N — M. Recall that,
given v € T, N, the differential dFy[v] € Tp(,)M can be defined as %(F o U)‘tzo’
o : (—€,€) = N is any smooth curve such that ¢(0) = p and 6(0) = v. We want to define
the Hessian of F' at p in an intrinsic way, as a bilinear map from (a suitable subspace of)
T,N to (a suitable quotient of ) T, M.

where

Let us identify a neighbourhood V' of F(p) with R™ by using some local coordinates. One
could then naively define Hess F},[v, v] := %(F oo)| . Let us now see how this formula
—

behaves when we perform a change on coordinates on M, i.e. when we look at ® o F
instead of F', where ® : V — V' is a diffeomorphism. Starting from

4@ oFo0) =d®oF)[s] = d® [F(5)
we get

2

%(Cb o Foo)=d® [d*F[5,6] + dF[5]] + d*® [dF[5],dF[5]]

49
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while (using this formula with ® :=id)

d2
Tz(Foo)= d?F[6, 6] + dF[5].
To guarantee that the formula %(F 00) gives a well-defined vector in (a quotient of)

Tp(pM we thus require that v € ker dF}, (so that d*® [dF[6],dF[6]] = 0) and we project

%(F o 0)’ into the quotient Tp(,)M/imdF, = cokerdF), (so that we can forget the

term dF[5]).

DEFINITION 4.1. The Hessian of F' at p is the symmetric bilinear map Hess F}, : ker dF}, x
ker dF,, — coker dF), associated to the quadratic form
d2

v = @(Foo) i mod im dF),.

REMARK 4.2. This definition still makes sense when N is an open subset of a Banach space,
or more generally a Banach manifold, and F € C?(N,M). This is the case for both the
endpoint map End : if — M and the extended endpoint map extEnd : Y — M x R.

REMARK 4.3.In the case of End : Y/ — M or extEnd : Y — M x R (and p := u), U is
an open subset of L?([0,1],R") and one could use the vector space structure to choose a
canonical o, namely o(t) := u + tv. In this case & = 0, so one would not need to quotient
by im dF}, in order to define the Hessian. We will not use this remark, though.

In the sequel N will always denote a finite dimensional differentiable manifold or an open
subset of a Banach space, while M will always be a finite dimensional differentiable mani-
fold.

Let us now define the index of a bilinear map.

DEFINITION 4.4. Given a symmetric bilinear form @ : X x X — R, where X is a real vector
space (possibly infinite dimensional), we set Q(v) := Q(v,v). If Y C X is a subspace, the
notation |y > 0 means that @ is positive definite on Y, and similarly for Q| < 0. The
index of Q) is
ind@:= sup dimY.
Y:Q|Y<0

DEFINITION 4.5. Given a map F' € C?(N, M), the index of F at p € N is

ind, F' := inf ind A Hess F}, — dim coker d F),.
Ae(im dFp)\{0}

Here A varies over the nonzero covectors in (T (p))* vanishing on im dF}, so that A Hess F;,
is well-defined on ker dF},. Notice that such covectors can be identified with elements of
(coker dFy,)*.

REMARK 4.6.If Q : X x X — R is a continuous symmetric bilinear form (X being a
real vector space), the associated quadratic form (which we still denote by Q) satisfies

dQ. = 2Q(x, ), d*Q, = 2Q(-,-) and indg Q = ind Q.
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4.2. A sufficient second order condition for local openness

The main result of this section is that ind, F' > 0, i.e. ind AHess F}, > dim coker dF}, for
all nonzero \ € (im de)L7 implies local openness at p.

REMARK 4.7. Notice that if dF), is surjective this condition tells us nothing, but in this
case local openness is guaranteed by the implicit function theorem.

We start with a special case to illustrate the main ideas.

THEOREM 4.8. Let N, M be finite dimensional manifolds and F € C?(N,M). Assume
ind, F* > 0 and dim coker dF), = 1. Then F is locally open at p (i.e. F(p) € int F(U) for
any neighbourhood U of p).

Proof. Working in local coordinates (centered at p and F(p)) we can assume N = R",
M =R™ p=0and F(p) = 0. The hypotheses tell us that for any A € (imdFp)* \ {0}
we have ind AHess Fy > 1. Fix any such A (which is in fact uniquely determined up to
nonzero factors) and put @ := A Hess Fy. The last inequality, applied to A and —A\, says
that the quadratic form v — Q(v,v) takes on both positive and negative values. So there
exist nonzero v, w € ker dFj such that

Qo) =0, Qu,w) £0.
Indeed, we can find z,y such that Q(z,z) > 0 and Q(y,y) < 0. @ has to be nondegenerate
on the two-dimensional subspace (x,y) and there exists v € (x,y)\ {0} such that Q(v,v) =
0. Now for any w € (z,y) \ (v) we have Q(v,w) # 0. The fact that Q(v,v) = 0 gives
d?Fy[v,v] € im dFy, so there exists z € TyN such that
1
dFy[2] = —§d2F0[v,fu].
Now let us fix any splitting R™ = FE & ker dFp and, for any € > 0, consider the map
D i ExR—=R" O (z,t) :=F ((z+ 1)+ (v +tw)) .
Since F is C? we can write F(u) = dFp[u] + 3d*Fy[u, u] + o(|ul?), so

1
D (z,t) = EdFy|z + x] + §€2d2F0[U + tw, v + tw] + o(€?)
1
= e*(dFy[z] + td* Fy[v, w]) + §€2t2d2F0 [w, w] + o(e?),

where the error o(e?) is uniform as (z,¢) vary over an arbitrary compact set. The map
(z,t) — dFy[z] 4 td? Folv, w]

is linear and bijective, so for ¢ and € small enough, say |t| < 57, we can apply Lemma
in Appendix A to % By which gives 0 € int &, (By) (here By is the Euclidean ball in
the product E x R). Since ®.(B;) C F(Bc.) for some positive constant C, the thesis

follows. u

We now move to the general case. To attack it we need two technical lemmas.

LEMMA 4.9.Let F € C*R",R™) with F(0) = 0 and assume that the quadratic form
@ = Hess Fj : ker dFy — coker dFj has a regular zero (i.e. a zero where the differential is
surjective). Then F has regular zeros which are arbitrarily close to 0 and F' is locally open
at 0.
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Proof. Fix any splitting R” = E @ ker dF and pick a regular zero v of Q). Since Q(v) =0

we know that d’Fylv,v] € imdFy, thus we can write dFylz] = —3d*Fylv,v]. Now we

basically repeat the final part of the proof of Lemma [{.8 we define
®: E x kerdFy — R™, @ (z,y) = F ((z + 2) + (v +y))

and remark that

1
D (z,y) = € (dFy[z] + d*Fy[v, y]) + 562652170[?/7?!] +o(€?),

d®(z,y)|a,b] =dF (62(2 + ) + (v +y)) [€2a + eb]
=dFy[e’a + eb] + d*Fole(v + y), €b] + o(€?)
=¢? (dFpla] + d?Fy[v, b)) + e2d>Fyly, b] 4 o(€?)

(again the error is uniform as z,y, a,b vary in an arbitrary compact set). Therefore, since
(a,b) — dFpla) + d*Fy[v, b] is surjective, the same is true for

(a,b) = dF ((z +2) + (v +y)) [€*a + €b],

provided y and e are sufficiently small, say y € Bs, and € By. Thus dF is surjective at
€2(z 4+ x) + e(v + y), as well. Finally, possibly shrinking § and then € as in the previous

proof, we can apply Lemma|A.1{to % B, to get that ®.(Bs) contains a neighbourhood of 0

(here By denotes the Euclidean ball in the product E x ker dFp). In particular ®.(z,y) =0
for some (x,%) € Bs C By x Bs, which gives us the required regular zero ?(z +x) +e(v+y)
of F. 0

LEMMA 4.10. Let @ : R™ — R™ be an R™-valued quadratic form (i.e. @ is componentwise
a quadratic form) such that ind \Q > m for any A € (R™)" \ {0}. Then @ has a regular
Zero.

Proof. We can assume that the kernel of @ is trivial, i.e. {v:Q(v,-) =0} = {0}, since
otherwise we can replace () by the induced map

Q: (R"/ker Q) x (R"/ker Q) — R™,

whose regular zeros correspond to regular zeros of ). So, recalling that dQ, = 2Q(v,-),
we have d@Q, # 0 for any v # 0. Now we argue by strong induction on m, the thesis being
clear for m =1 (see the beginning of the proof of Lemma . Suppose we already know
that Q(v) = 0 for some v # 0 and let k := dimimd@,. If K = m we are done; otherwise
we have 0 < k < m and, for any A € (R™)*\ {0},

since by hypothesis ind AQ) > m and ker d@, has codimension k£ in R™. Therefore
Hess @, : ker dQ, — coker dQ,

satisfies the hypothesis with m replaced by m — k, so by induction it has a regular zero.
Thus by Lemma Q@ has a regular zero as well.

We now assume by contradiction that ) vanishes only at 0. First of all, we claim
that Q(R™) = R™. In fact Q(R"™) is a closed cone: indeed, if Q(x,) — y # 0, then

|2 |? ‘Q <|5£—:|) ‘ — |y, so @, is bounded because |Q| on S"~! is bounded below by a positive

constant, hence it converges up to subsequences. Moreover, Q(R™)\ {0} is open: repeating
verbatim the preceding argument, for every v € R™ \ {0} and every A € (R™)*\ {0} we
have ind A Hess @), > m — dimim d@),, which is smaller than m, so Hess (), has a regular
zero by the inductive hypothesis, thus by Lemma Q is locally open at v (in the trivial
case dimim d@, = m we use instead the implicit function theorem). Thus Q(R™) \ {0} is
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both open and closed in R™ \ {0}, so as m > 2 it follows that Q(R™)\ {0} = R™\ {0} and
Q(R") = R™

Consider the map
R = Q
Q|
and a regular value x of R, which exists by Sard’s theorem. Let vg € R~!(zx) be such
that |Q(vo)| has the minimum possible value (the fact that R~!(x) # () follows from the
surjectivity of Q) and set ag := |Q(wvo)|. Saying that vy minimizes |Q| over R~!(z) and
|Q(vo)| = ap is equivalent to saying that (ag,vo) solves this minimization problem:

S

minimize a, among all (a,v) € (0,+00) x S such that Q(v) — azx = 0.

We remark that the map H(a,v) := Q(v)—ax (whose domain is (0, +-00) x S"~1) has surjec-
tive differential at (ag,vo): in fact, calling z* := {y € R™ : (x,y) = 0} and 7,1 : R™ — 2t

the orthogonal projection, we have x+ = T,S™! = imd % = 1 (imdQy,) (we
vo

wrote @ instead of Q| gn—1 for simplicity), so im dH 4, 1) 2 im dQuy+(x) = 7,1 (im dQy, )+
(x) = R™. Therefore the map

(0,4+00) x R" - R, (a,v)+— (Q(v) — az, |v]? — 1)

has surjective differential at (ag,vg), as well. The constraints of the above optimization
problem can be encoded as the vanishing of this map, so we can apply Lemma to
obtain that

L(a,v) =a+ A (Q(v) —ax) + (\UIZ — 1) ,

for some A € (R™)*, u € R, (\,u) # 0, satisfies the first and second order optimality
conditions. The first order conditions are

oL
%(a()a UO) = Oa %(GOJ}O) = 07

which can be rewritten as
1=z =0, AQy, +2u(vg,-) =0.
Inserting vg in the second one gives p = —agAx = —ag. The second order conditions now
give
d*(AQ) (o) [w, w] — 2ag |w|*> >0

for any w € W := ker dQ., N Ty, S™ !, which surely lies in the kernel of the differential of
each constraint (strictly speaking, we are applying the second order conditions to the vector
(0,w) € R X R™ = T4 4, (0, +00) x R™)). Since ag > 0 and d*AQ(vo) = 2AQ, we get
AQ(w) > 0, ie. AQly > 0. But dimimd (Q|g.-1),, > dimm,. (imd(Q!Sn_l)
so dimimd (Q|gn-1),, = m — 1 as vg is a critical point for Q[gn—1 (otherwise we would

have ag(1 — €)z € Q(S™ 1) for € > 0 small). Hence, dimW = (n —1) — (m — 1) =n —m.
To reach a contradiction, notice that

Uo) =m-—1,

AQ’W@(U@ Z 0

as well, since AQ(vg,v9) = A(apx) = ap > 0 and Q(vp,w) = 0 for any w € W. So
AQ cannot be negative definite on a subspace of R™ whose dimension is greater than
n—(n—m+1) =m — 1, contradicting the hypothesis ind A\Q) > m. O

THEOREM 4.11.If F € C?(N, M) and ind, F' > 0, then F is locally open at p.
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Proof. Let k := dim coker dF},. The hypothesis says that for every A € (im de)l \ {0} we
have ind AHess F}, > k. Localizing we can assume that N is an open subset of a Banach
space X and M = R™. We can assume p = 0 and F(p) = 0, as well. As a first step, we

reduce to the case that X is finite-dimensional. Call S the unit sphere of (im dFp)*.

For any A € S there exists some Ey C ker dFy such that dim £y = k£ and A\ Hess FO‘EA < 0.
By finite-dimensionality of E), we still have X Hess Fy| g, <0 when M lies in a suitable
neighbourhood Uy C S of A\. By compactness of S we can find A1,..., Ay € S such that
S = Uivzl Uy,. Let E; := E), for simplicity.

Moreover, there exists a finite-dimensional Fy C X such that dFy(Ep) = im dFy. Now set
E = <U¢]\Lo E,> G = F|py still verifies the hypotheses as imdGy = im dFy (because
Ey C E) and, for every i, we have E; C ker dGy (as dGo = dFy| ). Thus, possibly replacing
Fby G, X by Eand N by EN N, we can assume that X is finite-dimensional.

Now Lemma [£.10] gives us a regular zero v of Hess Fyy, so that Lemma [£.9] applies, proving
local openness of F' at 0. ]

4.3. Hessian of the endpoint map and Goh minimality conditions

In this section we are going to apply Theorem to prove that, when D = (Xq,..., X,),
any constant-speed strictly abnormal length minimizer must satisfy the Goh conditions
stated below. An immediate consequence will be the smoothness of constant-speed length
minimizers when the step of the sub-Riemannian structure is at most 2.

THEOREM 4.12. Let 7 : [0,1] — M be a constant-speed length minimizer and assume that
it is a strictly abnormal extremal. Then there exists a dual curve A : [0,1] — T*M, with
A(t) # 0 for any t, satisfying the Goh conditions

(M), [Xi, X5](v(t)) =0, YVt [0,1], 4,5 =1,...,r

Proof of Theorem[{.19 Let x := v(0), y := (1) and recall that v (being constant-speed)
minimizes the energy over ,,, as well. We will omit the dependence of End on the
starting point. The proof is divided in several steps.

Step 1. We exploit the minimality of v as in Section 2.7 calling u € U the control
associated to v, the extended endpoint map extEnd = (End, E') cannot be locally open at

u. Equivalently, extEnd = (151;1, E) is not locally open at u (recall that End = <I>f1 o End
and @, is the flow associated to u, for t € [0, 1]).

Thus, since extEnd € C® (U,R™ x R) (see Corollary , Theorem tells us that
— — €
ind, extEnd < 0. We notice that, writing any element of (imd extEndu) as (\,v) €

(R™)* xR, we always have v = 0, since otherwise v would be a normal extremal. Moreover,
— N1 N\ L _ N\ L
(A\,0) € (imdextEndu) iff \ e (idendu) . So there exists some \ € (idendu) \
{0} such that
ind A Hess End,, < n.
In particular, this index is finite. This will be sufficient to deduce the Goh conditions.

Step 2. Let Wy, := @ (v(t),X), where (v(t), X) is shorthand for > ., v;(t)X;. Let us
prove that, when u,v € C* ([0,1],R") and u € U, we have

62 o 1 rt
— End(u + sv) =2 / / AV, [Vr,] (0)drdt
s=0 0 JO

052
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in local coordinates centered at z. Indeed, from Proposition we have (for any suffi-
ciently small s)

—— t ——
Endy(u + sv) = s/ U,y (EndT(u + sv)) dr
0

for any t € [0, 1], where End, := @, ! o Endy. So

: 2 [ 2 (i (Bt )

) /O L 4w,,(0) [ /0 "0,.4(0) dT} dt

1 t
— 9 / / AWy, [0,.,] (0) dr dt.
0 0

—

nd(u + sv) dt

s=0

= E
s s=0

From the smoothness of End it follows that the same formula holds for any u € U and any
v € L*([0,1],R"), provided we show that the right-hand side is continuous in u, v. But the
right-hand side equals

1 t
22; /0 /0 vi(t)o; (7)d (B X;) [B2X,] (0) dr dit

and it suffices to know that, whenever u,, — u in L? we have ®7 — ®; uniformly on
[0,1] x K, for any sufficiently small compact neighbourhood K of 0, and that the same
convergence holds for the first and second spatial derivatives of ® (here ®} is the flow
associated to wuy,). This follows from Proposition and the compactness of [0,1] x K.

Moreover, recalling that v € ker dETrEl(u) iff fol U, ,(0) dt = 0 (see Lemma[2.32)), we obtain
that, for every v € kerdE/h-q\d(u),

d? End(u)[v,v] = 2 /O 1 /0 t AWy, [Ur,] (0) dr dt

1 t 1 1
- / / AUy, [U,,] (0)dr dt — / / AV, [U,,] (0) dr dt
0 0 0 t

- /0 1 /0 "0y [Ur] (0) dr di — /0 1 /0 "4y, [U,] (0) dt dr
_ /0 1 /O (@ (1] (0) — AWy [T1.] (0)) dr

1ot
= / / (Wrw, Uiyl (0)drdt,
0o Jo

where in the second-to-last equality we interchanged the names of ¢ and 7.
Step 3. We remember that A gives rise to a dual curve A(t) defined by A(0) := X and
A(t) == (2;71)7 (\0)) = <d(<I>t);1) A. A is the required dual curve: assume instead that
for some ty and some i, j we have

(Alto), [Xi, X;] (7(t0))) # O.

To reach a contradiction, it suffices to show that the bilinear form on L2([0, 1], R")

B(v,w) = <)\,/01 /Ot (@0 W] (2) det>
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is negative definite on subspaces whose dimension is arbitrarily large, because then (using
the fact that ker d End(u) has finite codimension) this will also hold with L2([0,1],R")
replaced by ker d End(u), where B(v,v) = X Hess End(u)[v, v].

Fix any v,w € L*([0,1], R") and define v, € L?([0,1],R") by ve(t) := v (*=22) (and v(t) := 0
outside the interval [to,to + €]). we is defined similarly. We now compute an asymptotic
formula for % B(ve, we):

1 to+e€
62B(ve,w6 = < / / Urve, Urw ] ( )det>

(@} (v(0), X), P} (w(s), X)] (z)do ds>
&5, [(0(0), X}, (w(s), X)] () do ds>

to) [(v(0), X)), (w(s), X)] (v(to)) do ds.

We exploited the continuity (with respect to time) of ®; and its spatial derivatives to pass
to the limit.

Step 4. Again, it suffices to show that

1 S
B(0,w) = /0 /0 Alto) [(0(0), X) , (w(s), X)] ((t)) dor ds

is negative definite on subspaces of L?([0,1],R") with arbitrarily large dimension. Now
we choose v to be of the form v;(t) :== SN | ay, cos(27kt), vj(t) :== SN, ay, sin(27kt) and
v = 0 for £ # 4, j. Such controls form an N-dimensional subspace. We obtain

1 s
B'(0,v) = (A(to), [Xi X, (1(t0)) / / (vi(o)vy(5) — v (o )n(s)) dords

= (A(to), [Xi, Xj] ( Z Z Ak / sin(27ks) sin(27k’s)

k=1k'=1
— (1 — cos(27ks)) cos(27rk:’s)) ds
N2
= (A(to), [Xi X;] (7(t0))) D oy <0
k=1

for any v # 0, provided we assume (A(to), [X;, X;] (v(t0))) < 0 (we always can, possibly
inverting the roles of ¢ and 7). Since N is arbitrary, this completes the proof. U

COROLLARY 4.13.If M is a sub-Riemannian manifold with step 2, then all constant-speed
length minimizers are smooth.

Proof. Let v : [0,T] — M be a constant-speed geodesic. Since smoothness is a local
issue, we can localize and assume D = (X;,..., X,). By rescaling the speed of 7, we can
also assume that 7" = 1. If v is a normal extremal, then it is also smooth. In order to
conclude, it suffices to show that v cannot be a strictly abnormal extremal. Assume by
contradiction that this is the case: by Theorem there exists a dual curve X satisfying
(A1), [Xi, X5](y(t))) = 0, for all t € [0,1] and all 4,5. Since (v, A) cannot be a normal
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biextremal, equation (2.2)) holds with 7 = 0, so (A(t), X;(y(¢))) = 0 for all ¢ and all 4, as
well. Since the vector fields X, [X;, X;] span pointwise all the tangent space, we deduce
A = 0, which contradicts the nontriviality of . g

When M has rank 2, the Goh conditions (which pointwise become a single constraint on
A(t)) can be proved in a much easier way, by a direct and elementary computation, as we
now see.

THEOREM 4.14. Let M be a sub-Riemannian manifold with rank 2 and D = (X, Xo). If
(7, ) is an abnormal biextremal, with « having a constant nonzero speed, then the Goh
conditions are automatically satisfied (even without assuming that 7 is a minimizer), i.e.

(A1), [ X1, Xo](y(t)) =0
for all ¢.

Proof. Let us call u = (u1,u2) the control associated to 7. We can differentiate the
identity (A(t), X1 (7(¢))) = 0 as follows: for any Lebesgue point ¢ of the control we have,
using Proposition [C:10]in the appendix,

A+ 1), X3 (ot + 1) = { (uen (0, X0) ™) AW, X0 (1t + 1))
A1), A (s X)) ™ X1 ((2+ 1))

M), a1 ()X -+ u2(6)Xa, Xa] ((2))) B+ (1)

1(6) ), X2, X2] (1)) b+ ().

X, X0 (¢(8))) = 0 and similarly us(t) (A1), (X1, Xz] (+(£))) = 0. Since
cannot have uj(t) = ua(t) = 0, thus we deduce

(A1), [X1, Xa2] (7(1))) =0
for a.e. t € [0,T]. But the left-hand side is continuous in ¢, so this holds for every t.  [J

0

—~

I
PO N

e

So wuq(t) (A(t
u(®)] # 0, w

~—

@

This proof can be generalized to obtain that any constant-speed geodesic is smooth on
an open dense subset of times, which we prove below. Nonetheless, what follows is not
sufficient to obtain that this subset has full measure (which is still an open problem).

THEOREM 4.15.If M is a sub-Riemannian manifold with rank 2 and v : [0,7] — M is

a constant-speed length minimizer, then v is smooth (i.e. C*°-regular) on an open dense
subset of [0, 7.

Proof. We can assume that 7 is unit-speed and, by localizing, that D = (X, X9). If yis a
normal extremal, there is nothing to prove. Suppose then that + is abnormal and let A\ be
a dual curve such that (7, A) is an abnormal biextremal. Fix any ¢ € [0,7] and any open
neighbourhood U of t. We define

k := min {j IteUst A1) ¢ Liej(D,fy(t))L}

(see Definition [2.5). By the bracket-generating condition and the fact that A is nonzero
at all times, the above set is nonempty. Moreover, k > 2 (as (y,A) is an abnormal
biextremal). Let t' € U be such that A\(#') ¢ Lie®(D,~y(#'))*: by Remark there exists
i1,...,0 € {1,2} such that

<)‘(t)7 [Xi17 [ " [Xik_NXi ] o ]](V(t/)» 7& 0.
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Let us call V' the open subset of U consisting of the times satisfying the displayed condition
and notice that, by the minimality of k, setting

Y = [Xi27 [ B [Xik_lei ] o H?
we have (A(t),Y (y(¢))) =0 on U (and in particular on V'). Repeating the first part of the
preceding proof with X; replaced by Y, we obtain

ur(t) (A(R), [X1, Y] (7())) + u2(t) (A(D), [ X2, Y] (7(2))) = 0

for a.e. t € V. Hence, at these times,

_ (m®) (W, [V, X (4(8)
ut) = (u2<t>> ult) = <<A<t>, X1, Y] (v(t))>>

are linearly dependent as elements of R2. As v never vanishes on V, we deduce u(t) =

j:‘zg;g'. Let us set o(t) = %, so that u(t) = a(t)v(t) a.e. for some Borel function

a:V — {£1}.

Let V' be a connected component of V and fix any s € V. We now prove that ~ is
smooth on V. Define h(t) := ftOé(T) dr for t € V'. Plugging u(t) = h(t)v(t) into
A(t) = (u(t), X) (7y(t)) and into , observing that ©(t) depends on ¢ only through ~(t)
and A(t), we deduce that

%(7(15), A1) = h(t)Z(1(8), A(1))

for a suitable smooth autonomous vector field Z in the cotangent bundle T*M. By Propo-
sition (whose statement of course also holds with V' and s in place of [0, 7] and 0),
we obtain 7 = § o h, where ¢ is the projection on M of the integral curve of Y with
initial condition (y(s),A(s)) (at time s). Taking into account that - is a minimizer, we
deduce that h(t) is monotone, so that a(t) =1 a.e. or a(t) = —1 a.e. (on V'), which give
v(t) = 6(t — s) for any t € V' or y(t) = §(t — s) for any ¢t € V', respectively. O

Recently Sussmann, in [Susl4], obtained a similar result for any rank, under the additional
hypothesis that M, D and g are real analytic (which is the case for Carnot groups). Namely,
he proved that any constant-speed geodesic is real analytic on an open dense subset of its
domain.

4.4. Minimality of short nice abnormal extremals

The last results lead naturally to the following question: do strictly abnormal geodesics
exist at all? Assuming D = (Xi,...,X,), the proof of Corollary shows that they
cannot exist when the step is 2. In [TY13], it is claimed that they do not appear in Carnot
groups with step at most 3 (although there is no general consensus on the validity of this

paper).

In fact, it was originally believed that length minimizers are all normal, starting from a work
by Strichartz ([Str86]) which contained a flawed application of the Pontryagin Maximum
Principle. In [Mon94] Montgomery gave the first explicit example of a strictly abnormal
minimizer in a sub-Riemannian manifold, while in |[GK95| Golé¢ and Karidi showed that
this phenomenon occurs also in the context of Carnot groups.

In what follows we will give a sufficient condition, due to Liu and Sussmann, which guaran-
tees that, given a strictly abnormal extremal «y : [0,T] — M, one can find a small positive
T < T such that 7|[0,T] is a length minimizer.
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Using this result, we will exhibit an example of a strictly abnormal minimizer in a Lie
group, endowed with a left-invariant distribution with step 3.

In the final part of this chapter we will review an example by Golé and Caridi of a strictly
abnormal minimizer in a step 4 Carnot group.

DEFINITION 4.16. An abnormal biextremal (v, ) : [0,T] — R™ x T*(R"™), with v having

unit speed, is said to be a nice abnormal biextremal if, for any t € [0,T], we have A(t) €
Lie?(D)* \ Lie3(D)* (see Definition .

From now on we restrict our attention to the case r = 2, r denoting the rank of the
distribution D. Since we are interested in showing the minimality of short initial pieces of
a given horizontal path, which is a local matter (by Remark , we also assume M = R"
and D = (X1, X3). Here X; and X5 are two smooth vector fields which are orthonormal
with respect to g, as usual.

Let us begin with some easy observations concerning nice abnormal biextremals.

REMARK 4.17. By Theorem [4.14} the requirement A(¢) € Lie*(D)* for all ¢t € [0, T already
follows from the fact that (7, \) is a unit-speed abnormal extremal.

REMARK 4.18. Setting Y := [ X, X5], one can repeat the part of the proof of Theoremm
coming after the definition of Y, with V' and V' replaced by [0, 7] (this time, the fact that
v is always nonzero comes from the hypothesis A(t) ¢ Lie®(D)1).

In particular, although in this section we are interested in the converse direction, one
deduces this fact, which was first observed by Liu and Sussmann (1995): if a nice abnormal
extremal is a minimizer, then it is smooth.

We will prove the following converse of the preceding remark.

THEOREM 4.19.If (v, ) : [0,T7] — T*R" is a smooth nice abnormal biextremal, then for
any sufficiently small T' > 0 the curve 7|[0 7] is a strict length minimizer.

Rather than proving that the curves joining v(0) to v(7') have length at least T (which
would force us to use some kind of calibration), we will proceed in the opposite way. More
precisely, we will prove a constrained rigidity result (Theorem : we will show that any
curve § : [0,7] — R"™ with speed at most 1 and §(0) = v(0) has a final point 6(T") # (7)),
unless 0 = ~, whenever T is small and the control @ + u of ¢ is close to the control w of
y.

The strategy would be to prove that A\(T)d?(Endr)y is positive definite. It turns out that
a weaker estimate is true: see the statement of Lemma where |||, is a sort of H—!
norm, whose definition involves the primitive of u. After some reductions and definitions,
we will compute the first and second differential of Endp, expressing them in terms of the
primitive of u. We will also have to carefully estimate the remainder in the second order
expansion of Endr, in order to bound it with o(||u||?). However, the main argument is

contained in Lemma [£.22] Lemma [£.23] and Theorem

In order to prove Theorem [£.19| we can assume that v(0) = 0 and 4(t) = X (y(t)) for
all t (to do this, for instance, we can extend + to a vector field Z in a neighbourhood V
of v(0); then, shrinking V', we can choose a vector field X5 on V' such that X3j € D|,,,
| X5 = 1 and (X}, Z) = 0; finally we take again a unit vector field X{ € D, satisfying



60 4. SECOND ORDER THEORY

(X1, X%) = 0, so that X/ extends 4 up to replacing X; with —X7], and we are done by
shrinking T', replacing X1, X2 with X}, X} and mapping V to R™).

It will also be useful to have at our disposal two smooth differential forms wi,ws : Br —
T*R™ such that w;(X;) = d;;. Their existence is clear for a small positive R, which we fix
from now on (it can be proved that such w; and ws exist on the whole of R™, but we do
not need this stronger statement).

We also assume without loss of generality that T' < 1 and ([0, T]) € Bg. For any fixed
0 < T <T, we will call @ the control associated to v, i.e. u(t) := (1,0) for all ¢t € [0,T].
We will also call ¢ := ~(T"). Notice that this is an abuse of notation, since in fact @ and ¢
depend on T.

The elements of Uy, which is the domain of Endy = Endr (0, -), will be conveniently written
as u + (0,w). This means that, for a generic translated control u = (uj,u2) € Ur —
(corresponding to the real control @+ u € Ur), we implicitly define v(t) := fg up(7)dr
and w(t) := fo uz(7) dr (so that in particular v,w € H'([0,7]) and v(0) = w(0) = 0).
We deﬁne a weaker norm ||-||, on L?([0,T],R?), which is the one induced by the scalar

product
T

(u, "), == v(T)W'(T) + w(T)w'(T) + /0 (vv' + ww') (t) dt.

Finally, we define

Vr={u:u+ueclr, u+ul<1ae.}.
Notice that, if u € Vr, then ¥ < 0 a.e. This simple fact will be crucial to carry out some
estimates.

In the proofs of Lemmas [4.20] [4.21] and [£.24] we will implicitly assume that the involved
control u is smooth. The fact that the respective theses hold without this hypothesis follows
immediately by a standard density argument and by the smoothness of Endy.

LEMMA 4.20 (first order differential). For any 0 < T' < T the endpoint map Endy : Uy —
R™ satisfies

T
(4.1) d(Endr)alu] = o(T) X1 (q) + w(T)Xa(g) - /0 w(t)ViT (q) dt,

where ¢ = y(T), Y := d®r_4(X1). X2 and VT = ZV/[T.

Proof. Let us fix any 0 < T < T. From Proposition in the appendix and the fact
that @, 7((w, X)) = ®7_¢(X1) (see Definition for the notation) we have

EndT(U + u) = (I)(]’T(O, <ﬂ, X) + <U, X>) = <I>0’T (q, <u(t), (I)T_t(Xl)*X>)

for any smooth u = (v,w) € L? ([0, T],R?) close to 0. Here ®7_;(X;).X is shorthand for
(Pr7(X1)e X1, P (X1)4X2). Since @7_4(X1)X1 = X; (by Proposition ,
O (X1).X = (X1, Y/).
By Propositions [C.11] and [C.13]
(42) Endr (7 + u) = ®or(0X1) o @o.r ((t) Dot (0X1)*Y,") (q)
= D7) (X1) 0 Por (W(t) Py (X)) (9).

Now the estimate

Oy(X1)(2) =z + s X1 (2) + 0(s) = x + sX1(q) + o(|z — ¢]) + o(s),
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Corollary and Proposition (with & = 1) allow us to deduce
T T
Endr(u + u) = ®,7)(X1) </0 w(t)Y, (q)dt + O (/0 [w(t)v(t)] dt))

T
_ /0 ()Y (q) dt +v(T) X1 (q) + of||ull,)

as u — 0. So finally, noticing that Y/ (¢) = X2(g) and integrating by parts,

T
d(Endr)afu] = v(T)Xi(q) + / (YT (q) dt
(4.3) 0

T .
— o(T)X1(q) + w(T)Xalg) — / w(t)VT () dt.

LEMMA 4.21 (second order differential). For any 0 < T < T we have

(M(T), d* Endglu, u]) = </\(T), /0 TwQ(t) [YtT,YtT} dt
+ /O ' [w(T)Xg—i— /0 tw(T)YTTdT,w(t)Y;T] dt

+ (veryaxa+ L ayT o) fEncir)ol )

(4.4)

In this formula it is meant that all the vector fields are evaluated at ¢, which we omitted
for brevity. The last term is an abbreviation of

o(T)d X, [d(Endy)alu]] + /0 Tw(t)dYtT [d(Endy)a[u]] dt.

Proof. Let A := X\(T). Since Endy is smooth, in order to find d?(Endy)z[u,u] it suffices
to compute the second order expansion of Endr(u + ), as we did in the previous proof in
order to find the first order differential. Starting from and using Corollary and
Proposition (with k = 2), we have

T T
Endy (T + u) = @, (X1) <q+ /0 w(t)Y, dt + /0 v(t)i(t) [ X1, Y] dt

/ / AV [YT] drdt + o(|ul ))

(again we use the convention that vector fields are evaluated at ¢ when the point is not
specified). Since ®4(X1)(z) = = + sX1(z) + %Xm [X1](x) + o(s?) uniformly in a neigh-
bourhood of ¢, we deduce

T
Endr(u + u) =q + d(Endr)z[u] + UQ(QT) dX:1[X1] + /0 v(t)w(t) [ X1, YtT] dt

/ / PV [YT] dr dt 4+ o(T)dX [/OTw(t)YtTdt}+o(||uH§).
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Thus we have the following formula for the second order differential:

%dz(EndT)ﬁ[u, ul = UQ(T)Xm[Xl] /T”<t)w(t) (X1, Y] at

T
/ / r)aY" [V drdt +o(T) / W(t)dX, [Y{'] dt.
0

Equation shows that A € (im d(EndT)g)L implies <)\, [Xl, Y;T]> =0 for any ¢: choos-
ing v = 0 and letting w vary in C*([0, T]), with w(0) = w(T) = 0, we obtain <)\, YtT> =0.
This identity, together with Proposition and the fact that Y, = ®;_7(X1)*X>, gives
the claim. So the term fOT ( ) [Xl, YT] dt vanishes when it is paired with A\. Now,

since d(Endr)z[u] = v(T) X1 + fo ()Y dt (see (£3)),
T
<)\, L Endy[u, u] — % (v(T)Xm + /0 w(t)dY;" dt> [d(EndT)u[uH>
< / / 7)dY" Y] drdt + lv(T) / ' w(t)dXy [Y/'] dt
2 0

—2v(T>/O b(t)dYy[Xa] — // 7)Y’ [v] dfdt>-

We remark that

1

T T T
Su(T) /0 W(t)dXy [¥1] dt — Jo(T) /0 B()dY{[X] = ~ Lo(T) /0 at) [X1, V1] dt,

which again gives no contribution due to the presence of [X 1, YtT], while

/T/tw(t)w(r)dyf[ drdt — / / ()i (r)dY," [V, drdt
/ / m)dY," [Y]] drdt — - / / m)dY," [V]] drdt
/ / (r)ay," [V drdt—/ /
/ / ) (Y Y] —ay [ViT]) drdt = / / ) [V, Y] drdt,

where in the second-to-last equality we interchanged the names of ¢ and 7. Finally, we
integrate by parts twice:

/ / ) [Y7, VT drdt = /OTu')(t) (w(t) v/, v —/Otw(f) [YTT,YtT] dT> dt
/ / YtT,YT} dt dr

= / (w(T) (7 ){XQ,YT | = w2y Y] - / " w(tyulr) janel dt) dr
:/OTU)Z(t) [YtT,YtT] dt+/0T [w(T)XQ—i—/otw(T)YTTdT,w(t)YtT] dt.

Combining this with the two previous computations we arrive at the thesis. ]

m)dY," [Y]] dtdr
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As we will see below, when u € ker d(Endr ), < fo [Yt ,YtT} dt> is the leading

term in the above formula as 7" — 0. We now show that it always takes nonnegative
values.

LEMMA 4.22. Possibly replacing A by —A\, there exists some n > 0 such that
(\@), F YT @) =,
for any 0 < T < T and any t € [0, 7).

Proof. As already noticed in Remark we have (A(t), [[X1, X2], X1](y(¢))) = 0 for any
t € [0,T)]. Since A(t) € Lie}(D)* we deduce that
</\(t)7 HX17 X2]7 XQ](’Y@))) # 0

for all ¢. By continuity the left-hand side has constant sign. Possibly replacing A by —A,
we can assume that it is always positive and we set

ni= tH[liIl} (A(t), [[X1, Xa], Xa](7(1))) -

)

Let us now fix any 0 < T < T. Notice that ®7_;(X1)«[[X1, X2, Xo] = [[X1,Y7], V],
since ®r_; is a local diffeomorphism carrying Xo to ¥;' and X; to itself (by Proposition
C.9). Recalling that \(t) = ®7_¢(X1)*N(T) and v(t) = ®7_+(X1)"1(q), we deduce

O‘(t)v [X27 [X17X2H(7(t))> = <)‘(T)’ (q)T—t(Xl)*[[XbX?LX?]) (Q)>
= (MD), [[X1, Y], Y] (@) -
Finally, we notice that [Xl, Y;T} = Y;T, by Proposition ]

Since (v, A) is a nice abnormal biextremal iff so is (y,—A), we can (and will) assume
that
(@), [T =

Now we prove that A(T')d? Endy is positive definite on ker d Endy. For technical reasons
we need positive definiteness on a set which is slightly larger than ker d Endz.

LEMMA 4.23 (positive definiteness). Provided T is sufficiently small, there exist some 7/, € >
0 such that

(MT), d*(Endr)zlu,u]) > 7' [|u])?
whenever v = (0,w) € Vp satlsﬁes |d(EndT) [ ]| < €||u||,. As a consequence, the same
holds if |d(Endr)g[u]| < € |Jul|,, for some € > 0.

Proof. Applying w; to (4.1) we get
[v(T)| = w1, v(T) X1) (q)]

_ le, /0 T dt> (4) + (w1 (q), d(Endg)alu])

<c ( / "l (1)t 4 e ||u|r*) |

where C' is a constant independent of T' (since Y;'(¢) is bounded uniformly in ¢ and T).

Similarly we get
T
(D)) < C ( /0 ] (£) dt + € ||u||*) .
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In addition, since ¥ < 0 and v(0) = 0, we have max,¢c(o 77 [v(t)| = |[v(T)], so that

1/2

o]l = (/OT\vl2 (t) dt) < T2 [u(T)].

Finally, fO lw| (t) dt < TY?|lw|, and T < 1, so we obtain

[o(T)] + [w(T)] + [Jolly < 2[o(T)] + |w(T)] < 3C[Jwlly + 3Ce|lu],
< 3C [lwlly +3Ce (jo(T)] + [w(T)[ + [vlly + [[wl]l,)

which gives, if € is such that 3Ce < %,

3 (D) + () + Tolly) < (30 + ) Tl

This shows that [jul|, < C"|jw||, for some constant C’ independent of 7. In particular,
[v(T)|, |lw(T)| < C"||wl|, (by the definition of ||-||,). Recalling (4.4) and writing

T
(v(T)dX1+ /0 w(t)dY," dt) [d(End7)y|u]]
T
= <v(T)dX1 +w(T)dXs — /O w(t)dY," dt) [d(End7)qg(u]] ,
we arrive at
(. e )alusad) 2nllwl - D[ [wrxe+ [ w7 drwto)37 ] o

- W@ (s, s - [ i a) e

The second term can be estimated by

o () [ aes [ [ oot arar

< 0" (Ol - T2 full, + T ) = C"(C'TV 4 T) .
while the third term is bounded by
C" ull, |d(Endr)g[u]] < C"ellull?,
for some suitable constant C” independent of T'. So finally
(NT), d(Ende)alu,ul) =n ] — C"(C'TY2 = T) Juw]}3 - C"e jul]
>n(C)72 [lully = (C"C'T? + C"T + C"¢) |ull;.

The first part of the thesis follows once T is chosen sufficiently small and e satisfies also
C"e < In(C")~2. The second part follows from the fact that |lul|, < C |ull, (for some

~ ~\ —1
C > 0 depending on T): we can choose € := (C’) €. O

LEMMA 4.24 (remainder estimate). For any 0 < T' < T we have
1
(ND).Bnde(@+ )~ g = 5 (Bndeafu,u] ) = oful?)

as u — 0 in Vr (with respect to the usual L? topology on controls).
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Proof. Let X\ := A(T"). We need a different expansion of Endp where, contrary to the one
previously used, © appears instead of w. This will allow us to exploit the fact that © has
constant sign when estimating a third order term. This alternative expansion is obtained
as follows:

(4.5)
EndT(ﬂ + u) :Cboj (0, (1 + ’[)(t))Xl + ’(i](t)XQ)

7)(X2) 0 Bor ((1+0(8) Py (X ) Xl) (0)
7)(X2) 0 @o.r ((1+0(t)) (Pungry ( - X1) + (1 +9(1))X1) (0)
(1) (X2) 0 @0 (1+0()) (®(r—t)+(u(T)— v(t))(Xl) D) (X2)* X1 — X1))

=B,,(7)(X2) 0 Do ((1+9(t)) (o) o) (X1)sxPury (Vi) * X1 — X1))

We used Propositions[C.11] [C.12] and [C.13] Moreover, in the last equality we used the fact
that ®7_;(X1) is a local diffeomorphism carrying X» to Y;¥ and X; to itself (in evaluating
the expression @w(t)(Y;T), Y,” should be considered as an autonomous vector field).

Now, using Corollary

®o.r (14 0(8) (Po(r)—v(e) (Xl)*‘I’w(t)(YtT>*Xl - X1)) (z)

= @1 <(1+i}(t)) <w(t) v, X + 5 v, v, X1]]

T ((t) — o(T)w(t) [X1, [YtT,Xlﬂ)) (2) + o(ull?).

So we can replace the intermediate flow in (4.5)) by the above approximation.

In addition, if we expand all the three flows using Proposition with k& = 2 (by the same
method as in the proof of Lemma , the error is still o(||u||;): indeed, we can bound
|0] <2 and |Jv||, [|w| are arbitrarily small as u — 0, so that the error in the expansion
of the intermediate flow is O(||v|3) = o(||u||?), while the claim is clear for the other two
flows.

We are left with an expression containing the second order expansion of Endr (@ + u) and
some higher order terms, each consisting of a (possibly multiple) integral containing a
vector field (evaluated at ¢) and a monomial of degree at least three in the variables o(t),
v(t), w(t), v(T) and w(T'). In order to conclude it suffices to estimate these terms when
they are paired with A.

The terms where the combined multiplicity of the v’s and w’s (i.e. the factors different
from (t)) is at least three are o(||u||?), since again we can bound |&| < 2 and all but two
of the v’s and w’s by an arbitrarily small constant; then, if necessary, we can decouple the
two remaining factors by the Cauchy-Schwarz inequality. For example

/DT /Ot lvw| () [ow] (7) dr dt < o(1) (/OT |w] dt) (/OT\wy d’l‘) <o()T ||lw|3 = o([|ull?).

The same expression can also be treated in this way:

T t T
/ / fwuw] (¢) [ow] (v) dr dt < of1) / fow| dt < o(1) [[v]ly leolly = of[ull?)-
0 0 0
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Terms containing v(7") or w(7T') are also easy to estimate: if ©0(t) appears, then also w(t)
does; now by Cauchy-Schwarz we can gain the desired o(1) also from ||?||,. For example

7)] /OT [owl dt < [o(T)] 6]l wlly = o([[ull?).
The following five terms are left to be bound:
* fo [Yt [V Xa]] dt;
o [lot)u(tyw(t) [Xy, [V, X41]] dt;
o [[ oy wt)yw(r)d [V, X1] [[VE, X1]] dr dt;
o [ [Pwyo(ryw(r)d [V, X1] [V, X41]] drdt;
o J3 Jy oty [, X [V, X1]] drdt.

The last three terms are estimated by the Cauchy-Schwarz inequality: for example

w(r)d [V, 1) [[v2, x1]] det‘

o(t)w(t)o(r
0 0
<on( " Joul a) (| ol ar) < 01) ol ul

and ||0||, is arbitrarily small. The second term gives no contribution, since
<>\7 [Xb [Y;fTaXl]]> =0,

which is obtained by differentiating the identity (X, [X7,Y,’]) = 0 (as in the proof of
Theorem [4.14). Finally, to treat the first term we exploit the fact that ©(¢) < 0:

/ Co" 0 [y, v ) dt\ <oq) | (o) dr
0 0

Integrating by parts we obtain
T T
/ o(t)w(t) dt = v(T)w*(T) — 2/ v(t)w(t)w(t) dt
0 0
and v(T)w?(T) = o(||ul|?), while

T T
/ v(Hyw(t)w(t) dt‘ < Iv(T)I/ [wid dt < [o(T)| [wlly @l = ofllully),
0 0

thanks to the fact that |v(¢)| is monotone increasing. O

THEOREM 4.25 (constrained rigidity). Provided T is sufficiently small, there exists some
neighbourhood V' of 0 in V7 such that Endr(u + u) # ¢ whenever u € V'\ {0}.

We recall that Vp is the subset of Uy — u consisting of the translated controls u such that
u+ul <1ae.

Proof. Fix any T such that Lemma applies, providing us with the two constants 7’
and €¢/. We can write

L*([0,T],R?) = ker d(Endr)y ® N
for some finite-dimensional subspace N. We decompose any v € Vr as u = £ + (, where
¢ € kerd(Endr)z and ¢ € N. Notice that d(Endr)y restricts to an isomorphism between
N and im d(Endr)z, so for some C > 0 the following inequalities hold:

Gy < |d(Endr)gc]| = [d(Endr)g[u]| < CC]l, -
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By Lemma we can find a neighbourhood V' of 0 in Vr such that
1
(4.6) '<)\(T), Endr(u+u) —q— idQ(EndT)g[u, u]>‘ <1 |Jul?.

for any u € V'\ {0}. Shrinking V' if necessary, we can assume that on V' \ {0} we also have
|Endr (@ + u) — ¢ — d(Endg)gz[u]| < C2€ ||ull, -
Now let us fix any u € V' \ {0}. We distinguish two cases: if |||, > C1¢ ||ul|,, then
|Endr(a + u) — q| > |d(Endr)z[u]| — |[Endr (@ + uv) — ¢ — d(Endy)z{u]|

> C7H[¢lly = €72 |Jully, > 0,

so the thesis is true in this case. On the other hand, if ||||, < C7 ¢ ||lu|l, we deduce
d(Endz)alul] < C ICll, < € lull,.

Thus Lemma and give

(N(T), Endr(a + u) — g) = (N(T), d*(Endr)g[u, u]) — ' |[ull} > 0,
so again Endr(u + u) # q. O

Theorem can be deduced as a corollary of Theorem

Proof of Theorem[{.19. By Theorem there exist some 0 < 7" < T and a neighbour-
hood V of 0 in Vv such that Endg (w4 u) # v(T") whenever u € V' \ {0}. We now fix any
0 < T < T’ such that, whenever u € Vyv satisfies |Jull, < 272, we have u € V.

Assume by contradiction that there exists a constant-speed horizontal path § : [0,7] — R",
6 # Yo, connecting 0 to v(T') with L(0) < L (7\[0 T}). Let h € L?([0,T],R?) be the

control associated to d. Since  has unit speed, we have |h| = ‘5‘ <1 ae. on [0,7]. Let
us extend h to a new control h € L?([0,T'],R?) in this way:

= Jh(t) ifte]0,T]
) = {u(t) i1 e [1, 7]

It is clear that u := h — @ € Vpv, since the trajectory obtained by travelling along & and
then along ’y|[T ) is horizontal, it has speed at most 1 a.e. and its associated control is h.

This argument also shows that Endy (@ + u) = y(7”). Finally, u # 0 and

T 1/2
full, = ([ In—w ar) - <2ri
0

which implies v € V'\{0}. So Endy(u+u) # v(T") and we have the desired contradiction.
O

4.5. A strictly abnormal minimizer in a Lie group

This example is due to Liu and Sussmann. Let G := SO(3) x R, which is a Lie group with
Lie algebra so(3) x R. The factor so(3) can be identified with the Lie algebra consisting
of all skew-symmetric 3 x 3 matrices

[AeR¥3 . At = —A},

endowed with the usual Lie bracket [A, B] := AB — BA. This vector space has a basis
K1, K5, K3 satisfying

(K1, Ks] = K3, [Ka, K3] = K1, [K3, Ki] = Ko.
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In fact, one can choose

0 0
0 1|, Ky:=1{ 0
1 0 -1

o O O

1 0
0 5 Kg = 1
0 0

Now, identifying also s0(3) x R with the left-invariant vector fields over G, we define
X = (Kl,l), Xy := (K1+K2,2).

Declaring that X, Xo form an orthonormal basis of the smooth distribution D := (X7, X2)
makes G a sub-Riemannian manifold.

Notice that
[X1, Xo] = (K3,0), [X1,[X1, Xo]] = —(K2,0), [Xo,[X1, Xo]] = (K1 — K2,0) = 2X1 — Xo.

We deduce that X, Xo, [X1, Xo|, [X1, [X1, X2]] are everywhere linearly independent (by
their left invariance, it suffices to check that they are linearly independent as elements of
50(3)xR). We also notice that [Xo, [ X1, Xs]] € D\(X1) (pointwise): this is the fundamental
property of this distribution which will enable us to prove the strict abnormality of the
curve defined below.

Let 7 be any integral curve for X5 and, more precisely, let 7y : [0, 1] — G satisfy v(0) = (I,0)
and ¥ = X9 on [0,1]. v cannot be a normal extremal: its associated control is u = (0, 1),
so if (7, A) were a normal biextremal we would have (A, X;) = —u; =0 on [0,1]. Arguing
as in the proof of Theorem we would also have

<)\, [XQ,X1]> EO, <)\, [XQ,[XQ,Xl]D =0.

But [X2,[X2, X1]] = X2 — 2X1, so we should have (A, X2) = 0, as well. This would
contradict the fact that (\, X3) = —ug = —1.

We now prove that (7, \) is a nice abnormal biextremal, for some suitable dual curve A:
choose any X € T.,1)G \ {0} satisfying

(A X1 (v(D)) = (X, Xa(y(1))) = (A [X1, Xa](7(1))) = 0

and define \(t) := ®1_4(X2)*\. Let us check that (\, X;) = (), X3) = 0. As before, we
have
d

% <)\,X2> = <)\, [XQ,XQD = 0.

Moreover,

d d
— (N, X1) = (N, [ Xg, X —
dt< ) 1> < 7[ 2 1}>7 dt
As all the functions that we are differentiating vanish at ¢ = 1, we deduce that they vanish
on [0,1], as well. So (v, A) is an abnormal extremal. Since X7, Xo, [X1, X2, [ X1, [X1, X2]]
form a basis of the tangent space at every point, A(t) # 0 implies

(A(®), [ X1, [X1, Xo]](v(1))) # 0

for any t € [0,1], proving that (v, ) is a nice abnormal biextremal. Finally, Theorem
419 tells us that any sufficiently short initial piece of v is a strictly abnormal length
minimizer.

(A [Xo, Xu]) = [Xo, [ X2, Xa]] = (A, X2 — 2X7) = =2 (\, X1) .
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4.6. Golé-Karidi’s example

We now give an example of a strictly abnormal minimizer in a Carnot group G with n = 6,
r =2, s = 4. Let g be the stratified Lie algebra

g = (X1, X2) ® (X3) © (X4, X5) © (Xe) ,
where the Lie bracket is given by
(X1, Xo] := X3, [X1,X3] := Xy, [Xo, X3]:= X5, [X1,Xy]:= X6

(and [X7, X5], [X2, X4], [X2, X5] := 0). The fact that Jacobi’s identity holds can be checked
directly on triples {X;, X, Xj} of distinct elements of the basis: we can assume that the
sum of their degrees is at most 4 (as otherwise Jacobi’s identity is trivially satisfied), so
the only triple that has to be checked is { X7, X2, X3}. But

(X1, [Xo, Xs]] + [Xo, [X3, Xu]] + [ X3, [ X1, Xo]] = [X1, X5] — [Xa, Xu] + [X3, X5] = 0.
So g is indeed a stratified Lie algebra. Let G be the Carnot group associated to g.

A unit-speed abnormal biextremal (,\) with control u = (u1,ug) has to satisfy the fol-

lowing equations (see (2.3]) and (3.4)):
..

A1 = —Ug\3

Az = U3

)\3 = u1/\4 + UQ)\5
4.7 .
(4.7) Ay = u1he

b =0

)\6 = Oa

\

together with \; = A2 = 0 and u? +u3 = 1. Notice that the first two equations imply that
Az = 0 as well (we already knew this by Theorem {4.14)). Let f: R — R solve

fy = ——
IRVAENE0)

with f(0) = 0 (a global solution exists since the right-hand side is bounded). If we set

R Y A A(t) = (0,0,0, f,1,1)

) 2 )
V14 f? V14 f2
for t € [0, 1] (for instance), it is immediate to check that all equations are satisfied. One can
find this particular solution by imposir_lg A5 = A\g = 1: then one gets u; = A\g, uo = —u1\g
and the unit-speed constraint implies A3(1 + A\%) = 1.

Let v : [0, 1] — G be the curve associated to the control u, with v(0) = 0. Since \s =1 # 0,
v is a smooth nice abnormal biextremal, Theorem [£.19 guarantees that any sufficiently
short initial piece 7|[0,T] is a length minimizer.

We are left to check that 'y][O’T] is a strictly abnormal extremal. Assume by contradiction

that it is also normal: then there exists a dual curve u : [0,T] — R® which satisfies the
same set of equations (4.7)), which we rewrite for the reader’s convenience:

fi1 = —uap3

fi2 = u13

fi3 = u1ptg + u2pi5
fia = uifie

fi5 =0

fig =0,

together with p1 = —u; and pe = —us.
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In order to derive a contradiction, we are going to express all the variables in terms of u;
and Ay. We will obtain that u; has to be constant, which is clearly a contradiction. First
of all, we notice that uo = —Aqu;. Moreover, from the second equation we deduce

fi2 g1 1 Vi 3
= —= —— = — — = Uq.
Ul w1 up \\1+ Ai (1 + )\421)2 !

So, inserting this into the third equation,

3

3U%Z'L1 = Ui (u4 - )\4#5).

Thus (as up > 0) 3uity = pg — Agps, which gives, together with the fourth equation,

(4.8) el = fig = 3 (u1)2 + 3uqiiy + psuq.
Now let us compute u; and 4iy:
ul = —/\4u411
(since Ay = uy), while
il = —uj — 4Audig = —ub + 4 3l

Substituting into (4.8)), we arrive at

(16 — p5)ur = 15770 — 3uf

and finally, taking into account that \% = u1_2 -1,

(6 — ps)ur = 15u$ — 15uf — 3uf.

This equation forces u; to assume finitely many values, because ps and pg are constant. By
continuity u; has to be constant, which contradicts the fact that A4 is strictly increasing
on [0,77.



CHAPTER 5

New regularity results

In 2015, Hakavuori and Le Donne obtained the following theorem, which constitutes the
first general regularity result for sub-Riemannian geodesics.

THEOREM 5.1 (Hakavuori-Le Donne). Given any sub-Riemannian manifold M and any
constant-speed length minimizer v : [0,1] — M, « cannot have corner-like singularities,
i.e. we must have y_(tg) = 44+ (o) for any tog € (0,1) such that the left and right derivatives

Y= (to), ¥+ (to) exist.

Its proof, contained in [HL16|, is based on a blow-up argument and a clever cut-and-adjust
technique (which was first devised in a similar form in the work |[LMOS§|, by Leonardi and
Monti).

The aim of this chapter is to provide an overview of the proof of this theorem and to improve
it in the context of Carnot groups with rank 2. By following a quantitative approach, we
will obtain two interesting refinements of Theorem [5.1] whose statements are given after
the following definition.

DEFINITION 5.2. Given a Carnot group G with rank r» = 2, for any horizontal curve = :
la,b] = G we define v : [a,b] — Vi by 7y := 7o+, where 7 is given by Lemma
Moreover, we define the ezcess of v on any subinterval I C [a,b] to be the quantity

Exc(y, I) = < ]{ 5(t) - < ]{ 5(s) ds> 2 dt) "

In probabilistic terms, Exc(, I) is the square root of the variance of 4 on I. This quantity
(or, to be precise, its multidimensional analogue) is ubiquitous in the regularity theory for
minimal surfaces and for elliptic PDEs.

THEOREM 5.3 (small excess on arbitrarily small scales, one-sided version). Given a constant-
speed length minimizer v : [0,7] — G, there exists a sequence of scales 7; | 0 (depending
on 7y) such that

Exc(v,[0,7]) — 0.

THEOREM 5.4 (small excess on arbitrarily small scales, two-sided version). Given a constant-
speed length minimizer v : [T, T] — G, there exists a sequence of scales 7; | 0 (depending
on 7y) such that

Exc(v, [=ni,m3]) = 0.

REMARK 5.5. We notice that, in the special case where M = G is a Carnot group with
rank 2, Theorem [5.4] improves Theorem [5.1}

71
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Proof of the remark. Indeed, for any ¢y € (0,1), Theorem can be applied to the curve
a:[-1,1] = G, aft) :=~(te) n(te + €t),
with € := to A (1 — tg), which is still a length minimizer. Assuming (up to subsequences)
that f[—m m &=V E R?, we obtain that ¢; — v in L?([—1,1]), where
o [—L1] = G, «qt) = 51/771.(5(771-75))

and d) : G — G denotes the intrinsic dilation by the factor A > 0, since d&;(t) = &(n;t).
So, recalling Lemma [3.26] the control associated to «; tends to the constant u, given by

,
v = ZHZX“
i=1
and, since «;(0) = e, this implies that «; tends uniformly on [—1, 1] to the line ¢ — exp(tv).

In particular, a cannot have different left and right derivatives at 0 (provided that they
exist): indeed, assume by contradiction that &_(0) # &4 (0). Since a has constant speed,
from Lemma [5.21] below we get

mroa(t) =0(tF), Vk=1,...,s

(see Section for the notation). Thus, since T = d(mg)e, we get Tr(&a+(0)) = 0 for
k>1,ie &+(0) € Vi. But then

a(t) = 10y (0)t + 10y (0)t + o(2),
which gives
a; = 1>y (0)t + 1 cya—(0)t,

uniformly on [~1,1], thanks to the identity 70 §;,, = #77. This clearly contradicts the
fact that a;(t) — tv uniformly on [-1,1]. O

5.1. Cut, correction devices and preliminary remarks

In the next section, we will give a different presentation of the proof of Theorem [5.1
with respect to the one contained in [HL16]. Our presentation is based on the subsequent
application of suitable correction devices (which appear in a less explicit way in the original
paper), which we are going to define in this section. This will require a certain amount of
notation, but is better suited for the proof of our refinements, namely Theorems [5.3] and

5.4l

In this section, we will work in a generic Carnot group (whose rank is not necessarily 2).
We will use the notation and the facts contained in Section (3.3 as well as the notation
introduced in Definition 2.28

To begin with, let us choose, for any Y € g, a unit-speed geodesic dy : [0,¢y] — G from
e to exp(Y) (so that ¢y = d(e,exp(Y))): its existence is guaranteed by Proposition
Let us call uy the associated control in H*([0, £y], R").

DEFINITION 5.6. Given two curves o € H!([a,a + @], G) and 8 € H'([b,b+V'],G), let us
define their join a x 3 € H'([a,a + (a’ +b')],G) by the formula

alt) t<a+ad

. Y * = (
axf:la,a+ (@ +V)] =G, axp(l):= {a(a+a’)5(b)15(t+b—(a+a')) t>a+ad.
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It will be useful to allow the controls to be defined on arbitrary compact intervals [a, a +
a'] € R. We can define the join of two controls in a similar way (generalizing Definition
2.28)).

DEFINITION 5.7. Given two controls u € L?([a,a + a/], R") and u' € L%([b,b + V'], R"), we
define their join

t) t<a+d
/€L2 9 ! b/ ’RTa /t = U( N
uxu ([a;a+ (a" + ), RT), uxu(t) ut+b—(a+d)) t>a+d.

REMARK 5.8. Notice that o * 3 is continuous. It is horizontal iff so are o and 5. Moreover,
calling v and u’ the controls associated to o and 3, u*u’ is precisely the control associated
to a x 3.

DEFINITION 5.9.Let v : [a,b] — G be a unit-speed horizontal curve, with control u €
L?([a,b],R"), and let [s,s] C [a,b] be any subinterval. We choose any w € Vi, |w| = 1
such that (w,(s") —(s)) = |7(s') —y(s)| and we let v : [0, |7(s") — v(s)|] — R? be the
constant control v(t) := (wy,ws2) (where w = w1 X; + waX2). We define the cutted curve
Cut(y, [s, s']) to be the curve associated to the control

u’[a,s} Uk u‘[s’,b]
and the same starting point as . Equivalently,
Cut (v, s, 8) = V0, * XPCW)[o |y (1) —y0)]) * Vi -

Notice that w is uniquely determined if v(s’) # y(s), while if y(s") = (s) the cutted curve
is still well-defined and is simply given by

CUt(’Yv [8, Sl]) = 7’[(1,5} * ’Y|[s’,b]'

The following picture shows the effect of the cut operation (looking only at the projection
on the first layer V7).

y=mory 7o Cut(y, [s, '])

REMARK 5.10. We observe that Cut(+, [s, s']) is still unit-speed and horizontal. Moreover,
L (Cut(y,[s,5]) = L(7) = (s' = 5) + [2(5') = 1(s)]|

and the domain of Cut(v,[s,s']) is [a,b— (s —s) + |7(s') —7(s)|]. In particular, as

v(s) = ()| < f;/ 4] dCt = s' — s, we always have L(Cut(v,[s,s])) < L(y). As-
suming s < ', this inequality is strict unless § is constant on [s,s’] (in which case

v(s +1t) = y(s)exp(tv) for t € [0,|v(s') —(s)|]). Lemma provides a quantitative
strengthening of this assertion.
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REMARK 5.11. The final point of the cutted curve has the same projection on Vj as the
final point of v, i.e.

T (Cut(’y, [s,5]) <b>) = m(y(b)),

where b:=b— (s — s) + |7(s") = ~(s)|: indeed, using the formula

Cut(y.[s. ) (b) = 7(s) exp (|2(s") — (5} w) 7(s) " 1(0)

and Lemma we get

7r (Cut(’y, [s,5]) (5)) =

DEFINITION 5.12. Given a unit-speed horizontal curve v : [a,b] — G, with control u €
L?([a,b],R"), any subinterval [s, s'] C [a,b] and any Y € g, we define the corrected curve
Dev(v,[s,s'],Y) : [a,b+ 2¢y] — G to be the curve associated to the control

Ul * Uy * U o) * Uy * Uy,

with the same starting point as « (i.e. 7y(a)). Equivalently,
Dev(v,[s,s],Y) := Va5 * Oy * V5,51 * Oy (by — ) % V] -

Here 0y (¢y —-) denotes dy traveled backwards. We will refer to the process of transforming
v into Dev(7,[s, '], Y) as the application of the correction device associated to [s, s'] and
Y.

The following picture shows the appearance of 7o Dev(v, [s,s'],Y) when Y € V; (in which
case Oy is a straight segment).

y=monxy 7o Dev(y,[s,s'],Y)

Let us compute the displacement of the final point when we apply a correction device.
DEFINITION 5.13. We will use the compact notation ’y|g = 7y(a) "1y (b).

LEMMA 5.14. Setting b’ := b + 2¢y, the displacement v(b)~! Dev(~, [s,s'],Y)(b') is given
by the formula

(5.1) 3(6) ™ Dev(y, [s. ', Y)(¥) = Oy ([exp). 1] )

where Cy(h) := ghg~! denotes the conjugation by g and [g, h] := ghg~'h~! is the commu-
tator in G, which should not be confused with the Lie bracket in g.
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Proof. Indeed, it holds

Dev(y, s, 5], Y)(¥)

A(s)exp(Y) 71 exp(=Y) 41
A(s) [exp(0), 712 ] 21 A1

1(s) [exp(¥) 417 AL

1 -1
)

from which we deduce, using the identities v(b)~'y(s) = ~|; and fy]Z = (7]3)

Y(B)~ Dev(y, 5,51, Y)) = 5 [exp(v), 215 ] (11"

= 0y ([exp(v), 1))
]

We now state and prove two useful lemmas, which tell us how the homomorphisms 7;
behave when dealing with conjugations and commutators.

LEMMA 5.15. G; is a normal subgroup: more precisely, if g € G and h € G;, then

ghg™' € G, mj(ghg™") = m;(g).

Proof. Writing g = exp(X) and h = exp(Y'), recall the general formula for Lie groups
Cy(h) = Cyexp(Y) = exp(Ad(9)Y),  Ad(g) = Ad(exp(X)) = eI,

where Cy(z) := grg~! denotes the conjugation by g and is an automorphism of G, while
Ad := d(Cy). is the corresponding automorphism of g. Combining them, we have

exp H(ghg™!) = Ad(g)Y = 24Xy = Z (ad X) Y =Y +R,
Pt k!
where R € Wj,q, since all the terms with k£ > 1 belong to W11 (as Y € W;). Hence,
ghg™! € G; and
mj(ghg™!) =70 exp™l (ghg™") = (Y + R) = m;(Y) = m;(h).

LEMMA 5.16. Fix some 1 < j < s. If g € G and h € G, then

l9.h) == ghg™'h™" € Gj1, mya(lg, h]) = [w(g), mj(R)].
Similarly, if g € G; and h € G, we have

[gv h] = ghgilhil € Gj-f-l? 7rj+1([g7 h]) = [ﬂ'j(g),ﬂ'(h)].

Proof. Combining Lemma with Lemma we obtain [g, h] = (ghg )h™! € G; and
mi(lg. h)) = mj(ghg™") + mj(h™") = mj(h) — m;(h) = 0,
so that [g,h] € G;y1. Now, writing ¢ = exp(X), h = exp(Y) and using the formula
exp !(ghg™!) = e24XY as in the previous proof, we obtain
00 k
-1 -1y _ (ad X) _ /
exp (ghg )—Z I Y=Y+ [X, Y]+ R,
k=0
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where the remainder R’ is the sum of all terms with & > 2 and thus belongs to Wj 2. As
h~! = exp(—Y), the Baker-Campbell-Hausdorff formula gives
exp Y([g,h]) = P(Y + [X, Y]+ R,-Y) = [X,Y] + R,

where R” is given by the double sum in (3.2). Now, thinking each term of the double sum
as a (ki +41+---+k,+{,+1)-multilinear function (and expanding each factor containing
Y + [X, Y]+ R accordingly), we obtain that R” is a linear combination of elements of the
form

(ad Zl) s (ad Zk)Zk—l—la

where k > 1 and Z; € {Y,[X,Y], R'}. Those elements where only Y appears vanish, while
the other terms belong to Wj4o (since [X,Y],R’ € Wj;q and k > 1). We deduce that
R" € Wj4. Finally,

mir1([g, b)) =Tjp10exp ' ([g,h]) =T (X, Y]+ R") =71 (X, Y]) = [7(X),7;(Y)],
since X =7(X) + Ry and Y =7;(Y) + Ry, with Rx € Wy and Ry € Wjq.

The second part of the thesis follows from the first one, using the identity [g, h] = [h, g] ™'
]

COROLLARY 5.17.If Y € V}, then v(b) ! Dev(y, [s,s'], Y) (V) € Gj11 and

i1 (7(0) 7! Dev(y, [s, 8, Y)(1) = [Y,7(s) = 7(s)].

Proof. By Lemma [3:22] we have

7 (71]) = 7)) = 7)) = m(3(s)) = 2(s) = (),
Moreover, mj(exp(Y)) =Y. Hence, using Lemma we obtain

{(%XP(Y)’ ’YE,} € Gjy1, Tjt1 ([GXP(Y)a ’Yﬁ/D = [Y,y(s") —a(s)]-

The thesis now follows from equation (5.1) and Lemma m O

We conclude this section by introducing some other useful notation.

DEFINITION 5.18. When dealing with curves v defined on symmetric intervals, it is conve-
nient to use modified versions of Cut and Dev, namely Cut’(v, [s, s']) and Dev'(7, [s, s'], Y):
these new curves are simply obtained from Cut(vy, [s, s']) and Dev(y,[s, s'],Y) by precom-
posing them with a time translation, in such a way that their new domain is still a sym-
metric interval. Thus, for instance, if v : [~1,1] — G satisfies 7(0) = v (%), we have

o (uo3) [ 3] e o)) -em( b)) (1)

DEFINITION 5.19. Given a unit-speed v : I — G, two subintervals [s, s], [t,¢'] C I with
s’ <t and two elements Y,Y”’, we use the compact notation

Dev(vy,[s, s'],Y,[t,t'],Y’) := Dev (Dev(fy, [5,8'], V), [t + 20y, t' + 20y], Y')

for the subsequent application of two devices, as well as its symmetric counterpart
Dev'(v,[s, '], Y, [t,t'],Y') :== Dev' (Dev(v, [s, '], Y), [t + 20yt + 20y ], Y”)
= Dev’ (Dev'(7,[s, '], Y), [t + by, t' + £y],Y').



5.2. OVERVIEW OF HAKAVUORI-LE DONNE’S ARGUMENT "

5.2. Overview of Hakavuori-Le Donne’s argument

In this section we prove Theorem Let us assume by contradiction that, for some tg €
(0,1), Y—(to), v+ (to) exist and Y_(to) # 9+ (to). By a desingularization technique (which is
presented, for instance, in [Jeal4) Section 2.4]) we can assume that D is equiregular at (o).
Now, as was already pointed out in [LMOS§|, by a blow-up argument (which essentially uses
Theorem at v(tg)), we obtain a Carnot group G and a curve o : R — G which is still
a length minimizer between any couple of its points and has the form

exp(tYy) t<0
a(t) =
exp(tY2) ¢ >0,

with Y7,Ys € Vi, ‘Yl‘ = ‘Y2| >0 and Y7 # Ys.

Thus, to derive a contradiction, it suffices to prove that (for any G and any such curve «)
@|(_y 4] is not a length minimizer. By rescaling time, we reduce to the case that [V1| =
|Ya| = 1. We can clearly assume that Yj,Ys are linearly independent, since otherwise
Y7 = —Y5 and our claim is trivial. Moreover, we can also assume that G has rank 2:
indeed, as a(R) C exp((Y1,Y2)), we can replace G with G’ := exp(g’), where g’ is the
(graded) Lie subalgebra generated by Y7,Ys; G’ is a Carnot subgroup (see the argument
used in Step 4 in the proof of Theorem .

The main contribution of [HL16| consists exactly in the proof of the non-minimality of
a|[_171} under these hypotheses. This is achieved by cutting the curve a|[_171] (in such a
way that the projection on Vj becomes a straight segment), obtaining a shorter curve (;
with the same starting point, but with a final point which is only guaranteed to have the
same projection on V; as «(1). Then one replaces 51 with suitable corrected curves fy,
whose final point yy, satisfies yx € a(1)Gyy1. A crucial fact is that the error 741 (a(1) " y)
on the layer Vi1 and the extra length needed to correct it scale with different powers of r
under the dilation J,: this is exploited in order to guarantee that all the corrected curves
are shorter than af;_; ;.

We now give the full proof of the fact that a|[_1,1] is not a length minimizer, following

the above sketch. Set 81 := Cut’ (O"[fl,l}’ -1, 1]) and call [-T1,T1] its domain: recalling

Definition [5.9, Remark and Remark we see that (y satisfies the hypotheses of
the next theorem, with £ = 1. The non-minimality of a\[flyl] then follows by applying it

repeatedly: we obtain a finite sequence f1,. .., 3s; the final curve 85 connects a(—1) to
a(1l) and has L(Bs) < L (O“[fl,l])

THEOREM 5.20. Fix an integer 1 < k£ < s — 1. If there exists a unit-speed horizontal
Bi : [~Tk, T] — G such that

Br(=T) = a(=1), (1) 'Br(Tk) € Gry1, L(B) < L <a|[_1,1})
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(the last condition being equivalent to Ty < 1, as « is unit-speed), then there exists a
unit-speed horizontal fBi11 : [—Tk+1, Tk+1] — G satisfying

Bre(=Ti1) = (=1), (1) ' Bry1(Thy1) € Grya, L(Brra) <L (0‘|[—1,1}) :

We use the convention that G; := {e} for any j > s.

Proof. Set € := L (a\[_1’1]> — L(B1) and write a(1)7!8,(Ty) = exp(E), for some E €

Wii1 = Viy1 @ -+ - @ V. Recalling that [V, V1] = Vi41 and that Y7, Y, form a basis of Vi,
we can find Z71, Zy € V}, such that

Te41(E) = [Z1, Xa] + [Z2, Xo].

Let B, : [—rT,7Ti;] — G be the unit-speed horizontal curve given by

B (t) := r 0 B <t)

-
and call 3, 41 the reparametrization of
af [y ) * Brr * @l

obtained by translating the time, in such a way that the domain of 3, 41 is a symmetric

interval [=T7_ , T} 4]

TrO/Bk ﬂ-oﬂllf—i-l

Notico that Bfyn(~T{1y) = (1), a5 well a8 Bl pr = B (sinco a(-r) =
Brr(—rT})). Moreover,

L (04[_1,1]> — L(Br41) =L (04|[_m«]> — L(Bry) = er.
Thus, we obtain

o) Ba (M) = (alr) of}) ™ (Br(¢T0) o)

= Cyopr (a(r) ™ Brp(rTh))
= Copr (6, 0 exp(E))

which gives (by Lemma [5.15))
(52) 1 (@(1) 7 B (Tig)) = 7' T4 (B).

We define

1 1
Br+1 := Dev’ (51:;+1> |:_Tlg+1a Ty + 2] ,—2r"1 7y, |:Tl~,c+1 - 2aTk+1:| ,—QT'C+122>
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and call [—Tk11,Tky1] its symmetric domain. If r is small enough, Sxy;1 is the desired
curve: indeed, Sy1(—Tk+1) = a(—1) and

L(Br41) = L(Br11) + 20 _gm1z, + 20 o414,
=L (O[’[_LI]) —er+ O <7"(k+1)/k>

<L <a][7171]>

when r is small (the estimates £_g.x+15,,¢ _ouk+17, = O (r(k+1)/k) follow from Proposition
3.19)). Finally, noticing that

1 1
[QT}CHZhﬁ;QH (TIQH + 2) - 51;+1(T1é+1)] + [27"k+1Z275;c+1(T12+1) — Bt (Tlg+1 - 2)}

— [—2rk+1Zl,a (—é) —a(—l)] + [—2r’f+122,a(1) —a (;)]

= "7 (B)

and recalling Corollary Lemma and (5.2)), we obtain

Tt ()7 Begt (Tir1)) = megr (D)7 By 1 (Th41)) + 7ot (Broys (Ths1) ™ Bra1(Tit1))
= T'k+lfk+1(E) - T’kJrlkarl(E)
-0,

i.e. a(1)715k+1(Tk+1) S Gk+2. ]

5.3. A quantitative refinement

It turns out that, in order to correct the error (on the final point) produced by shortening a
curve v taking values in a Carnot group G of rank 2, all we need is to find, on any subinterval
I of the domain of v, two increments 7(b1) — vy(a1) and 7(ba) — y(az) which are linearly
independent (in a quantitative way) and such that |y(b1) — y(a1)| and |y(b2) — y(az)| are
both comparable with £!(I). On these two intervals one can then apply the appropriate
correction devices.

As a side note, we remark that, since V5 is 1-dimensional, we just need a single device to
correct the error on the layer V2. To this aim, we only need to know that some [a,b] C I
exists such that h(b) - l(a)’ is comparable with £!(I) (see Lemma below).

Before proving Theorems 5.3 and which are the goal of this section, we state and prove
some useful lemmas.

LEMMA 5.21.1f v € H'([0,T],G) is a horizontal path, then |m(v(0)"'y(T))| < CrL(v)"
(with respect to the inner product on g which makes Xi,..., X, an orthonormal basis),
where Cj > 0 depends only on k and G.

Proof. We can assume that 7 has unit speed and, possibly replacing v with L, g)-1 07,

that v(0) = e. Recall that, by Proposition in exponential coordinates X{ and XZ
have the form:

Xty =0+ >, fi(@)9;,
Jj:d(5)>d(i)
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where f;;(x) are homogeneous polynomials with weighted degree d(j) — 1. Let us denote
by vk(t) the k-th component of «(¢) in exponential coordinates. We now prove that there
exist C1,...,CJ, > 0 such that

(0] < )

for any ¢t and any j = 1,...,s, by induction on j: if j = 1,2 we have

m(t)\g/o \uj(f)ydfg/o (7| dr = t,

where u = (uy, ug) is the control of . For j > 2 we have
73 (8] S/O |ur (1) (da?, X1) ((7)) + uz(7) (da?, X2) (v())| dr
< [nsaelar+ [ Ge)lar

t t
< / 4t dr 4 O / 70"t gr
0 0

"
_ 2G5 )
d(7)
We estimated |uq(t)], |uz(t)] < 1. Moreover, we used the fact that fi;(v(7)), fo;(v(7))
involve only the components v;(7) with d(i) < d(j) (which are already estimated by the
inductive hypothesis) and fi;, fo; are homogeneous with weighted degree d(j) — 1. The
thesis follows from the obvious inequality

T (T < Y (D)
jdG)=k
0

LEMMA 5.22 (compactness of minimizers). Let v, : [0,1] — G be a sequence of unit-speed
length minimizers with 7;(0) = e. Then there exist a subsequence v;, and a unit-speed
length minimizer v : [0,1] — G (with 75 (0) = e) such that v, — Yo uniformly and
Y, —* Foo in L2([0, 1], V1).

Proof. Let us call up = (uy,1, ug2) the control associated to . Since, for any k,

([0, 1]) € Bu(e),

which is compact, and since all the curves v are 1-Lipschitz with respect to the distance
d, we can find a subsequence 7, converging uniformly to some curve yuo.

Since [un,|l, = 1, up to further subsequences we can assume u,, — @ in L?([0, 1], R?).
Identifying G with R™ (using the exponential coordinates), this implies that

ey 1 (DXL (Ve(1)) + iy 2(6) X3 (7 (1)) = W (6) XT (Yoo (1)) + U2 (1) X5 (Yoo (1))
in L2([0,1],R™). Thus, passing to the limit (as p — oo) in
i (1) = /0 (uky 1 () XE (7)) + gy () XE (s (7)) di,
we obtain .
Yool ) = /0 (@1 (1) XE (yo0(7)) + T (1) XE (10(7)) .

This proves that oo (t) = U1 () XF (Voo (t)) +U2(t) X4 (70 (t)) for a.e. t, 50 Y is horizontal
with associated control & =: Uxo.
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Moreover,
(5.3) luoollz 2 L) 2 d(700(0), Yoo (1)) = lim d(7k, (0), %, (1)) = 1.

But we already know that [Jus|ly <1 (as ug, — e and H“’%Hz <1),so0 Huka2 = |lusoll5
and, since L*([0, 1], R?) is a Hilbert space, this gives ug, — Uso. Hence |uso| =1 a.e. and
Yrp — Yoo, as well (since we have i (s) = ug,,1(s) X1 + ug, 2(s) X2 a.e. and the analogous
Entity for vo0: see Lemma.js all inequalities in must be equalities, we obtain

L(Yoo) = d(700(0),Y00(1)), thus v is a length minimizer. O

LEMMA 5.23.1f v : I — G is a unit-speed length minimizer defined on a compact interval
I, there exists some subinterval [a,b] C I such that }l(b) —l(a)} > cLY(I), with ¢ > 0
depending only on G.

Proof. We can assume I = [0,7], v(0) = e and, by rescaling (i.e. by replacing v with
o1/ ov(T")), we can assume T = 1. Assume by contradiction that such universal constant
¢ > 0 does not exist. Then we can find 74 : [0, 1] — G unit-speed minimizers, with 7;(0) =

e, such that for any 0 < a < b <1 we have ‘% —Yk(a )‘ < 27%. By Lemma |5.22 some

subsequence 7, converges uniformly to a unit-speed length minimizer v : [0,1] — G.
Such 7., satisfies

[120(6) ~ 3o (a)| = Jim |, (0) 4, (@) < Jim 27 =0,

p—00

for any 0 < a < b < 1. So 7 is constant and 7., has to be constant as well, contradiction.
0

LEMMA 5.24.Fix any ¢ > 0. If v : I — G is a unit-speed length minimizer with
Exc(vy,I) > € > 0, there exist some ¢ > 0, depending only on € and G, and some subinter-
vals [a1, b1], [ag,b2] C I (with by < ag) such that

‘det (j(bl) —v(a1),v(b2) — l(ag))} > c(ﬁl(I))Q.

Here the determinant is defined by means of the identification V; = R2, a X +bXs < <Z> .

Proof. Again, we can assume I = [0, 1] and (0) = e (since the excess does not change
by rescaling, i.e. Exc ((5>\ o ()\*1 ) ) = Exc(v,I) for any A > 0). By contradiction,
there exist unit-speed length minimizers v : [0, 1] — G (with v,(0) = e) such that, for any
0<a; <b <as <by <1, we have

|det (g (b1) — (a1), 3m(b2) — yx(az))| < 27",

By Lemma [5.22, there exists a subsequence (7t,) such that 4z, — 7o uniformly and
Yk, — Yoo I L ([0,1], V1), for some unit-speed length minimizer v.,. For any 0 < a; <
b1 < ag < by < 1 we have

|det (Yoo (b1) — Yoo (@1), Yoo (b2) — Yoo (a2))]
= lim [det (100 (b1) = 00 (@1), Yoo (b2) — 20(a2))|

< lim 27 %
pP—00
=0.
We deduce that

(5.4) det (a0 (b1) — Yoo (1), Yso(b2) — Yoo (a2)) = 0.
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Now we choose two differentiability points 0 < s <t < 1 for 75, which exist as v is
Lipschitz. Setting
a1:=8, by :=s54906, ap:=1t, by :=t+9

and letting 0 | 0 in (5.4)), we deduce det(¥o0(5), Joo(t)) = 0. So all the vectors Y (s) (as
s varies among the differentiability points) are multiples of some fixed unit vector v € V7,
i.e. Joo(s) = as)v for some Borel function « : [0,1] — {£1}, on a Borel subset of [0, 1]

having full measure. Setting 3(s) := [; a(s') ds’ and writing v = v1 X1 4 v2V5, the curve
s — exp(f(s)v) has the same control (via, vaa) as v and the same starting point. So

Yoo (8) = exp(B(s)v).

AS 700 is & minimizer, § must be monotone increasing or decreasing, i.e. a(s) =1 a.e. or
a(s) = —1. This gives 750(s) = s for all s or 75.(s) = —s for all s. In both cases we obtain
Exc(Yo0, [0,1]) = 0. But

Exc(vs0, [0,1]) = pli_}rgo Exc('ykp, [0,1]) > €,

since Yk, — Yoo in L*([0,1], V1), which is a contradiction. O

We will need the following elementary estimates.

LEMMA 5.25. Let wy,ws € R? be two linearly independent vectors; let us write
€1 = C11W1 + C12W2, €2 = C21W1 + C2W2.
Then, for any i,j = 1,2, we have the estimate

max {|wy] , [wal}
|det (w1, ws)]

|cij| <

Proof. In fact, denoting by w;; the j-th component of wj;, it is immediate to check that

WooW1 — W12W2 . —wW21W1 + Wil we
2 p—

e|1 =

det(wy, ws) det(wy, ws)

O
LEMMA 5.26.Let v : I — G be a unit-speed horizontal curve and J C I a compact
subinterval (with £1(.J) > 0). Then

L(J)
2

L(v) = L(Cut(y, J)) > Exc(y, J)%.

Proof. Let us write J = [s,s] for some s < s’. Let w € V; be any unit vector such that
{(w,y(s') = 7(s)) = |7(s') = 7(s)|, as in Definition Notice that this also gives

<w,][ "yd£1> =

Since ‘1‘ =1 a.e., as well, we deduce

/

][ ydct

3 —wl” =21~ (w.4))
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and finally

Multiplying by £!(J) = s’ — s, we arrive at
LY Bxe(r, 77 = 2 (5 — 5) — [1(5)) — 2(5)]) = 2 (L(3) — L(Cut(,.7))
(see Remark [5.10)). O

We are now ready to prove the first of the two announced theorems, which we state again
here for the reader’s convenience.

THEOREM (one-sided version). Given a constant-speed length minimizer v : [0,7] — G,
there exists a sequence of scales n; | 0 such that

Exc(v,[0,7]) — 0.

Proof. Step 1. Possibly reparametrizing -y, we can assume that v : [0,7] — G is unit-
speed. Assume by contradiction that Exc(+, [0,¢]) > € for any sufficiently small ¢. We will
inductively build new unit-speed horizontal curves v*) : 0, T;] = G, for kK =1,...,s, in
such a way that

(i) v (0) = 7(0),
(it) V(7)Y ®)(T}) € Gy,
(iif) L (v¥) < L(y).

In particular, 4(¥) will be a horizontal curve with the same endpoints as v, but with smaller
length: this clearly contradicts the minimality of ~.

We define v() := Cut(~, [0,7]), where the parameter > 0 will be chosen later. In fact,
any sufficiently small n will work; in this proof, the notations O(+) and o(-) will be used for
asymptotic estimates which hold as n — 0. Notice that, by Remarks and A1)
satisfies (i), (ii) and (iii) (with k& = 1).

Step 2. Let us fix parameters 5 > 0 and p; :=1> pa > --- > pg > 0 such that
(k+1)pr — pr1

k

forall k =1,...,s— 1. This is possible if 5 is chosen to be very small: the last inequality
can be rewritten as

>1+28

Pry1+ Kk 2k
>
P> e’
and one can proceed by choosing ps € (0,1) at will, then ps_; < 1 so as to verify the
(strict) inequality when 8 = 0 and k = s — 1, then ps_ similarly and so on. By continuity,

the inequalities will still hold for a small enough 5 > 0.
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For any k =1,...,s — 1, we define I, := [0,7”*]. Notice that (as soon asn < 1)
0, =1 Sl C--- C I y.

By Lemma [5.26] the length gain obtained by performing the cut is
2
€
L) = L) 2 g =t

if 7 is small enough (since Exc(7,[0,7]) > €).

The curves %) : [0, Tx] — G will be constructed inductively so as to satisfy (i), (i) and
(iii), as well as these additional properties, which already hold for AW

(iV) Tk 2 Tk,1 if k Z 2;

(v) L (v(k)) < L(y) — (1 4 o(1))n**+28 (which is clearly stronger than (iii), when 7 is
small);

08 3O o 1 = Uiggprs g O+ (7 = T, Le o [207, T3] %) has the same
projection on V7 as the corresponding final piece of ~;

O(n).

(vid Hﬂ = lio.m

o

Step 3. Assume that v(*) has been constructed, for some 1 < k < s — 1, and write
D) WU(Ty) = exp(Ey)

for a suitable Ey € W11 = Viy1 @ --- @ Vs. Let us estimate 711 (Fy): first of all, by (vi)

and the uniqueness part of Lemma [3.26]

T
~ (k)

)
Tk

Tk,

2nPk

where 73, := 2P + (T — T}). Hence, defining g, := (1) ~'4*)(2n?*), we have

T

FB(T3,) = 4B (2nPr) 4 F)

2nPk

V(i) g YL
(1) A7, Copr (98)
1(T)C e (gr)-

As 4(T)"'y*)(T}) € Gjy1, by Lemma we obtain g € Ggy1, as well, and

Tkt1(Ek) = Tt (’y(T)’lfy(k) (Tk)> = mes1(gr) = O (n(kﬂ)pk) .
the last estimate comes from Lemma [5.21] applied to the curve
(k)

Vo) (e =V *75  g

connecting v(73) to ¥*)(2nP%), whose length is 73, + 2n°% < 50 (as, by (iv), T — T} <
T —T) <n<nfr).
Step 4. Let us now build v*+t1). As Vi, = [Vi, X1] + [Vi, X2], we can find Y7,Ys € V;,
with
Y1, X1] + Ve, Xo] = W (B), il |2l = O (n*+0e).
Furthermore, we have
EXC(77 Ik+1) > €
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whenever 7 is small enough. We can apply Lemma to Ix41, finding [ay, b1], [ag, ba] C
Ty (With b < CLQ) such that

‘det (l(bl) - l(al),l(bz) — 1(@2))‘ > C’I]ka""l.
By (vii) we have
’det <fy(k)(b1) — fy(k)(al)’,y(k)(bZ) B ﬂ(@))

for small . By Lemma writing
X; = e (1M1 = 19(a@)) + ez (19 (02) = 19(a2))

> et — O(pltPren) > %7729k+1

for i = 1,2, we have [¢;j| = O (n~Pk+1). So, defining Z; := c11Y1 + ca1Y2 and Zp :=
c12Y] + ¢c92Ys, we obtain

Tr1(Er) = [Z1,7% (01) = v*) (a1)] + [Z2, 77 (b2) — 7 W) (a2)],

with | Z1],|Zs| = O (nk+DPr=pr1). Finally, we let
A = Dev(y®), [a1, b1], — Z1, [az, ba], — Z2).
By Proposition the extra length needed to create this couple of correction devices is

0] (|Zl|1/k> +0 (IZQ|1/k> _0 (nw’i_pk“> _ <n1+25) ’

by the inequalities imposed on the parameters pg. Thus,

L(y*) < L(y®) + o(n' 7).

Step 5. Let us check that 4(*+1) has the desired properties. We have just verified (iii) and
(v), while (i), (iv) and (vii) are trivial. In order to check (vi), we remark that

(k+1) _ 7(k+1)} s ~(F)

~
[0,77F+1 (T 11— Ty [nPk+1 Ty ]

and the final point of the first curve in the join coincides with the starting point of the
second one. Since Tyr1 — T =0 (17”2/3) = o(nPr+1), if ) is small enough we obtain

(k+1) ~ (k)

 (Tpr - T
(277k+1 Ty 4] 7‘[2npk+l_(Tk+l_Tk)aTk]( (Tea k)

1}[2npk+l_(T_Tk+l)7T] ( + (T — Tk—l—l))

i

(the last equality holds because 2nPk+1 — (Tj4q —T}) > 21°* when 7 is small). Thus, v*+1)
satisfies (vi).

Finally, let us check (ii): applying Lemmas and (and recalling Definition ,

we have
YT) 1 E D (@) = (Y@ O @) (YO @) * D (Tsn)) € Gra
and
meer (V)T (L)) = m(exp(Br) + mest (10 (1) 79D (L) )

= Tt 1(E) + [~ Z1,7(b1) — y(a1)] + [~ Z2,7(b2) — v(az)]
=0.

This finishes the proof. ]

Let us now see what changes are needed to prove the two-sided version, which we re-
state.
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THEOREM (two-sided version). Given a constant-speed length minimizer v : [-1,7T] — G,
there exists a sequence of scales 7; | 0 (depending on ) such that

Exc(v, [-n,m]) — 0.

Proof. The proof is analogous to the preceding one, but now all the constraints imposed
on the curves 'y(k)7 as well as the cut and correction operations, have to be replaced by
their symmetric counterparts. So (again assuming without loss of generality that ~ has
unit- speed) ~®) : [—T},, Ti] — G is a unit-speed horizontal curve satisfying

(i) Y ®(=T}) = (=T);
(it") Y(T) " B(T}) € Gy

L (y®) < L(v);
Ty > Ty if k> 2;

(v)) L(v®) < L(7) = (1 + o(1))n"+27;

(iii’

(iv’

)

)
)
)
)
)
)

(T —Ty)) and
— (T'=T));

(vi) ) ‘Wk R T G

™ [Tk, —20°k] — 1‘[—T,—2npk—(T—Tk)]('

(vii") Hﬂ‘ 1’[_%%} = O(n).

and the first curve is v(!) := Cut’(y, [~n,n]). We now list the necessary modifications in
the various steps.

The estimate 711 (gx) = O (n(kﬂ)p’“) follows by applying Lemma to

7|[—Tk,’rk](7—k - ) * /y(k)’

and noticing that, by (i’), (vi’) and Lemma Y(—=Tk) = 7 F) (=2nP%).
Finally, in Step 5, the fact that 4(**1) satisfies (vi) follows from the identity

,y(kJrl) — ,y(k) « ~(k+1) %« ~(F)
=Tkt [=nPR+L —(Ty 1 —Ti) R4 +(To 1 —Tx)] — | [nP*4+1, T3]

[—2nPk ,2nPk]

where the final point of each curve in the join coincides with the starting point of the next
one. O

5.4. A toy problem

One could wonder whether the techniques introduced in this chapter can be used to obtain
stronger regularity results. The proof of Theorem [5.3] in fact shows also the following
statement (where one can take 7 := pa and 79 1= py).

THEOREM 5.27. Fix € > 0. There exist some 8 > 0, 0 < 75 < 71 < 1 (independent of ¢)
and some threshold 77 = 7j(€) such that, for any n € (0,7), this implication holds:

Exc(8,[0,]) > e Vt € [n™,n™] = Exc(5,[0,7]) < n°.

This suggests that constant-speed length minimizers should C'18-regular for some small
3, depending solely on G: indeed, if a curve v satisfies Exc(y,J) < (£Y(J))? for any
sufficiently small subinterval J C I, then (by Campanato’s embedding theorem) v € C1#
so that v € C18, as well. Of course, this cannot be obtained by the above statement, due
to the presence of the hypothesis of big excess.
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An interesting toy problem in Carnot groups G with rank 2 is to prove the non-minimality
for this special family of curves: given a € (1,2), let 4 : [0,+00) — G be the horizontal
curve such that v,(0) = e and

h(t) =tX; +t*Xs.
Since any constant-speed reparametrization of v, is not C1#, for any § > «, the following
result can be viewed as an additional piece of evidence for the above heuristic.

THEOREM 5.28. If a > 1 is sufficiently close to 1, then, for any positive T', 701][0 1] is not a
length minimizer.

The proof uses the same techniques contained in the proof of Theorem [5.3] but is much
simpler. In particular, the notion of excess is no longer involved.

Contrary to the preceding section, we will not have the necessity to deal exclusively with
unit-speed curves. Thus, in order to lighten the notation, for any horizontal curve - :
[0,7] — G we replace Cut(v,[s,s']) and Dev(y,[s,s'],Y) by suitable reparametrizations
Cut(v, [s, 8']) and Dev(v, [s, '], Y), which still have [0, T] as their domain and satisfy

7o~y =mo Cut(y,[s,s]) = 7o Cut(y,[s,s],Y)

on [0,T]\ (s,s'). Explicitly, we call Cut(7, [s,s]) the curve built in Definition with

[v(s)—(s)|

eXp(-w)|[07’1(S,)_l(s)H replaced by exp ( P . Similarly, we let

[0,s'—s]
TW(’V, [5> 3/]7 Y) = 7|[07s] * 0 * 7|[3’,T])

where o is the constant-speed reparametrization of dy * 7][378/] % 0y (ly — -) with domain

s, 8]
Proof. Call v := ’ya|[07T]. Let 8 := a — 1 be so small that we can find parameters p; :=

1> pa >--- > ps > 0 satisfying

(k+1D)pr, — (1 + B)pri1
k

forallk=1,...,s—1. Letn bﬂly positive parameter to be chosen later (any sufficiently
small i will work) and (1) := Cut(y, [0,7]). The length gain produced by this cut is

n
L(y) - L(yV) = /0 V14 a2t dt — /12 + 12 = (e + o(1))n'

for some ¢ = ¢(a) > 0. Assume now that v*) has been constructed in such a way that
(5.5 AP0y =e, WD) TVIUT) € CGra, L) < L(7), A" =7 on 39, T
for some 1 < k < s — 1. Writing -
V(1) AT = exp(Ey),
by Lemma we have (arguing as in Step 3 of the proof of Theorem [5.3)
Ths1(Br) = meaa (7(307) O 3)) = 0 (nF 00 )

So we can find Y7, Ys € V, with

(Y1, Xa] + [Y2, Xo] = Tpra (Ep), |3ﬁ|7\Yé|=:C)(n(k+Upk).

> 1428,

Since
det (y(2nPF+1) — y(nPH+1), 4 (3net) — y(2pfher)) = TPk,
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using Lemma [5.25| we can write

fk-s—l(Ek) — [Z1’1(277pk+1) _ l(npk+l)] 4 [Z271(3779k+1) _ 1(27’/%“)]
for suitable Z1,Zs € Vi, with |Z1],]Zs| = O (pk+Dee=(+8)rk+1) - Notice that 7y agrees
with ﬁ at pPk+1 2pPr+1 3nPr+1 if 1 is small. Finally, we define

A kD)= Dev(Dev(y(k), [P+, 2nPEt1], — Z1), [20PK+, 3nPR1], — Zs).

The extra length needed to create the devices is o(n'+2%). Thus, v*+1 satisfies (5.5) (with

k + 1 in place of k). The final curve ~(®) has the same endpoints as v, but smaller length
(if n is chosen sufficiently small). O



APPENDIX A

Some well-known analytic facts

A.1. Local openness of perturbations of invertible linear maps

LEMMA A.1.Let A :RY — RY be an invertible linear map and let F : B, — RY (where
B, := B,(0) ¢ RY) be a continuous map such that |1F = Al coop, myy < THA—1H—1

(the last norm is any submultiplicative one, such as the operator norm). Then we have
0 € int F'(By).

Proof. Let us assume first that A = I and r = 1. Call e := 1 — [|[F' = id|[co(gn-1 gy > 0
and assume by contradiction that some y € B, does not belong to F'(B;). Since for any
z € SV-1 we have |F(x)’ >1-— ||F — idHCO(SN*l,]RN) = ¢, we get that y Q F(El) as well.
So we can define
G(z) = y—iF(m)7
ly — F(x)|

which maps B; — SV~ continuously. Any fixed point x of G has to belong to SN~ and
here G(z) = z is equivalent to (z, G(x)) = 1, but

(r,y = F(x)) = (z,y) + (x,2 = F(z)) = 1 < |y[ + [|[F = id] co(gn-1 gvy = 1 = |y[ — € <0.

So G maps B into itself and has no fixed point, contradicting Brouwer’s fixed point
theorem. This concludes the proof for the case A =1 and r = 1.

We can always reduce to this situation by considering F : By — RN, F(z) := LA~ F(ra),
which satisfies

= LA (Fire) — AGra))| <1

r

1A*lF(rfL’) —x

r

’F(az) - :IJ} =

for any # € OBj. The previous discussion gives 0 € int F/(By), so 0 € int F(B,) as well. [

COROLLARY A.2.Let © C RY be an open set containing 0 and F : Q — RY continuous
such that F(z) = Az + o(|z|) (as # — 0), where A : RV — R¥ is an invertible linear
map. Then F' is locally open at 0, i.e. 0 € int F'(U) for any open U C € containing 0. In
particular 0 € int F'(Q2).

Proof. 1t suffices to apply Lemma to F |§r, which satisfies the hypotheses for any
sufficiently small r. O

A.2. First and second order optimality conditions for constrained problems

LEMMA A.3.Let Q C RN be open and f,hy, ..., hy € C*(Q). Let
Vi={zeQ:hi(zx)="-=hp(x) =0}

89
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and assume that 7 is a local minimum for f|,, and that dhi(z),...,dhn,(x) are linearly
independent. Then there exist unique real numbers Ay, ..., A, such that

z)+ i \idhi(T) =
i=1

Moreover, we have the second order optimality condition

T)+ > Xid*hi(T) > 0
i=1
on the vector subspace Z := N, ker dh;(Z).

Proof. By the implicit function theorem, possibly replacing ) by a sufficiently small ball
centered at Z, V is an (N —m)-dimensional embedded manifold with 73V = Z. So for any
v € Z there exists a C% curve o : (—¢,€) — V such that 0(0) = T and 5(0) = v. Now,
since f o ¢ has a local minimum at 0, we have

F@] = S(7o0) =0,

t=0

so df () vanishes on Z. Hence, it defines a linear functional on the quotient RY /Z, whose
dual has dhy(T), ..., dh,(T) as a basis, thus we get the first part of the thesis.

As for the second part, fixing v € Z and o as before, differentiating twice the identity
h; oo =0 gives

(A1) d2hy(F)[v, v] + dhi(T)[5(0)] = 0.

Again from local minimality we have %( fo a)‘ >0, i.e.
t

& f(@)[v, o] + df (7)[5(0)] >

Multiplying (A.1]) by A; and summing these equations together with the last one we arrive
to

UU+Z)\d2 Vv, v] + df (Z +Z>\dh >0

and we are done since df( )+ > Nidhi(T) = 0. O

A.3. Absolutely continuous functions

We recall that, given a continuous increasing function h : [0,7] — [0,7"], there exists a
unique finite positive measure p on the Borel o-algebra B([0,T]) such that h(t) = n([0,¢])
for any 0 < ¢ < T. Moreover, such u satisfies p ({t}) = 0 for any ¢. Let us begin with a
simple useful identity.

LEMMA A.4.Given h and p as above, if we also have h(0) = 0 and h(T) = T’, then
hop = LEL[0,T].

Proof. The additional condition h(0) = 0, h(T') = T" amounts to saying that h is surjective.
So, given any 0 < s < t < T’, we can write h~!(s) = [a,a’] and h~1(t) = [b,¥] (possibly
with a =a’ or b =1V'). Now

hent([s,8]) = 1 (B[, 1)) = ([, ) = (@, b)) = h(V) = h(a) =t — s = £'([s, 1.

Thus h.u and £ [0, 7] agree on open subsets of [0,7”], so they coincide by outer regu-
larity. O
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We now turn to the case of AC increasing functions. We recall that, in this case, we have
p < LY and p = hLl. All the facts which are stated and proved in the remainder of
this section are special cases of the area formula for AC functions, which is discussed, for
instance, in |[AT04} Section 3.4].

LEMMA A.5. Given an AC increasing function h : [0,7] — R, for any £'-negligible Borel

set N C [0,T] we have
e (n(vufi=0})) =

Here h denotes the classical derivative of h, which exists a.e. (so {h = 0} is the set of all
t € [0,T) such that h(t) exists and vanishes).

Proof. We can assume, without loss of generality, that h(0) = 0 and 7" := h(T) > 0. Let
S :=J, h~1(t), where t varies over the elements of [0,7"] whose preimage is greater than

a singleton. Notice that this union is at most countable, so S is a Borel set where h = 0
a.e., proving that p(S) = [¢h(t)dt = 0. Thus, for any B € B([0,T]),

LY(W(B)) = u(h™ (h(B))) = w(BNS) +p (A~ (h(B)) \ §) = W(BNS) +u(B\S) = u(B),

since h~1(h(B))\ S = B\ S. Now {h = 0} is a Borel set and p ({h = 0}) =u(N)=0
(as u < L), so we deduce

c! (h(Nu{h:o})) :u(NU{h:O}) —0.

O
LEMMA A.6. Given an AC increasing function h : [0,7] — R, we have
! (h*l(N) \ {h - 0}) —0
for any £!'-negligible Borel set NV.
Proof. Lemma [A4] tells us that
i (B () = () = L1(N) = 0,
so, recalling that pu = hL', we obtain
0= / h(t) dt = / () dt.
h=1(N) h=1(N)\{h=0}
But 2 > 0 a.e. on h™'(N)\ {h = O}, so this set has to be L£'-negligible. O

LEMMA A.7 (change of variables). If ¢ € L'([0,T"]) (possibly undefined on a negligible
subset) and h : [0,T] — [0,7"] is AC, increasing and surjective, then (¢ o h)h is well-
defined a.e. and is measurable, with the convention that the right-hand side vanishes at
t whenever h(t) = 0 (even when ¢ is not defined at h(t)). Moreover, it is summable and
satisfies the identity

7

/T¢o h(t)h(t)dt = o) dt’.
0

0
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Proof. The fact that (¢ o h)h is defined a.e. and is measurable follows from Lemma
In order to prove the second statement, we can assume that ¢ is defined and nonnegative
everywhere and that it is Borel. By Lemma [A-4] we have

T T
/ ¢ o h(t)h(t)dt = $ohdu= / ¢ dhpr = o(t') dt
0 [0,7]

(0,77 0

(notice that this proves the summability of (¢ o h)h in the general case). O

COROLLARY A.8 (chain rule).If u : [0,7'] - R is AC and h : [0,T] — [0,7"] is AC,
increasing and surjective, then u o h is AC as well. Moreover, its classical derivative is
given a.e. by the formula

d . ;
%(uo h) = (o h)h.

Proof. It suffices to apply Lemma to h|[07ﬂ, forany 0 <t <T:

h(t) ¢ .
uoh(t) —uoh(0) =u(h(t)) —u(0) = /0 u(s')ds' = /0 to h(s)h(s)ds.



APPENDIX B

Existence, uniqueness and regularity of flows

The aim of this section is to briefly revisit the classical Cauchy-Lipschitz theory for ordinary
differential equations of the form

= Z Uj (t)X
i=1

where the X;’s are globally defined smooth vector fields on a smooth manifold M and
u; € L?(I), for some fixed interval I C R. This equation is intended to hold a.e. and we
require that the solution v belongs to H, lloc, whose meaning is made precise below.

DEFINITION B.1.Fix any interval (a,b) C R, with —oc0 < a < b < 400. We say that
v : (a,b) = M belongs to H}. _ if v is continuous and, for any t € (a,b), there exist a
local chart ¢ : U — R™ and some € > 0 such that v ([t —€,t+¢]) C U and ¢po~y €
H' ([t —€,t +¢€],R"). The meaning of v € H} (I, M) when I is a non-open interval is
defined similarly.

When I is a compact interval, we write H' (I, M) in place of H. (I, M) to emphasize the

fact that, for any v € H'(I, M), its energy [; 19|% (t) dt is finite for any fixed Riemannian
metric on M.

REMARK B.2. Since transition maps are smooth and curves in H! are well-behaved under
composition with a smooth map (i.e. for any ¢ € H!([c, d], R") and any ¢ € C1(£2, R") with
o([c,d]) C Q we still have ¢ oo € H'([c,d],R"™)), this definition immediately implies that,
giveny € H. _((a,b), M), for any local chart ¢ : U — R™ we have ¢oy € H} (v }(U),R™).
Moreover, we can give a precise meaning to the equation, by requiring that any time ¢ has
a neighbourhood where it holds a.e. in a local chart. This is a good definition since for
R™-valued curves belonging to H} . the time derivative can be interpreted a.e. as a classical
one, and thus gives a well-defined vector in T'M.

To begin with, we prove a local existence result.

PROPOSITION B.3. Given 2z € R™, u = (uy,...,u,) € L?([0,1],R") and smooth vector
fields X1,...,X, on R", there exlsts some 0 < T < 1 (depending on z, v and the vector
fields) such that the equation ¥(t) = Y, u;(t)Xi(v(t)) has a solution v € H'([0,7],R")
with initial condition v(0) = x.

Proof. We fix some positive T', to be chosen later. Consider the map
F: C%[0,T),R") — H'([0,T},R") C C°([0,T],R")

given by the formula

F(v)(t) —:17—1—/ Zul Xi(y(s)) ds.

93
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Fix any radius R > 0 and call Sg := {7 € C°([0,T],R") : ||y — z[|, < R}. If v € Sg we
have the simple estimate
T 2
IF(y) — )%, < T/O (Zuz’(s)Xi(’Y(S))> ds

T
< T Juf? /0 S X1 (3))1? ds
< OT? |Jull3

for some positive constant C' (explicitly C' := maxg, >, | X;|%). If T is sufficiently small
we have CT? < R?, so F maps the closed set Sg into itself. Moreover, for any v,d € Sg
T
IF(7) = FO)Z, <T Hqu/O | Xi(v(s)) = Xi(8(5))* ds < C'T? ||y = 4[2,
for some €7 > 0 (explicitly ¢ := r max; maxg |dX;|?). So, possibly shrinking T so that
C'T? < 1 as well, we obtain that F)| sy 18 & contraction and the Banach contraction principle

tells us that there is a (unique) fixed point v € Sg. As such, v belongs to H*([0,T], R")
and solves the differential equation (for a.e. ¢) with the required initial condition. O

REMARK B.4. Clearly the same proof works even when the vector fields are only defined
on an open neighbourhood of = and [0, 1] is replaced by any other compact interval. We
can also solve the differential equation for small negative times, i.e. on [—T,0] (provided
u is defined here, of course), simply by reflecting time, which amounts to replace u(t)
by —u(—t). Joining the solutions for positive and negative times gives a solution on a
neighbourhood of 0, as well.

We now prove a global uniqueness result.

PROPOSITION B.5.Given # € M, tyg € R and u € L?*(I,R"), the equation 5(t) =
> ui(t)Xi(y(t)) has at most one solution v € H\ (I,M) such that y(tg) = =z, for any
interval I containing .

Proof. Let 7, § be distinct solutions. We can assume that v(t') # 6(¢') for some ¢’ > ¢ (in
the other case it suffices to reflect time, considering the solutions t — y(—t), t — 6(—t) to
the same differential equation with wu(t) replaced by —u(—t), and ¢y replaced by —ty). Let

1= max{tZto:’}lE(son [to,t]} <t

(continuity of v and ¢§ allows us to write a maximum instead of a supremum). By composing
with a local chart near x := ~(t) = 0(¢), we can assume that M = R™. We now fix any
R > 0 and by continuity we have v([t,#1]),d([t,t1]) € B,(z), for some t; > . As in the
proof of Proposition if t1 is chosen sufficiently close to ¢ the map F' defined above is a
contraction on the closed set Sr (with the interval [0, T replaced by [t,¢1]), hence it has
a unique fixed point. But V‘E,tl] and ¢ ’ﬁ,h] are distinct fixed points of ' and we arrive to
a contradiction. g

REMARK B.6. Fix a nontrivial interval I C R and ty € I. Uniqueness allows to define, for
any u € L?(I,R") and any initial condition y(tg) = x, the maximal interval Iqq(z,u) C T
containing ty where the solution exists. Clearly I, has to be relatively open in I (if for
example I = [0,1], to = 0 and L4 = [0,7], with 0 < T < 1, Proposition would
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provide a solution locally near T, with initial condition «(7") at time 7', which we could
then join to 7, contradicting the maximality of I,4.).

DEFINITION B.7. From now on, let us denote by I, (2, u) the maximal interval where the
solution associated to (z,u) exists, as in the previous remark, where we choose ¢y := 0 and
I :=[0,1]. Moreover, we define

Vi={(z,ut):z €M, ue L%([0,1],R"), [0,t] C Iaa(z,0) }

DEFINITION B.8. Let (x,u,t) € V. We will use the notation End(z,u) := ~(t) for the
flow map (here v is the solution associated to (z,w)). End; is the endpoint map at time t.
When t is omitted, it is meant to be 1, so that End := End;.

Let us move to the regularity properties of the flow, beginning with continuity. In the
sequel we will assume that controls are defined on [0, 1], but similar results hold for any
compact interval I C R.

LEMMA B.9.If M = R"™ and ~y solves the equation on [a,b] C [0, 1] with initial condition
Y(a) = xg and control ug, for any 6 > 0 there exists some € > 0 such that, for all
x € Be(zo) and all u satisfying ||u — ug||, < €, a solution v with initial condition y(a) = =
and control u exists on [a, b] and satisfies ||y — o/, < 0 on [a,b].

Proof. Fix a large open ball B containing vo([a, b]) and set R := dist (yo([a, b]), B) > 0.
The proof of Proposition shows that there exists some 7' > 0 such that, for any x € B
and any initial condition 7(s) = x, a solution exists on the interval [s, (s + 1") A b]. Now
let v be the maximal solution associated to z and w, defined on [a,t) (for some ¢ < b) or
on the whole of [a,b]. In the second case we let t := b. For any a < s < ¢t < b such that
17 =0l cosg) < B we have v([s, t]) C B, so

Z (ulXZ o7y — (UO)ZXZ o ’70)

2

t
17 = 0llco sy < 17(8) = 20(s)]
[s:t])

s

< [v(s) = 0(s)| + CVE = slu —uoll, +/ D (w)i (Xi oy — X 070)

< [v(s) =70(s)| + CVE = sllu—uolly + CVE =57 = Y0l co sy -

for some C' > 0 depending only on the choice of B. Choose now any a € (0,1). If
t —s < a?2C~2 we deduce

(B.1) (I =a) [y =llcogsg < 1(s) =0(s)| + CVE— s |lu—uoll,-

Now we subdivide the interval K := [a, (f — %) \% a] in a finite number of subintervals of

length at most «?C~2. Since the number of the needed subintervals can be bounded by a
constant N depending only on C' and «, iterating inequality (B.1) N times we obtain

17 = 0llcoxy < C'1(s) —70(8)] + C [l — uoll,
for some C’ depending only on B and «. So if x and u are as in the hypothesis and € is
sufficiently small we have ||y —70/[co(x) < R. But then ((t- %) Va) € B and, by the

choice of T, this implies that ~ is defined on [a, (a + %) A b]. Thus ~ is defined on [a, b]
and, choosing an even smaller €, we can guarantee the estimate ||y — ||, < 0. O

PROPOSITION B.10. The set V is relatively open in M x L%([0,1],R") x [0,1]. The flow
End¢(x,u) is continuous as a map from V to M.
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Proof. To prove the openness of V we fix any (xg,up,t) € V and call 7y the maximal
solution associated to (zg,up). If tg < 1 we choose some € > 0 such that to+€ € Lnar(x,u),
otherwise we set € := 0. It suffices to prove that, if x is sufficiently close to z and ||u — ug||,
is sufficiently small, the maximal solution associated to (x,u) is defined on [0, ¢y + €]. This
follows immediately from the last lemma once we split the interval [0,%p] into finitely
many subintervals whose images are contained in domains of local charts, and iterate its
statement from the last subinterval to the first one (beginning with ¢ := 1, for example).

This argument shows also that if (z,, u,) — (z,u) then the solutions associated to (2, uy)
converge uniformly on [0,¢y + €] to 7. This gives the second part of the thesis. O

COROLLARY B.11 (escape from compact sets). If Lyq.(z,u) C [0,1], then y(Ipaq(x,u)) is
not contained in any compact subset of M. Here 7 is the maximal solution associated to

(x,u).

Proof. Assume by contradiction that v([pee(z,u)) C K, where K C M is compact. Since
K x {0} x {0} is a compact subset of V, by Proposition we can find some € > 0 such
that K x Be x [0,€) C V. Now let Ipq(x,u) = [0,T) and choose any ty < T satisfying
T —tp < € and ftf lu|> dC' < €. Let

u(t) =

u(to+t) ift e 0,7 — tg
0 if t € (T — to, 1]

so that ||T||, < e. By our choice of €, Ipnae(y(t0),w) 2 [0,T — tp]. Thus, denoting by 7 the
trajectory associated to (v(tp), ), the new curve

o) im {'y(t) it ¢ € [0, to]

Y(t —to) ift € [to,T]

(which solves the differential equation on [0,7]) contradicts the maximality of . O
Now we prove that the flow is smooth in the spatial variable.

PROPOSITION B.12. The map = — End;(x,u) is differentiable and its differential is con-
tinuous on V.

Proof. It suffices to show the statement when M = R"™: then in the general case we split
[0,¢] into finitely many subintervals [t;,;+1] whose images are contained in domains of
local charts and write the flow as a composition of differentiable maps (strictly speaking,
since the involved vector field is time-dependent, each of these maps is the flow from time
t; to t;11; one can also write this as the flow at time ¢;11 — ¢; upon translating u suitably).
In what follows we use the notation ®(z) := End;(x,u), omitting the dependence on
u for simplicity. We also call v the trajectory associated to (x,u), as usual. Let W €
H([0,t],R™") solve the linearized equation

W(s) = Z ui(s)dX; (v(s)) W(s)

and W(0) = I (we think of dX; (v(s)) as a matrix, as well). Existence and uniqueness
of the solution to this equation follows from the previous propositions, since the couple
(v, W) solves

Y(s) = 225 ui(8)Xi(v(s))
(B.2) {W(S) = > ui(s)dX; (v(s)) W(s)
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and this can be interpreted as an equation (for an R™ x R™*"-valued curve) of the type
considered in this section, for suitable vector fields in R™ x R™*™. To prove that W is
defined on the whole [0, ], it suffices to show that it stays bounded and then argue as in
the proof of Lemma [B:9] But this follows from the next lemma.

We now prove that d®, = W (t): in fact, fixing a small § € R" and defining

2(s) := Og(x 4+ 0) — ®s(z) — W (s)0,

2 solves

Zuz X; (®5(x +0)) Zuz X ( (x))—Zui(s)dXi(Qs(x))W(s)é

:(Zui(s)dXi@s(:r)) ) +Zuz Ps(z +0)) — X; (Ps5(x))
—dX; (Ps(2)) [Ps(x + 6) — Ps(2)])

for a.e. s and z(0) = 0. Continuity of the flow implies that the second term can be
bounded by ||ul|,0(]d]), the estimate being uniform over [0,¢]. The next lemma then
gives |z(t)| = o(|0|) (the implied constant depends on both z and u), so d®; = W (¢).
Finally, continuity over V follows again from the previous continuity result applied to the
augmented problem with initial value (v, W)(0) = (z, I). O

LEMMA B.13 (Gronwall’s inequality). If o € H*([0, 7], RY) satisfies |(s)| < a(s) |o(s)] +
B(s) a.e. for some nonnegative a, 3 € L*([0,T]), we have the estimate

lolle < exp ( / (s ds) o)+ [ e ( / ") ds') B(s) ds.

Proof. Let p(s) := |o(s)|, which belongs to H'([0,T]) since it is obtained by composing
o with a Lipschitz function. We claim that p(s) < |6(s)| for a.e. s: in fact, assuming
that both p and o are differentiable at s, if p(s) = 0 we have p(s) = 0 (since s is a local

minimum), while otherwise p(s) = <|ZES§|,U( )> So we obtain

p(s) < als)p(s) + B(s)

a.e., which is equivalent to

% <p(5) exp <_ /0 a(s) d5’>> < exp <— /0 a(s) ds’> B(s).

Integrating both sides of the inequality we get

p(t) < exp ( /D als) ds) p(0) + /0 Cexp ( / ") ds’) B(s) ds

and we are done since the right-hand side is increasing in t. O

REMARK B.14. Since the couple (®.(z), d®.(z)) solves , Proposition applied to
this differential equation implies that o + d®,(x) is C' and that the second differential is
continuous on V. Iterating this argument, we obtain that x — End;(x, ) is smooth and
that all the spatial derivatives are continuous on V.

REMARK B.15. A similar device can be used to obtain smoothness in the variable u: let
us assume (without loss of generality) M = R™. For any u,v € L%([0,1],R") we consider
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the augmented system

y(t) = Z ui (1) Xi(y(t)) + Z vi(t)s Xi(v(t))

$5=0

which can be considered as an ordinary differential equation of the form considered in this
section, with M replaced by M x R, ~ replaced by (v, s) and with the 2r vector fields
X1(9)y - Xo (), 8X1(7), ..., Xy () (extended with a zero in the additional component).
The new control is (u1,...,ur,v1,...,v,). The solution to this system is the trajectory
associated to the control u+ sv (notice that s is constant by the second equation). Propo-
sition allows us to differentiate with respect to s (regarded as the initial condition for
the same variable): hence the directional derivative §(t) := %(w,u) [v] exists and the
couple (7, ) satisfies

A(t) = Y wi(t) Xi(v(1))
i=1

T

ot) = Z wi ()X (v($))[5(6)] + D vilt) Xi(1(t))

i=1
(which is obtained by writing (g) (t) :=W(t) <(1)>’ where W (t) is given by (B.2) applied

to our augmented system, and noticing that o(¢f) = 1), with initial condition v(0) = =z,
0(0) = 0. This differential equation for the couple (7, d) falls again in the class considered
in this section, so Proposition can be applied. We deduce that End;(x, u) is Gateaux
differentiable in u, with continuous differential. Hence, it is C'! in the variable u. Iteration
of this device shows that, in fact, End;(z,u) is C* in u.

By combining the two previous remarks, we finally obtain the following smoothness re-
sult.

COROLLARY B.16 (smoothness). The map (z,u) — End;(z,u) is C*°-regular on the set
{(z,u) : (z,u,t) € V}, for any t € [0, 1], and its differentials of any order are continuous on

V.
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Some useful formulas for flows of vector fields

In this section we state and prove some formulas for time-dependent vector fields. Except
for Propositions [C.10] and [C.13] for simplicity they will be always assumed to be smooth,
which is sufficient for our needs. We will also assume M = R", even if it is clear from their

proofs that Propositions [C.9] [C.10] [C.11], [C.12] and [C.T3] make sense and hold on a generic
smooth manifold, as well.

REMARK C.1. Notice that the smoothness of the flow can be deduced from the results
of the previous section, since the flow of a time-dependent vector field can be viewed as
that of an autonomous vector field by adding an auxiliary spatial variable: ~(t) solves
A(t) = Xe(v(t)) iff the couple (y(t), s(t)), with s(t) := ¢, solves
{7(75) = Xs(v(1))
s§=1

which is the equation defining the flow of the autonomous vector field (z,s) — (Xs(z),1)
on M x R.

When time-dependent vector fields are involved, we will use a notation such as Xy, in order
to emphasize that they are not autonomous.

DEFINITION C.2. Given a smooth time-dependent vector field X}, defined on an open subset
of M x R (or on an open subset of M x I for some interval I), and given two times a < b,

assume that
{"Y(t) = Xi(v(1))
() =2
has a solution defined on [a,b]. We define ®4(z, X;) := v(b). We also use the notation
Qo p(Xe)(x) := Pop(x, Xy). When X is autonomous, its flow will be simply denoted by
Oy (2, X) or O(X)(z).

REMARK C.3. A similar definition can be given when b < a. In this way the map (z, a,b) —
®, (2, X¢) is smooth and is defined on an open subset of M x R x R. We remark that we
have the semigroup property

(pb,c(Xt) o Qa,b(Xt) = q)a,c(Xt)-

Moreover, for an autonomous vector field we clearly have ®,(X) = ®p_,(X).

DEFINITION C.4. Given a diffeomorphism ¢ : U — U’ between two open subsets U, U’ of

R™ (or of a smooth manifold) and a smooth vector field X defined on U’, we define its
pullback ¢*X = (do)~1[X], i.e.

"X (x) = (da) ' [X(())),
which is a smooth vector field on U. Conversely, given a smooth vector field X on U, we
define its pushforward ¢, X := d¢[X], i.e.

G X (y) 1= dopy-1,)[X (67  (v))],
99
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which is a smooth vector field on U’.

Before stating the next proposition, it is useful to introduce the following notation. For
any t1,...,t; € [0,T] we define the vector field Y}, ¢, recursively as follows: for any k& > 2
we set

ol
Yo, ot = dYt1,~--7tk—1[Ytk]'

So, for instance, Y}, 4, (x) = dYy, (x)[Y:, ()] for any x.

ProposITION C.5 (Volterra’s expansion). For any smooth, nonautonomous vector field
Y; : U x [0,T] — R™ and any « such that ®¢ 7 (z,Y;) is defined we have

k T t1 ti—1
k
(1)07T(l', Y;) =x + Zl/o /0 .. /0' Y;ﬁ,..-,tj (ZE) dtj BN dtl + O (;gf&%g] H}/;fHC—iI;%K)) )
]:

for any £ > 0. Here K is any compact set containing the whole trajectory 7 — ®q (z,Y;)
(for 7 € [0,T]) and, in evaluating the C* norm, only the spatial derivatives of ¥; are taken
into account. The implied constant in the error depends only on k.

Proof. Let us call v(7) := ®g -(z,Y}) for any 7 € [0,7]. We know that

B (oY) =a+ [ Va(o(0)dn
0

This same formula, with 7 replaced by ¢1, shows that

Yi, (7(t)) = Y, (2) + / Y, (Vi) (1(t2)) dt.

So we get
t1

T T T
Bor(a, Vi) =z + / Yo (y(t)) dy = o + / Yiu () dby + / Vi ta (1)) it .
0 0 0 0

Iterating this computation, we arrive at

k T t1 ti—1
o (x,Yy) =z + Z/ / / Yoty (@) dt; -+ dty
=Jo Jo 0

T t1 tr
s [ Y GO i
o Jo 0
The thesis follows from the fact that, by applying repeatedly Leibniz’s rule,
k+1
}mlwwtqul (’Y(t)ﬂ < Ctg[l(?’)j(,] HYtHCk(K) .

O

We now obtain an expansion for the pullback of an autonomous vector field by the flow of
another autonomous vector field. Let us define inductively ad(Z)FY := [Z,ad(X)*"'Y]
and ad(Z)°Y =Y.

PROPOSITION C.6 (Ad expansion). We have

k

Z)Y ()= ;j' ad(Z)7Y (x) + O (tk“> .
5=0""
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More precisely,

k .
* t’ j
(Z2)Y — Z i ad(Z2)’Y =0 (tkH ||Y||Cm+k+1(K,,))
Jj=0 Ccm(K')
for any compact set K’ where ®4(7) is defined and any compact neighbourhood K" of
{®s(Z)(x) | v € K,s €[0,t]}. The implied constant depends only on k, m and Z.

Proof. Let us recall the formula

d

— O, ()Y =[Z)Y

7, 2n(2) 1Z,Y],
which is a simple corollary of Proposition below. For any s € [0, t], using the identity
D11 (2) = Pp(Z) 0 D4(Z), we obtain

d d
P, (2)Y = —
75252 dh

Iterating this formula, we deduce
dJ
dsi

Now the integral form of Taylor’s formula tells us that

ad(X VY + /0 t (t;f)kcbs(zy ad(Z)"+1(Y) ds,

O(2) D (2)Y =d4,(2)"[2,Y].

h=0

®,(2)*Y = ad(X)’Y.

k

UZ)Y =D

J=0

I
4!

which is enough to conclude (using the fact that Had(Z)jYHCm(K,,) =0 (HY”Cm+j(K//))).
]

By combining the two propositions just proved, we deduce two corollaries which are used
in Section .41

CoRrROLLARY C.7.Fix two smooth nonautonomous vector fields ¥; and Z; and let o, 8 €
C>([0,T]). If ||a]|, is sufficiently small (depending on ), then

042
1 (0500000 (2)'Y5) =0 (2,800 (¥ + a0l Y+ * {2 12,1271 )

+ 018l llllZ)

locally uniformly in z. The implied constant depends only on Y; and Z;.

COROLLARY C.8. Fix three smooth nonautonomous vector fields Y, Z;, Z} and let o, &/, 8 €
C>([0,T7). If |l o s [|¢/|| o, are sufficiently small (depending on /), then

Do.1 (2, Bt) Pty (Zt) o (1) (Z,) Y2 — B(1)Y3)

042
= q)O,T (wvﬂ(t) <a(t) [Zt7 i/t] + O/(t) [Zév }/t} + 2(75)[Zt7 [Zt7 }/t]] + a(t)a/(t)[Zt7 [Z£7Y;5H
12
+ 0 [Z;,m)) + OB, (e, + l][2))

locally uniformly in 2. The implied constant depends only on Y;, Z; and Z;.
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ProprosiTION C.9. Given two smooth autonomous vector fields Y, Z : U — R", we have
the identities

d * _ *
(2D =2(2)'(2Y),
%@T H(2)Y = r_(2).[2,Y]

on the domains of definition of ®(Z) and ®;_7(Z), respectively. In particular,
B,(Y)'Y = dr_y(Y),Y = V.

Proof. By the semigroup property we have
d d
— O (2)Y =D 2)*
G2y = a2y (4

The second identity is obtained similarly using the fact that
Pr_(140)(2)Y = Pr_(141)(Z)x P (2)+Pn(Z)"Y = @7 _4(2).Pp(2)"Y.

O, (Z2)" YVh = 0) = 3,(2)"[2,Y].

0

PrOPOSITION C.10. Let u € L?([0,T],R") and X, ..., X, smooth vector fields as in the
previous section. Let Y be a smooth autonomous vector field. On the domain of definition
of ®g r(u(t), X), for any Lebesgue point 7 of u the following holds:

d

o Erren (ulr), X))V T [(u(r), X)), Y].

Proof. Fix x such that ®g r(x, (u(t), X)) is defined. Call y the corresponding integral curve
and let Jj := d®, 45, ((u(t), X)). As we saw in the proof of Proposition [B.12] .Jj, solves
Jh = <u(7’ +h), dX(’y(T + h))> Jh,
for a.e. h. Recall now that the map A — A~! (from GL,(R) to itself) is smooth and its
differential at A maps B € R™" to —A~'BA~!. Hence,
d 1 o _ X
o7 (Y (r(m + ) == Ty W, Y (4 h) + Y (T + b))

=J;, ' (= (u(r + h),dX) [Y] +dY [(u(r + h), X)])

for a.e. h (in the last line all vector fields and their differentials are evaluated at y(7+h)).
Since dY'[X;] — dX;[Y] = [X;, Y], taking into account that 7 is a Lebesgue point we finally
obtain

h T
T (y(r 4 B) = Y (7(7) + /0 S wilr 4+ W) X, Y (3 + B)) i
=1

+Z</ u,r+h)dh'> (X, Y]+ o(h)
+h2ul (X, Y] + o(h)

(as b= J; 'Y (y(7 + h)) is HY). O

Let us now state and prove two important variation formulas, which tell us how the flow
behaves when adding a perturbation to a given vector field Y;. Both of them allow to
factor out the flow of Y; in the result, in a suitable sense. As the proof shows, they make
sense and hold also on a generic smooth manifold.
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ProprosiTION C.11. Given two smooth nonautonomous vector fields Y; and Z;, assume
that @ 7(x,Y:), ®or(x,Y: + Z;) are both defined and that ®g¢(x,Y; + Z;) belongs to the
domain of ®¢¢(Y;)~! for any ¢ € [0, T]. Then

Do, 1 (Vi + Z)(x) = Po,r(Ye) 0 Ror (Poe(Yr) Ze) ().
The fact that the right-hand side is defined is part of the thesis.

Proof. Let us define
Ft) = Do (V2) L o DoV + Z1) ().

This definition can be rewritten as
(C.1) Do+ (Yr) (V(t)) = Poi(Yr + Z7)(x).
Differentiation in time yields
4%0.(Y,) [3(0)] + Y2 (20,4(2) G) = (¥ + Z0) (B0,(¥:) (1))

(since the left-hand side of (C.1]) can be seen as the composition of (s, s") — @ s(Y7) ((s'))
with the diagonal map ¢ — (¢,t)). We finally get

() = (Bo4(Y-)"Z) (A(E)) ,
which gives the thesis, since 7(0) = . O
ProrosiTiON C.12. Given two smooth nonautonomous vector fields Y; and Z;, assume

that @ r(x,Y:), ®or(x,Y: + Z;) are both defined and that ®g¢(x, Y + Z;) belongs to the
domain of @, p(Y;) for any ¢ € [0,7]. Then

Qo7 (Ye + Zt)(x) = @or (Pr1(Y7)Zt) 0 Por(YVe)(T).
The fact that the right-hand side is defined is part of the thesis.

Proof. We define
A(t) = @y (Yr) 0 @o(Yr + Z1) (),

which can be rewritten as
@y 0 (Yr) " ((t) = Pop(Yr + Z;)(2).

Differentiating as in the previous proof and keeping in mind that @th(YT)_l = Op(Y7)
(see also Remark , we get

d0:r (V)™ (0] + Y (200 ()L (1) = (Vi + Z0) (200 (V) ™ (3(1)
This implies

() = (@7(Y2)Z0 (A(1)))
and, as 7(0) = @9 r(Y;)(z) and H(T') = ®o r(Y; + Z;)(x), we are done. O

We conclude with a simple observation.

ProposITION C.13.If v : [0,7] — R"™ solves #(t) = 0(t)Y (y(¢t)) for some smooth au-
tonomous vector field Y and some v € H'([0, T]) with v(0) = 0, then v(0) belongs to the
domain of @, (Y) and y(T) = @7(7(0),Y). So we have the formula

Do (()Y) = By (V).
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Proof. Let a :=inf{s: ®5(7(0),Y) is defined} and define b similarly with inf replaced by
sup, so that a < 0 < b. Assume by contradiction that v(t) & (a,b) for some ¢ and let
t:=min{t:v(t) € (a,b)}. Let us assume for instance that v(¢) = b. For a.e. ¢t € [0,%) we

have p

21 200 (1(0),Y) = 0(O)Y (Pur) (1(0),Y)) ,
80 @ (7(0),Y) = ~(t). Since v(t) — b as t 1 ¢, from Proposition we deduce that
®,(7(0),Y) is defined, as well. This is a contradiction, since then ®;,.(7(0),Y) is defined
as well, for all sufficiently small e. This shows that v([0,7]) C (a,b). Thus the above

equation makes sense and holds on all [0, 7], proving the thesis. O



APPENDIX D

The Baker-Campbell-Hausdorff formula

This section is devoted to the proof of the celebrated Baker-Campbell-Hausdorff formula
for any Lie group G, which expresses the product exp(X)exp(Y) as the exponential of
some Z € g, whose explicit formula depends only on the Lie algebra structure of g (this
is in accordance with the general fact that a simply connected Lie group is determined by
its Lie algebra, up to isomorphism). We will also show that, for nilpotent Lie groups, it
holds without the requirement that X,Y are small. At the same time, we will obtain that
exp : g — G is a diffeomorphism if G is also simply connected.

Given a Lie group G, we will denote by L, and R, the left and right multiplication by a
fixed element a, so that L,(x) := ax and R,(x) := za. Notice that Ly, = L, o L and
Rap, = Ry o R,. We use the notation C, for the conjugation by a, namely C,(z) := axa™!.
When writing the differential of one of these maps, we will often omit the point where it

is calculated if it is clear from the context (e.g. when applying the chain rule).

Let us call g := T.G the Lie algebra associated to G. We recall that the adjoint represen-
tation of G, Ad : G — GL(g), is given by Ad(g) := d(Cy). and is a group homomorphism.
When V is a finite-dimensional real vector space, the Lie algebra associated to GL(V)
can be canonically identified with the space of linear endomorphisms of V' and is usually
denoted by gl(V). We also recall that ad : g — gl(g) is defined as ad(X) := d Ad, and
satisfies the identity ad(X)[Y] = [X,Y].

For any X € g we define exp(X) := ®;(X’), where X* is the left-invariant vector field
associated to X and ¢;(X*) is the corresponding flow. Equivalently, exp(X) = vx (1),
where vx : R — G is the unique Lie group homomorphism satisfying 4(0) = X. The map
exp : g — G is smooth and is the so-called ezponential map of G.

REMARK D.1.If f : G — G’ is a Lie group homomorphism, we have the well-known
relation expg odfe = f o expg. Applying this with G’ := GL(g), f := Ad and recalling
that expgp,g)(4) = e, we deduce that

) — Ad(exp(X))

9)

for any X € g.

DEFINITION D.2. Given a smooth manifold M and a smooth map f : M — G, its (right)
logarithmic derivative at x € M is the linear map ¢ f(z) : T, M — g defined as

5f(33‘) = de(x)—l o dfm

LEMMA D.3. The logarithmic derivative satisfies this identity, for any f,g € C*°(M, G):
6(fg)(x) = 6f(x) + Ad(f(z))dg().
Proof. The left-hand side equals
dRy(a)-1 () © d(f9)z = dRy(@)-1 © ARg(a)1 © (dRy(a) © dfy + dLp(z) © dye)
= 5£(z) + Ad(f(x))dg(x),
105
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since (noticing that L, Ry = RyL, for any a,b € G, by associativity of the group multipli-
cation)

dRf(z)-1 0 dRyzy-1 0 dLy(yy 0 dge = dRy(z)-1 0 dLj(z) 0 dRy(zy-1 0 dgs = dCy(yy 0 6g().

O

g() g()

In what follows we will canonically identify T'xg with g, for any X € g.

LeEMMA D.4. Let g(2) := &=L = Z;o B pfl), (for z € C); we define g(A) for any A € gl(g)

by the analogous formula Z;O 0 D) +1)' The following identity holds:

dexp(X) = g(ad X).

Proof. Let a(t) :=tdexp(tX) € gl(g). By Lemma and the chain rule we have
a(s+1t)=(s+t)dexp((s +t)X
= dexp((s +1)-)(X)
= dexp(s)(X) + Ad (exp(sX)) dexp(t-)(X)
= sdexp(sX) + t Ad (exp(sX)) d exp(tX)
= a(s) + Ad (exp(sX)) a(t).
Hence, differentiating in s and evaluating at s = 0,
a(t) = &(0) + ad(X)a(t).
Notice that &(0) = d exp(0) = idg, so the above differential equation can be rewritten as
a(t) = I+ ad(X)a(t).

The initial condition «(0) = 0 uniquely determines the solution. Since

> gptl ( )
———ad(X)?
|
= (p+1)!
is a solution with the same initial condition, we deduce
oo
ad(X)P
dexp(X) =a(l) = = g(ad X)
|
=+

g

THEOREM D.5. Let f(z) := lfﬁf =2 20 (;Tl)lp(z — 1)P (for any complex z € By(1)). For

any sufficiently small XY € g we have

1
exp(X)exp(Y) =exp (C(X,Y)), C(X,Y):=Y —i—/o f(et*dXe2dY) X gt

Here f(A) = 3202, O (A= I)? for any A € gl(g) with [|[A— I < 1.

Proof. Let U be a neighbourhood of 0 in g such that exp |, is a diffeomorphism onto V' :=
exp(U). Let X,Y € g be so small that ||e'*Xe2dY — J|| < 1 and exp(tX)exp(Y) € V for
all t € [0,1]. We define

B(t) == exp™ (exp(tX) exp(Y))
for t € [0,1]. Now we compute dRqxp(—g()) [% exp(ﬁ(t))} in two ways:

IResp(-s0 | 55 59(3(0)| = BexplBO)F0 = atad H)D)
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thanks to Lemma [D.4} moreover,

d d
dRexp(—ﬁ(t)) |:dt exp(ﬂ(t))] = dRexp(—Y) exp(—tX) |:dt (eXp(tX) exp(Y))]

dt
since & exp(tX) = dRep(ex)[X] (as exp((t + 5)X) = exp(sX) exp(tX)). Thus we get

d
= dRexp(—tX) ° dRexp(—Y) ° dRexp(Y) |: exp(tX)} =X,

(D.1) X = g(ad 5(1))B(1).
But, recalling Remark [D-1]
e = Ad (exp(B(t))) = Ad(exp(tX)) Ad(exp(Y)) = ¢! X2V

so we arrive at

(D.2) ad B(t) = log(et 24X ead¥),
Here, again, we define log(A) := 2, (;i)lp (A—T)P*! for all A € gl(g) with |[A—1T| <1,

in analogy with the power series expansion of log z near 1 (to be precise, in deriving the last
identity, we should also guarantee that ad (t) is sufficiently small, so that log(e?d#(®)) is
defined and equals ad 3(t)). Now we notice that g(log z)f(z) = 1, so this holds also when z
is replaced by any such A. In particular, multiplying both sides of (D.1)) by f(ef2dXeadY)
and using (D.2)), we get

B(t) _ f(et ad XeadY)X'
Since 3(0) =Y, we finally have

1. 1
exp ! (exp(X) exp(Y)) = B(1) _5(0)+/ B(t) dt—Y+/ flef™dXeadYy x g,
0 0
O

COROLLARY D.6 (Baker-Campbell-Hausdorff formula). If X, Y € g are sufficiently small,
then

Z (ad X)*1 (ad V)% - - (ad X)Fr(ad V)

00 (_1);0
CX,)Y)=X+Y + —
( ) ;p—f— (kl+"'+kp+1)]€1!'”kp!€1!-~£p!

k1,o.ikip>0
010y >0
ki+£;>1

and this double series converges absolutely.

Proof. 1t suffices to notice that

tad X jadYy _ - (_1)17 i k ¢
fletadXe )—X+Zp+1 > Tz (ad X)*(adY)

p=1 k>0
k+0>1
Cx e ED s GAX)OGAY) X))
2 P+l e yl-kplly!--- 0!
0,0 0p>0

The last equality is justified provided that we know that the last inner sum converges ab-
solutely. Moreover, the double summation can be interchanged with the integral provided
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that the double series converges absolutely when ¢ = 1; if this is the case, the second part
of the thesis follows as well. Now, assuming |X| < 1,

o0
1 Z (ad X)F1 (ad V)% - - (ad X)Fr(ad V)P kit x
l... 1. 1... 0 1
=1 P 1 sy >0 kil. k?p. 81. Ep.
01, p>0
ki+£;>1
) kit-+k O+l
<y 1 3 lad X[ Jad y|| T " ket
- l... /2% /|
=1 p+1 bt o0 k! k?p. £q! €p.
Lyeonlp>0
ki+4;>1
[es) 1 p
-y (enadxnenadyn _ 1) < 400,
n+1
p=1
once we also assume that ell2d Xl glladY] <1+ % ([l

If we sort the terms in the above formula according to their degree (thinking them as
g-valued homogeneous polynomials in X,Y, or simply counting the total number of X’s
and Y’s which appear in each term), the first terms in the expansion are given by

1 1
the remainder being formed by terms whose degree is at least four.

If G is a nilpotent Lie group (i.e. a Lie group whose associated Lie algebra is nilpotent),
the double summation which appears in the Baker-Campbell-Hausdorff formula is in fact
a finite sum: by definition, there exists some N > 1 such that

(ad Z1)(ad Z3) --- (ad Zn) =0
for any Z1,...,Zn € g, so in the formula one can restrict the double sum to the terms

where ky + -+ kp, + 41 +--- + £, < N. Since k; + ¢; > 1, this condition implies p < N,
as well as k;, #; < N, proving that finitely many terms are involved.

Thus, the right-hand side of the Baker-Campbell-Hausdorff formula defines a polynomial
function P : g x g — g. This means that, choosing any basis Xy, ..., X, of g and writing
X =3, 0%, ), 8iX;, P(X,Y) =3, P(X,Y)X), Py is a polynomial in the variables

ProrosiTioN D.7.If G is a nilpotent group and P : g x g — g is defined as above, then
exp(X)exp(Y) = exp(P(X,Y)) for all X,Y € g. Moreover, if G is simply connected, then
exp : g — G is a diffeomorphism.

Proof. The function P : g X g — g is a binary operation that makes g a Lie group (whose
identity element is 0): in fact we have P(X,0) = P(0, X) = X (recall that (ad X)*X =0
if k> 0) and P(X,—X) = P(—X,X) = 0. This binary operation is also associative: when
X,Y, Z are small, we have

so that (since exp is invertible near 0)

P(X,P(Y,Z))=P(P(X,Y), Z2).
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Since both sides of the above equation are polynomial functions, we deduce that it has to
hold everywhere. This proves that g becomes a Lie group.

In what follows, in order to make the exposition more transparent, we will write explicitly
the canonical identification i : g — Tpg, whenever it occurs. Since P(sX,tX) = (s + )X,
the map t — tX is a one-parameter semigroup of g, so (denoting by exp, the exponential
map in the group g)

exp,(i(X)) = X.
Here exp, denotes the exponential map in the group g. ¢ : g — Tog is also an isomorphism
of Lie algebras: indeed,

AAX(Y)] = S PP, 1Y), -X)|
t=0
2
(X)) = § AU = F5P(PX i), —sX)|  =i([X,¥)

and the left-hand side of the last identity equals the Lie bracket in the Lie algebra Tyg
of the group g. Now it is well-known that, since g is a simply connected Lie group and
it : Tog — g = T.G is a Lie algebra isomorphism, there exists a unique Lie group

homomorphism h : g — G satisfying dhg = i~!. But
expg odhg = h o expg
and, as we saw above, exp; = i~' = dhg. Thus h = expg and we finally have
expg (P(X,Y)) = h(P(X,Y)) = h(X)h(Y) = expg (X) expg(Y).

If G is simply connected as well, applying the aforementioned fact to ¢ : T.G = g — Tpg,
we obtain a homomorphism b’ : G — g with dh, = i. Now h'h : g — g is a group
homomorphism with d(h'h)y = id, so by uniqueness we obtain h'h = idg. Similarly hh' =
idg, proving that h = expg is a diffeomorphism. O
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