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Przon

L’  AM 2  ,      .
R        ,    
:

”Dtt osı smr   un vrl  spz  Bn tutto unzon un po’ uul.
In prt  vro  son ronosr qullo  unzon snz t, pro po s ps
 un unzon  pu vrl,  n u vrl, puo ssr puttosto omplt. S
uno  ostrtto  snr lı  om n... pto... Un onto  quno on l’stronv
uuuuuuu uno ur ll’lto un pntno, llor smo tutt rv po s nv

son snr ov  sono  mostr orrn no, usto, qun qusto pr r
 n nrl  quno uno sn...”

S          :
DON’T PANIC,     G G   A  .
I      (      A M 2
’UP)       ,       ’-
,  ’    P M  N V.
A ,            
      ’       
.
N     ... BUON VIAGGO!
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Cptolo 1

Spz  Struttur

1.1 Struttur  Spz

1.1.1 Spzo Topoloo

Dnzon 1.1.1 - Spzo Topoloo
U      (X, τ),  X   τ    
X   :

1. ∅, X  τ

2.  A,B  τ  A B  τ

3.    Aii∈I ⊆ τ  

i∈I

Ai  τ

Dnzon 1.1.2 - Spzo  Husor
U   H     (X, τ)  :

∀ x, y  X, x ̸= y ∃A,B  τ   A B = ∅ : x  A, y  B

Dnzon 1.1.3 - Aprto  Cuso
S (X, τ)  . A:

• A  τ     .

• C ⊆ X   X \ C  τ     .

Dnzon 1.1.4 - Prt Intrn
S (X, d)    S ⊆ X. A        S  
   S. I :

int(S) = S =


A⊆S
aperto

A

Dnzon 1.1.5 - Cusur
S (X, τ)    S ⊆ X. A       
S     S. I :

S̄ =


C⊇S
chiuso

C

9



10 CAPITOLO 1. SPAZI E STRUTTURE

Dnzon 1.1.6 - Dnso
S (X, τ)    S ⊆ X. S     S̄ = X.

Dnzon 1.1.7 - Intorno
S (X, τ)    U ⊆ X  x  X. U     x  ∃A  τ  
x  A ⊆ U .

Ossrvzon 1.1.1 - Crttrzzzon Aprt
S (X, τ)  . P   :

A  τ ⇔ A      

Dnzon 1.1.8 - Sottospzo Topoloo
S (X, τX)    Y ⊆ X. Y       
:

τY = A  Y  A aperto di X

Dnzon 1.1.9 - Fnzz
S τ1  τ2     X. τ1      τ2     τ1 ⊇ τ2.

Dnzon 1.1.10 - Bs  un Topolo
S (X, τ)   . B ⊆ τ      :

∀A  τ ∃ B′ ⊆ B : A =


F∈B′
F

Dnzon 1.1.11 - Prootto  Topolo
S (X1, τ1)  (X2, τ2)  . L    ’ X1 ×X2 
  :

1.          π1 : X1 × X2 → X1  π2 :
X1 ×X2 → X2 .

2.  B1  B2   X1  X2 ,

B1 ×B2  B1  B1, B2  B2

    .

Dnzon 1.1.12 - Connsson
S X  . A:

• X    ⇔ ∃ A1, A2      :

A1  A2 = X

• X   ⇔ X  ∅      

• X    ⇔ X    
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1.1.2 Spzo Mtro

Dnzon 1.1.13 - Spzo Mtro
U      (X, d)  X     d : X × X → R  
   :

1. ∀x, y  X : d(x, y) ≥ 0 e d(x, y) = 0⇔ x = y

2. ∀x, y  X : d(x, y) = d(y, x)

3. ∀x, y, z  X : d(x, y) ≤ d(x, z) + d(z, y)

Dnzon 1.1.14 - Pll Aprt
S (X, d)   . S x  X  r  [0; +∞[,      
x   r :

B(x, r) = y  X  d(x, y) < r

Dnzon 1.1.15 - Aprto Mtro
S (X, d)   . S A ⊆ X. A      (X, d) :

∀x  A ∃  > 0  B(x, ) ⊆ A

Dnzon 1.1.16 - Sottospzo Mtro
S (X, dX)  . S Y ⊆ X. A (Y, dY )     (X, dX)
   dY = dX Y×Y .

1.1.3 Spzo Normto

Dnzon 1.1.17 - Smnorm
S V  . U      ∥ · ∥ : V → [0; +∞[  :

1. ∥ · ∥  . ∀x  V, λ  K:

∥λx∥ = λ · ∥x∥

2. ∥ · ∥ . ∀x, y  V :

∥x+ y∥ ≤ ∥x∥+ ∥y∥

Dnzon 1.1.18 - Norm  Spzo Normto
S V       ∥ · ∥. A ∥ · ∥    :

∥x∥ = 0 ⇔ x = 0

I  , (V, ∥ · ∥)     .

Dnzon 1.1.19 - Prootto Slr
U       V    ϕ : V × V → R  :

• : ∀x, y  V : ϕ(x, y) = ϕ(y, x)

• : ∀x1, x2, y1, y2  V,λ  R:

ϕ(x1 + λx2, y1) = ϕ(x1, y1) + λϕ(x2, y1)

ϕ(x1, y1 + λy2) = ϕ(x1, y1) + λϕ(x1, y2)
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• : ∀x  X : ϕ(x, x) ≥ 0

Dnzon 1.1.20 - Fnzz
S ∥ · ∥1  ∥ · ∥2      E.
A  :

1. ∥ · ∥1     ∥ · ∥2
2. id : (E, ∥ · ∥1)→ (E, ∥ · ∥2)  1

3. ∃ c ≤ 0   ∥x∥2 ≤ c · ∥x∥1 ∀x  E

1V  Dz 1.4.2.
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1.2 Proprt  Spz

1.2.1 Rpporto tr topolo, mtr  normt

Proposzon 1.2.1 - Mtro  Topoloo
S (X, d) uno spzo mtro. X  n moo nturl uno spzo topoloo on l prt
nt ll mtr.

Proposzon 1.2.2 - Normto  Mtro
S (V, ∥ ·∥) uno spzo normto. V  n moo nturl uno spzo mtro on l stnz:

∀x, y  V : d(x, y) = ∥x− y∥

1.2.2 Crttrzzzon tr topolo  mtr

S (X, d)  . S        
  . I :

Dnzon Spzo Topoloo Spzo Mtro

C  X \ C 
∀xk ⊆ C 
 x  X  x  C

x  S̄
∀U   x
 U  S ̸= ∅ ∃ xk ⊆ S   xk → x

f   x
∀U   f(x)
∃V   x
  f(V ) ⊆ U

∀xk   x
 f(xk)→ f(x)

X 
∀  

∃  
∀xk ⊆ X 

∃ xkj ⊆ xk 

1.2.3 Compltzz

Dnzon 1.2.1 - Susson  Cuy
S (X, d)  . U  xn  X   C :

∀ > 0 ∃ N  N : ∀p, q > N d(xp, xq) ≤ 

Proposzon 1.2.3 - Proprt ll Susson  Cuy
Vlono l sunt proprt:

1. xn onvr ⇒ xn   Cuy.

2. xn   Cuy ⇒ xn  lmtt.

3. xn   Cuy   sottosusson xnk
 onvrnt

⇒ xn onvr, llo stsso lmt  xnk
.

4. f : (X, dX) → (Y, dY )  unormmnt ontnu  xn   Cuy ⇒ f(xn) 
 Cuy n Y .

Dmostrzon. D    .

1. S xn  , xn → x. A    > 0,   
   ,  N  N   d(xn, x) <


2   n > N .

A   N  : d(xn, xm) ≤ d(xn, x) + d(xm, x) <    n,m  N.
C     C.
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2. S xn  C. A   = 1    N  N  :

∀n,m ≥ N d(xn, xm) <  = 1

C       R = max

d(xN , xk)  0 ≤ k < N 1


:

•   k < N : xk  B(xN , R)    R    
 N     xN

•   n ≥ N : xn  B(xN , 1) ⊆ B(xN , R)      
C

   xn ⊆ B(xN , R)     .

3. D   xnk
→ x̄  k → +∞,  xn → x̄  n→ +∞.

I   > 0, :

• K  N   d(xnk
, x̄) < 

2   nk > K

• N  N   d(xn, xm) < 
2   n,m > N

     M = maxK,N :   n > M   nk > N :

d(xn, x̄) ≤ d(xn, xnk
) + d(xnk

, x̄) < 

4. N   ,   > 0. C η > 0   (η) < . T
       0. A     
C  N  N   d(xn, xm) < η   n,m > N . A  
h, k > N :

d(f(xh), f(xk)) < 

d(xn, xy)


< (η) < 

   .

■

Dnzon 1.2.2 - Spzo Mtro Complto
U   (X, d)        C  X .

Dnzon 1.2.3 - Spzo  Bn
U   (E, ∥ · ∥)      ,    
B.

Proposzon 1.2.4 - Proprt ll Compltzz
Vlono l sunt proprt:

1. s (X, d)  spzo mtro omptto, llor  omplto

2. (X1, d1)  (X2, d2) sono spz mtr omplt ⇔ X1×X2  spzo mtro omplto

3. Sno (X, d)  spzo mtro omplto  Y ⊆ X. Allor: Y uso⇔ Y  sottospzo
mtro omplto

4. Sno S un nsm  (E, ∥ · ∥) spzo  Bn.
Allor B(S,E) = f : S → E  ∥f∥∞,S < +∞  omplto

Dmostrzon. D    .
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1. S xn ⊆ X   C.
D  X  ,   C 1.2.2   xn   -
 . A   P 3,   xn  
    .
D,         C, X  .

2. P    2,    :

(xn, yn) ⊆ X1 ×X2  C ⇔ xn ⊆ X1  yn ⊆ X2  C

M ,  X1  X2 ,   n→ +∞:

xn → x̄  X1

yn → ȳ  X2

S   (xn, yn) → (x̄, ȳ)  n → +∞. A  ’-
 .

3. U  C   1.2.2.
(⇒) S Y  ,         xn ⊆ Y
  x̄  X,  x̄  Y . P    C  Y ,   
C  X . A,   X,    Y .
(⇐) S Y . A,  xn  Y    X ,   
C  X (  Y ). P   Y ,  xn → x̄  Y . I 
Y     .

4. U  P 1.2.5. S fn ⊆ B(S,E)     
+∞
n=0

∥fn∥∞ < +∞. P  
+∞
n=0

fn    ∥ · ∥∞,S .

C   ,  F  B(S,E)    
. I    x  S    ∥fn(x)∥E ≤ ∥fn∥∞,S , 
      E:

+∞

n=0

fn(x) = F (x)

D      F     S,  
  B(S,E):

∥F (x)∥∞,S ≤
+∞

n=0

∥fn(x)∥E ≤
+∞

n=0

∥fn∥ < +∞

R      ∥ · ∥∞,S :

n

k=0

fn → F per n→ +∞

S    :
F −

n

k=0

fk


∞

=




k>n

fk


∞
≤



k>n

∥fk∥ = o(1)

2L z       z   ,    .
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 n→ +∞    
+∞
n=0

∥fn∥∞   E.

D      B(S,E),     B(S,E) 
   .

■

Lmm 1.2.1 - Convrnz pr Sr
S E spzo vttorl. On xn ⊆ E s puo srvr:

xn = x0 +

n−1

i=0

(xi+1 − xi)

Allor vl :

xn  onvrnt ⇔
+∞
i=0

(xi+1 − xi)  onvrnt

Dmostrzon. B,       xn,  ’
:      ,       . ■

Proposzon 1.2.5 - Compltzz pr Sr

S (E, ∥ · ∥) spzo normto. E omplto s  solo s on sr
+∞
n=0

xn ssolutmnt

(normlmnt) onvrnt  onvrnt.

Dmostrzon. D    .

(⇒) S E       
+∞
n=0

∥xn∥ < +∞  -

.
C      :





σn =
n

k=0

∥xk∥

sn =
n

k=0

xk

      σn   R ,  σn  C.
N    sn   C. I   > 0  N  N   σp − σq < 
  p > q > N . A:

∥sp − sq∥ =



p

k=q+1

xk


≤

p

k=q+1

∥xk∥ = σp − σq < 

      C. E sn  C  E , 
.
(⇐) S E         , .
P  E  .
S xn    C,      E. E  C, 
       n0 < n1 < n2 <     
k  N:

∥xnk+1
− xnk

∥ ≤ 2−k



1.2. PROPRIET A DI SPAZI 17

P   ,   k = 2−k   k  N. P
    C,  nk     p > nk:

∥xp − xnk
∥ < k

T nk    . A  :

+∞

k=0

∥xnk+1
− xnk

∥ ≤
+∞

k=0

= 2 < +∞

    .
P    E,         L 1.2.1, 
  xnk

 . D  xn  C   
,   E. ■

Proposzon 1.2.6 - Conzon pr Compltzz n Lnr
Sno E,F spz normt, s n prtolr F omplto. Allor L(E,F )  omplto.

Dmostrzon. C   B = BE(0, 1)    :

j : L(E,F )→ B(B,F )

T → T B
T  j       ’ ( ):

∥T∥L(E,F ) = ∥T∥∞,B

S   Im(j)     B(B,F ) (    P 4),
 Im(j)  ,    L(E,F )  .
S   Tn ⊆ L(E,F )       :

j(Tn) = TnB
unif−→ f

 f  B(B,F ). D  f  Im(j).
D  :

T (x) = ∥x∥ · f


x

∥x∥



        f  j.

• T      x, y  E     K:

T (x) = ∥x∥ · f


x

∥x∥


= ∥x∥ · f


x

∥x∥


= T (x)

I:

T (x+ y) = ∥x+ y∥ · f


x+ y

∥x+ y∥


= 

n→∞
∥x+ y∥ · TnB


x+ y

∥x+ y∥



= 
n→+∞

∥x+ y∥ · Tn


x+ y

∥x+ y∥


= 

n→+∞
Tn(x) + Tn(y)

= 
n→+∞

∥x∥ · Tn


x

∥x∥


+ ∥y∥ · Tn


y

∥y∥



= 
n→+∞

∥x∥ · TnB


x

∥x∥


+ ∥y∥ · TnB


y

∥y∥



= ∥x∥f


x

∥x∥


+ ∥y∥f


y

∥y∥


= T (x) + T (y)
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• j(T ) = f    x  B:

f(x) = 
n→+∞

TnB(x) = 
n→+∞

Tn(x) = 
n→+∞

∥x∥ · Tn


x

∥x∥



= 
n→+∞

∥x∥ · f


x

∥x∥


= T (x) = T B(x) = j(T )(x)

   f  Im(j),   . ■

1.2.4 Compttzz

Proprt Topolo

Dnzon 1.2.4 - Compttzz (Hn-Borl)
S X  . A X         X, 
  .

Dnzon 1.2.5 - Numrl Compttzz
S X  . A X         
    X,    .

Dnzon 1.2.6 - Proprt  Lnlö
S X  . A X     L̈    
  X,    .

Dnzon 1.2.7 - Proprt  Bolzno-Wrstrss
S X   .
D x  X     A ⊆ X     U  x  U  A

 ≥ ℵ0.
A X     B-W       
.

Dnzon 1.2.8 - Compttzz Squnzl
S X  . A X        X
  .

Dnzon 1.2.9 - I-Numrl (A1)
S X  . X  I-        
  .

Dnzon 1.2.10 - II-Numrl (A2)
S X  . X  II-         .

Dnzon 1.2.11 - Sprl
S X  . X        .

Proprt Mtr

Dnzon 1.2.12 - Spzo Totlmnt Lmtto
S X   . A X     :

• ∀  > 0            X:

X =


i=1,,n

B(xi, )
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• ∀  > 0   - 3.

Compttzz n Mtr

Lmm 1.2.2 - Equvlnz Proprt
S X uno spzo topoloo. Allor sono quvlnt:

• X omptto sono Hn-Borl

• X  proprt  Lnlö  proprt  numrl ompttzz

Dmostrzon. B,    . ■

Lmm 1.2.3
S X spzo topoloo. Allor:

• X  proprt  Bolzno-Wrstrss

• X  proprt  numrl ompttzz

Dmostrzon. S X     ,  A ⊆ X .
C ’      A (  A):

D(A) =


F∈F(A)

A\F

 F(A) = F ⊆ A,F . I: x  D(A)
def⇐⇒ ∀U  I(x), U  A ≥ ℵ0 

∀U  I(x), ∀F ⊆ A  U  (A\F ) ̸= ∅  ∀F  F(A) ,   A\F     
x  

F∈F(A)

A\F .

S A ⊆ X   (   )  D(A) =


F∈F(A)

A\F 

      A\FF∈F(A),  ( A    
 F(A))

A\F1  A\F2  · · ·  A\Fk ⊇ A\(F1  · · ·  Fk) ̸= ∅

V:  X    B-W;  Ckk∈N   -
     ’ . S  , Ck+1 ⊆ Ck

(  C ′
k =


j⊆k

Cj). A  :

1. Ck  ,  

k≥0

Ck = Ck0 ̸= ∅

2. Ck   ,    Ck+1 ̸= Ck ∀k.
S xk  Ck\Ck−1,  xkk≥0     (  ).
S x∗     xkk≥0. A x∗  C̄k = Ck (  
x∗    xj  j ≥ k  xj  Ck   x∗  

k≥0Ck ̸= ∅

■
3U -  ’   xi        X  

  z.
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Lmm 1.2.4
S X spzo topoloo. Allor:

Squnzl ompttzz ⇒ Bolzno-Wrstrss

S X  I-numrl, llor:

Squnzl ompttzz ⇐ Bolzno-Wrstrss

Dmostrzon. D   .

• SC ⇒ BW:  X  . S A ⊆ X ,  a : N → A
,  akk∈N ⊆ A  ak . S akj → a∗  X (j → ∞). A a∗

   :    a∗  xkj , 
   A.

• A1 + BW ⇒ SC:  X I-    B-W. S
xkk∈N    X.

1. xkk∈N  : ’    (  ) 
 .

2. xkk∈N  :  x∗     xkk∈N. S Br  
     x∗. S ∀j, kj  N   xkj  Bj  (
)    kj+1 > kj . A ∀i ≥ j, xki  Bi ⊆ Bj  ∀j xki  Bj

  i:  xkj → x∗.

Q   . ■

Lmm 1.2.5
S X spzo topoloo. Allor:

II-numrl ⇒ Lnlö  Sprlt

S X spzo mtro. Allor:

Lnlö ⇒ Sprlt ⇒ II-numrl

Dmostrzon. 1. S X II-. S A     X. S B 
    ( ̸= ∅)  X. S:

B′ = B  B  ∃A  A tale che B ⊆ A

    B  B′,  AB  A   B ⊆ AB . A  :

A′ := ABB∈B′

     A       X ( x  X,
 ∃A ⊆ A   x  A (A  )  ∃B  B   x  B ⊆ A).
I,  ∀B  B, xB  B. A   xBB∈B    -
 :       B  B   xB 
.
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2. S X   L̈. S Bn        1
n

(       1
n). F  ∀n  N+. A

’    Bn   1
n -,  ’    n ≥ 1   

 ( 1
n - ∀n ≥ 1).

I,  y ⊆ X    :

B =


B


q,

1

n


: y  Y, n  N+



 B  ,    . I  A   X,  a  A. V
a  B(ya,

1
na
) ⊆ A    d(a, ya) 

1
na
 .

A   ’ A      :

A =


a∈A
B


ya,

1

na



Q   . ■

Lmm 1.2.6
S X spzo mtro. Allor:

Bolzno-Wrstrss ⇒ Totl lmttzz ⇒ Sprl

Dmostrzon. D    .

• BW ⇒ TL. F  :  X   , 
∃  > 0   X   - . P   
 (xk)k∈N ⊆ X  :

xk  X\


0≤j<k

B(xj , )

 d(xk, xj) ≥ , ∀ 0 ≤ j < k.
A ’  xkk∈N     . D X  
  B-W.

• TL ⇒ S  Fn 
1
n − rete  ∀n ≥ 1. A


n≥1

Fn   .

■

Ctzon 1. C os o ppn mostrto sust? On tnto m su 
ntrr n un loop...

Torm 1.2.1 - Compttzz n Mtr
S (X, d) spzo mtro. Allor sono quvlnt:

1. Compttzz sono Hn-Borl

2. Numrl ompttzz

3. Proprt  Bolzno-Wrstrss

4. Compttzz squnzl
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5. Compltzz  Totl lmttzz

Dmostrzon. R   .

• SC ⇒ C G :  (xk)    C  X 
,     (xkj )   xk   
 .

• TL ⇒       C. SX   -
 . S (xk)k∈N    X. S (x(k, 1))  -
  (xk)     ’    1 (      
      1,      xk   ,
    ). I:  (x(k, 2))   
(x(k, 1))k         

1
2 . P : ∀n∃x(k, n)

         1
n  x(k, n + 1)  

 x(k, n). A   x(k, k)     (xk)   ∀n
       ≤ 1

n    C.

■
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1.3 Spz pu mportnt

1.3.1 Spzo Rn

Dnzon 1.3.1 - Prootto Slr Stnr
U      ⟨·, ·⟩ : Rn × Rn → R :

∀x, y  Rn : ⟨x, y⟩ =
n

i=1

xiyi

Proposzon 1.3.1 - Dsuulnz  Cuy-Swrz
S (·, ·) prootto slr  Rn. Allor ∀x, y  Rn:

(x, y)2 ≤ (x, x) · (y, y)

N   :

1. Dmostrzon ”sm”, qurto slr.

0 ≤ [(x · y)x− (x · x)y)]2 = (x · y)2(x · x)− 2(x · y)2(x · x) + (x · x)2(y · y)
= (x · x)2(y · y)− (x · x)(x · y)2 = (x · x)[(x · x)(y · y)− (x · y)2]

Q   3 :

() (x · x) ̸= 0     > 0   (x · x)(y · y) ≥ (x · y)2

() (y · y) ̸= 0 ,    &      ()

() (x · x) = (y · y) = 0   x · y = 0  0 ≤ (x± y)2 = ±2(x · y)

■

2. Dmostrzon ”ur”.

0 ≤ (x+ ty)2 = (x · x) + 2(x · y)t+ (y · y)t2 ∀t  R

      2  t      ≤ 0   
  t     (  0  1 ). D:

(x · y)2 − (x · x)(y · y) ≤ 0

■

3. Dmostrzon ”Intt  Lrn”. I Rn,    :


n

i=1

x2i


n

i=1

y2i


−


n

i=1

(xiyi)
2


=



i<j

(xiyj − xjyi)
2 ≥ 0

 ’          .
M   ’. I  :



i<j

(xiyj − xjyi)
2 =

n

i,j=1

(x2i y
2
j − xiyixjyj)
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S    i = j    , :

n

i,j=1

(x2i y
2
j − xiyixjyj) =



i<j

(x2i y
2
j − xiyixjyj) +

n

i=1

(x2i y
2
j − x2i y

2
i )+

+


i>j

(x2i y
2
j − xiyixjyj)

=


i<j

(x2i y
2
j − xiyixjyj) +



i>j

(x2i y
2
j − xiyixjyj)

I               ,
:



i<j

(x2i y
2
j − xiyixjyj) +



i>j

(x2i y
2
j − xiyixjyj) =

=


i<j

(x2i y
2
j − xiyixjyj + x2jy

2
i − xjyjxiyi) =



i<j

(xiyi − xjyi)
2

■

Dnzon 1.3.2 - Norm Stnr
S Rn       ⟨·, ·⟩. S    :

∥x∥ = ∥x∥2 =

⟨x, x⟩

Dnzon 1.3.3 - Norm Hölrn
S Rn  . U     Rn     1 ≤ p ≤ +∞:

∥x∥p =





n
i=1 xip

 1
p

1 ≤ p < +∞

1≤i≤n

xi p = +∞

Torm 1.3.1 - Equvlnz ll norm ∥ · ∥p
L norm ∥ · ∥p ll Dnzon 1.3.3 sono quvlnt.

Dmostrzon. —————————— ■

Proposzon 1.3.2 - Dsuulnz  Hölr
Sno x, y  Rn  (·, ·) un prootto slr. Allor ∀p, q  [1,+∞] tl  1

p +
1
q = 1 vl:

(x, y) ≤ ∥x∥p + ∥y∥q

Dmostrzon. S       (D-
  Y):  a ≥ 0, b ≥ 0  p, q ]1,∞[

ab ≤ ap

p
+

bq

q

Dmostrzon 1  Youn. N    

Ctzon 2. Qu nno l nozz o  s, tutt volono tornr n prsnz
 po non nno nnt!
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P        :

log


ap

p
+

bq

q


≥ 1

p
log ap +

1

q
log bq = log(ab)

    ■

Dmostrzon 2  Youn. C   xp−1  

ap

p
=

 a

0
xp−1dx

bq

q
=

 b

0
yq−1dy

         ’:

INSERISCI IMMAGINE

     . ■

R     P 1.3.2.
S       

(x · y) =


n

i=1

xiyi

 ≤
n

i=1

xiyi ≤
n

i=1

 xip
p

+
yiq
q


=

1

p
xpp +

1

q
yqq

S       ’  . P x, y ̸= 0    
      x

xp 
y

yq      , :

(x · y)
xpyq

=


x

xp
· y

yq


≤ 1

p
+

1

q
= 1

  . ■

Proposzon 1.3.3 - Dsuulnz  Mnkowsk
S (Rn, ∥ · ∥p) un spzo normto. Allor ∀x, y  Rn:

∥x+ y∥p ≤ ∥x∥p + ∥y∥p

Dmostrzon. S p ]1,∞[:

x+ ypp =

n

i=1

xi + yi · xi + yip−1 ≤
n

i=1

(xi+ yi) · xi + yip−1

≤
n

i=1

xi · xi + yip−i +

n

i=1

yi · xi + yip−1

≤ xp ·


n

i=1

(xi + yi)
(p−1)p

 1
p

+ yp ·


n

i=1

(xi + yi)
(p−1)p

 1
p

= (xp + yp) ·


n

i=1

xi + yip
 p−1

p

= (xp + yp) · x+ yp−1
p

S x+ y = 0  ’   ,       
. ■
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Ossrvzon 1.3.1
S x  Rn  p  [1,+∞],  (·, ·)  . V:

∥x∥p = 
∥y∥p≤1

(x, y) = 
y ̸=0

(x, y)

∥y∥p

Dmostrzon. —————————— ■

1.3.2 Spzo ll Susson

Dnzon 1.3.4 - Norm ll Susson
S x = xii∈N ⊂ R  . A      :

∥x∥p =






+∞
i=1
xip

 1
p

1 ≤ p < +∞

i∈N
xi p = +∞

Dnzon 1.3.5 - Spzo ll Susson
D     ℓp :

ℓp(R) = x  RN  ∥x∥p < +∞

1.3.3 Spzo ll Lnr Contnu

Proposzon 1.3.4 - Crttrzzzon Lnr Contnu
Sno (E, ∥ · ∥E)  (F, ∥ · ∥F ) spz normt. S L : E → F un mpp lnr.
Allor sono quvlnt:

1. L lmtt lolmnt n lmno un punto x0  E

2. L lmtt sull pll untr us, o:

∀x  E  ∥x∥E ≤ 1 ∃ C  R+  ∥Lx∥F ≤ C

3. L  Lpstz

Dmostrzon. • 1⇒ 2:  L     x0 : ∃C ≥ 0  ∃ > 0
  ∥Lx∥F ≤ C ∀x  B(x0, ). A L        
;     0, 

B(0, ) = B(x0, )− x0



L(B(0, )) = L(B(x0, ))− Lx0

(      ). E   L(B(0, 1))  :

B(0, 1) =
1


B(0, ) L(B(0, 1)) =

1


L(B(0, ))
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• 2⇒ 3: S  ∥Lx∥ ≤ C ∀∥x∥ ≤ 1  L  C−L: ∀u, v  E (u ̸= v)

∥Lu− Lv∥F = ∥L(u− v)∥F =

L

∥u− v∥E

u− v

∥u− v∥E



= ∥u− v∥E ·
L


u− v

∥u− v∥E


≤ C∥u− v∥E

 L  C−L
■

Dnzon 1.3.6 - Spzo ll Lnr Contnu
S (E, ∥ · ∥E)  (F, ∥ · ∥F )  . D     
  ’:

L(E,F ) = L : E → F lineari e continue = L : E → F tale che ∥L∥L(E,F ) < +∞

 (   B̄ = B̄E(0, 1))   :

∥L∥L(E,F ) = ∥LB̄∥∞,B̄ = 
x∈B̄

∥Lx∥
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1.4 Contnut

Dnzon 1.4.1 - Contnut puntul
S X,Y  . L  f : X → Y     x0  X :

∀ U   f(x0) ∃ V   x   f(V ) ⊆ U

Dnzon 1.4.2 - Contnut unzonl
S X,Y  . L  f : X → Y     :

• f     x  X

• ∀ A   Y , f−1(A)    X

Proposzon 1.4.1 - Composzon  Contnu
Composzon  unzon ontnu  nor ontnu.

Dmostrzon. S X,Y, Z  . S f : X → Y  g : Y → Z 
.
V   g ◦ f : X → Z  . S x0  X,  y0 = f(x0)  
z0 = g(y0).
P   g  y0,   W ⊆ Z   z0 = g(y0)  V ⊆ Y  
y0   g(V ) ⊆ W . I,    f  x0,    U ⊆ X  x0
  f(U) ⊆ V .
M ,  W   z0  U   x0   (g ◦f)(U) ⊆ g(V ) ⊆W ,
 g ◦ f   x0. ■



Cptolo 2

Torm su Spz

2.1 Sr  Numnn

Torm 2.1.1 - Sr  Numnn
Sno (E, ∥ · ∥) spzo  Bn  H  L(E) tl  ∥H∥ < 1. Allor I −H nvrtl
 vl :

(I −H)−1 =

+∞

j=0

Hj

Dmostrzon. S      
+∞
j=0

Hj   -

. I,    , ∥Hj∥ ≤ ∥H∥j   j  N.
A  1:

+∞

j=0

∥Hj∥ ≤
+∞

j=0

∥H∥j = 1

1− ∥H∥ < +∞

D    L(E)  , 
+∞
j=0

Hj .

O,       ,     
:

H
 +∞

j=0

Hj

= H



n→∞

n

j=0

Hj

= 

n→∞
H

n

j=0

Hj

= 
n→∞

n

j=0

Hj+1 =

+∞

j=0

Hj+1 =

+∞

j=0

Hj − I

    :

(I −H)
 +∞

j=0

Hj

= I

A       . D I −H   
:

(I −H)−1 =

+∞

j=0

Hj

■
1U ’ 0 ≤ ∥H∥ < 1

29
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Corollro 2.1.1.1 - Anum  Sr  Numnn
Nll pots l Torm 2.1.1, l onzon ∥H∥ < 1 non  nssr. L ts  vr
s ∃m  N tl  ∥Hm∥ < 1.

Dmostrzon. D   N    I −Hm =
+∞
j=0

Hmj  .

I   :

I −Hm = (I −H)
m−1

j=0

Hj


     I − H   (    2   ,  
       ). P  :

(I −H)−1 =
m−1

j=0

Hj

(I −Hm)−1 =

m−1

j=0

Hj
 +∞

k=0

Hmk


=

+∞

k=0

m−1

j=0

Hmk+j

=

+∞

n=0

Hn

R       . M (  
  n = mk + j):

+∞

n=0

∥Hn∥ ≤


0≤k<∞



0≤j<m

∥Hm∥k∥H∥j =
 +∞

k=0

∥Hm∥k
m−1

j=0

∥H∥j


=
1

1− ∥Hm∥
m−1

j=0

∥H∥j

< +∞

      L(E) . ■
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2.2 Torm  Br

Torm 2.2.1 - Torm  Br on Aprt
S (X, d) uno spzo mtro omplto. Sno Aj ⊆ X un ml numrl  prt
ns.
Allor


j∈N

Aj  nso.

Torm 2.2.2 - Torm  Br on Cus
S (X, d) uno spzo mtro omplto. Sno Fj ⊆ X un ml numrl  us
tl  int(Fj) = ∅.
Allor int

 
j∈N

Fj


= ∅.

Dmostrzon. D  T  B   .
S        ,     int

 
j∈N

Fj


̸= ∅.

A       ,  x0  X  r0 > 0   B(x0, r0) ⊆
j∈N

Fj .

P , int(F1) = ∅,  B(x0, r0) ⊈ F1. N    x1  B(x0, r0) \ F1.
E F1 ,  r1 > 0     B(x1, r1)   

2:

• B(x1, r1)  F1 = ∅

• B(x1, r1) ⊆ B(x0, r0)

• r1 ≤ r0
2

P   ,         k  N. C 
xk  B(xk−1, rk−1) \ Fk−1  rk > 0  :

1. B(xk, rk)  Fk = ∅

2. B(xk, rk) ⊆ B(xk−1, rk−1)

3. rk ≤ r0
2k

O,     B(xk, rk)   ’ ’   ( 
2). C      k  N  : xh  B(xk, rk)   h ≥ k.
S      xk   C :

d(xh, xk) < rk ≤
r0
2k

      > 0  k  N   r0
2k

< .
D  X  ,   xk → x̄  k → +∞,  x̄  X.
I,      xk      B(xk, rk) 
,   x̄  B(xk, rk)   k  N.
P   1    k  N:

x̄  B(xk−1, rk−1) ⊆ B(xk, rk)

   B(xk, rk)  Fk = ∅, x̄  FC
k   k.

A,    x̄  B(x0, r0) ⊆

j∈N

Fj . ■

2L z z       Cy   .
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2.3 Torm  Immrson

Dnzon 2.3.1 - Compltmnto
S (M,d)    (M̃, d̃)   .
L  j : (M,d)→ (M̃, d̃)     j    j(M)   M̃ .

Torm 2.3.1 - Immrson  Fr́t - Kurtowsk
On spzo mtro (M,d) s mmr somtrmnt n (E, ∥ · ∥) spzo  Bn. In
prtolr3, E = CB(M).

Dmostrzon. L’       d  M 
     CB(M).
B   2 :

• M  ” ”,       . A
 :

Φ : (M,d) −→ (CB(M), ∥ · ∥∞)
x −→ d(x, ·)

D   ’ .
E’    d(x, ·) = d(y, ·),    y  :

d(x, y) = d(y, y) = 0 ⇐⇒ x = y

E’ ’  :

∥d(x, ·)− d(y, ·)∥∞ = d(x, y)

   u M   :

d(x, u)− d(y, u) ≤ d(x, y)

d(y, u)− d(x, u) ≤ d(x, y)

            
u∈M

:

∥d(x, ·)− d(y, ·)∥∞ ≤ d(x, y)

    u = x  ’:

∥d(x, ·)− d(y, ·)∥∞ = d(x, y)

• M   ” ”. A   x0 M :

jx0 : (M,d) −→ (CB(M), ∥ · ∥∞)
x −→ d(x, ·)− d(x0, ·)

I  jx0(x)     x M      :

∥jx0(x)∥∞ = ∥d(x, ·)− d(x0, ·)∥∞ ≤ d(x, x0)

O      ,   ’  
 :

∥jx0(x)− jx0(y)∥∞ = ∥d(x, ·)− d(y, ·)∥∞ = d(x, y)
3I  CB  z  z ””,  .
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S  . ■

Corollro 2.3.1.1
On spzo mtro s nlu om sottonsm nso n uno spzo omplto.

Dmostrzon. L  ,    ”” ’-
  F́,      C  X .

A,            -
  j(M). I    ,       C
(    B )   j(M). ■

Torm 2.3.2 - Estnson pr nst  unzon unormmnt ontnu
Sno (X, dx) spzo mtro  (Y, dy) spzo mtro omplto. S D ⊆ X nso 
f : D → Y unormmnt ontnu (on moulo ).
Allor ∃! F : X → Y stnson ontnu  f . Inoltr, F  unormmnt ontnu
on moulo .

Dmostrzon. D F (x) = f(x)   x  D. P x  X,  

 dnn∈N ⊂ D   dn
n→+∞−→ x.

A  F (x) = 
n→+∞

F (dn). V :

•     dn ,    C. P  
F (dn)   C   Y . S    .

•  ’  d′n ⊂ D    x,  d1, d′1, d2, d′2,    
. E    x. M :

F (d1), F (d′1), F (d2), F (d′2),    

         
n→+∞

F (dn) = 
n→+∞

F (d′n).

• F        f . S  > 0. D x0, x1  X  
d(x0, x1) < ,   dn  d′n   D   -
  x0  x1. A   (     C 
    ):

d(F (x0), F (x1)) = d




n→+∞
F (dn), 

n→+∞
F (d′n)


= 

n→+∞
d

F (dn), F (d′n)



≤ 
n→+∞



d(dn, d

′
n)


= (d(x0, x1)) ≤ ()

  F     .

S  . ■

Torm 2.3.3 - Unt l Compltmnto
S (M,d) spzo mtro. Esst j : (M,d) → (M̃, d̃) ompltmnto  M  M̃ spzo
mtro omplto.
Allor j  uno  mno  somorsm.

Dmostrzon. S         M :
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(M,d) (M̃1, d̃1)

(M̃2, d̃2)

j1

j2

S  M    M̃1  M̃2. A   T  E 2.3.2
   j2  j1   ϕ  :

(M,d) (M̃1, d̃1)

(M̃2, d̃2)

j1

j2
ϕ

(M,d) (M̃2, d̃2)

(M̃1, d̃1)

j2

j1
ψ

I   : j2 = ϕ ◦ j1  j1 =  ◦ j2. V  :

 ◦ ϕ = idM̃1

ϕ ◦  = idM̃2

V     . L   . S   idM̃1
  ◦ ϕ

      j1:

(M,d) (M̃1, d̃1)

(M̃1, d̃1)

j1

j1
idM̃1

(M,d) (M̃1, d̃1)

(M̃1, d̃1)

j1

j1
ψ◦ϕ

P  ’  ,   ◦ ϕ = idM̃1
. ■

Proposzon 2.3.1 - Estnson  normt
S (E, ∥·∥E) spzo normto. Essno mtro,  un ompltmnto om spzo mtro
Ẽ.
Allor stnno l norm, Ẽ  normto.

Dmostrzon. C   ∥ · ∥E  ’ j : E → Ẽ. D  E 
   Ẽ    T  E  D 2.3.2   :

E Ẽ

R

j

∥·∥E
∥·∥Ẽ

 ∥ · ∥Ẽ : Ẽ −→ R        Ẽ. ■
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2.4 Torm  Mzur - Ulm

Dnzon 2.4.1 - Mpp An
S E,F  . S f : E → F  ,    :

1. f(x) = Lx+ v  v  F  L  L(E,F )

2. f(tx+ (1− t)x′) = tf(x) + (1− t)f(x′)  x, x′  E  t  [0, 1]

3. f

x+x′
2


= 1

2f(x) +
1
2f(x

′)  x, x′  E

Proposzon 2.4.1
L nzon  mpp n sono quvlnt.

Dmostrzon. V 4 .

• (1 ⇒ 2):        L. I   x, x′  E  t  [0, 1]:

f(tx+(1−t)x′) = v+L(tx+(1−t)x′) = t(v+Lx)+(1−t)(v+Lx′) = tf(x)+(1−t)f(x′)

• (1 ⇐ 2):   f    2. A  :

L(x) = f(x)− f(0)

    (  ).

• (2 ⇒ 3): ,   t = 1
2 .

• (2 ⇐ 3):    3,       t  D  
  [0, 1]. M   D    [0, 1],    .

A ı  ’. ■

Torm 2.4.1 - Torm  Mzur - Ulm
Sno E,F spz normt. S f : E → F somtr. Allor f  n.

Dmostrzon. B   ∀x, x′  E   :

f


x+ x′

2


=

1

2
f(x) +

1

2
f(x′)

C      ” ”   x, x′:

def(f) =

f

x+ x′

2


− f(x) + f(x′)

2



       x, x′  E.
O    f :

def(f) ≤

1

2
f


x+ x′

2


− 1

2
f(x)

+


1

2
f


x+ x′

2


− 1

2
f(x′)



=
1

2


x− x′

2

+
1

2


x− x′

2

 ≤
∥x− x′∥

2
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D     f(x)  f(x′) :

ρ : E −→ E
y −→ f(x) + f(y′)− y

Q  ’,      :

f̃ = f−1 ◦ ρ ◦ f

    f̃(x) = x′  f̃(x′) = x. M  :

def(f̃) =

f̃

x+ x′

2


− f̃(x) + f̃(x′)

2

 =

f̃

x+ x′

2


− x′ + x

2



(a)
=

f−1


f(x) + f(x′)− f


x+ x′

2


− x+ x′

2


(a)
=

f−1


f(x) + f(x′)− f


x+ x′

2


− f−1


f


x+ x′

2



=

f(x) + f(x′)− 2f


x+ x′

2



= 2


f(x) + f(x′)

2
− f


x+ x′

2

 = 2def(f)

M     f̃   def(f̃) ≤ ∥x−x′∥
2 ,   ’  .

S   def(f) > 0. R    f̃   
    f0 = f  fk+1 = f̃k   k > 0. I :

def(fk+1) = 2def(fk) = · · · = 2k+1def(f)

M    k     :

def(fk) >
∥x− x′∥

2

   . S  def(f) = 0,    . ■
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2.5 Torm ll Contrzon

Dnzon 2.5.1 - Contrzon
S (M,d)  . S T : (M,d)→ (M,d)   k-L  k < 1.
A T   .

Torm 2.5.1 - Torm ll Contrzon
S (M,d) spzo mtro non vuoto  omplto. S T : (M,d) → (M,d) un k-
ontrzon. Allor:

1. T  un uno punto sso: ∃! x̄ M  T (x̄) = x̄

2. ∀x0 M,xn = T n(x0) onvr  x̄

Dmostrzon. D ’       (2).
S x0 M  n  N. C n ≤ p < q:

d(xp, xq) = d(xp, xp+1) + d(xp+1, xp+2) + · · ·+ d(xq−1, xq)

=

q−1

i=p

d(xi, xi+1) =

q−1

i=p

d(T i(x0), T
i+1(x0))

=

q−1

i=p

kid(x0, x1) ≤ d(x0, x1)

+∞

i=n

ki =
kn

1− k
d(x0, x1)

   xnn∈N   C ́ k < 1.

E M , xn
n→+∞−→ x̄ M . I,    n→ +∞:


xn −→ x̄

T (xn) = xn −→ x̄

    T  T (x̄) = x̄. S    (2)  ’ 
 (1).
M ’   . S  x̄ = T (x̄)   ȳ = T (ȳ). S :

d(x̄, ȳ) = d(T (x̄, ȳ)) ≤ k · d(x̄, ȳ)
  k < 1: d(x̄, ȳ) = 0. A x̄ = ȳ. ■

Corollro 2.5.1.1 - Stm  Convrnz
Su l Torm 2.5.1 :

1. d(x̄, xn) ≤ knd(x̄, x0)

2. ∀x M d(x̄, x) ≤ 1
1−kd(x, T (x))

Dmostrzon. I  (1)  (   T 2.5.1) :

d(x̄, xn) = d(T n(x̄), Tn(x0)) ≤ knd(x̄, x0)

I  (2)     d(x̄, x) ≤ d(x, T (x)) + kd(x̄, x). S  k-
    :

d(x̄, x) ≤ d(x̄, T (x)) + d(T (x), x) = d(T (x̄), T (x)) + d(T (x), x)

≤ kd(x̄, x) + d(T (x), x)

■
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Corollro 2.5.1.2 - Cso An
S (E, ∥ · ∥) un spzo normto. S T : E → E on T (x) = Lx + v ontrzon n,
o L  L(E), ∥L∥ < 1  v  E.
Allor l punto sso sr x = (I − L)−1v.

Dmostrzon. S x0 = 0. M :




x1 = c

x2 = Lc+ c

x3 = L2c+ Lc+ c

  

O  : T n(0) =
n

j=0
Ljc. A     S  N.

I:
T (x) = x ⇒ (I − L)x = c

 :

x = (I − L)−1c =

+∞

j=0

Ljc

■

Corollro 2.5.1.3 - Gnrlzzzon
Nll pots l Torm 2.5.1, s T non un ontrzon, m ∃n  N tl  T n

ontrzon.
Allor T  un uno punto sso n E.

Dmostrzon. S      x̄ = T n(x̄. O :

T n(T (x̄)) = T (T n(x̄)) = T (x̄)

M  T (x̄)     T n. P    T (x̄) = x̄. S  . ■

Corollro 2.5.1.4
Nll pots l Torm 2.5.1, s C ⊆M un uso T -nvrnt (o T (C) ⊆ C) non
vuoto, llor x̄  C.

Dmostrzon. S x0  C. D  ’  T -,   xn = T n(x0)  C.
M xnn∈N ⊆ C     x̄. P   C   x̄  C. ■

Torm 2.5.2 - Torm ll Prturzon Lpstzn ll’ntt
S (E, ∥ · ∥) uno spzo  Bn, s A ⊆ E un prto.
S g : A→ E k-Lpstzn on k < 1. Allor l mpp f = id+ g vr  tt:

1. f(A) prto n E, lolmnt: ∀a  A, ∀r > 0 tl  B̄(a, r) ⊆ A llor f(B(a, r)) ⊃
B(f(a), (1− k)r).

2. f : A→ f(A)  un omomorsmo lpstzno, prsmnt:

lip(f) ≤ 1 + k  lip(f−1) ≤ 1
1−k

Dmostrzon. D   .
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1. S a  A  r > 0   B(a, r) ⊆ A. P :

f

B(a, r)


⊇ B(f(a), (1− k)r)

:   p  B(f(a), (1 − k)r)  x  B(a, r)   f(x) = p.
R   :

(1− k)r ≥ ∥p− f(a)∥ = ∥p− a+ g(a)∥

C   y
ψ−→ p− g(y)   L   k   B(a, r),

:

∥(x)− (y)∥ = ∥p− g(x)− p+ g(y)∥ = ∥g(y)− g(x)∥ ≤ k∥x− y∥

P y  A   ∥y − a∥ ≤ r:

∥(y)− a∥ = ∥p− g(y)− a∥ = ∥p− (a+ g(a)) + g(a)− g(y)∥
≤ ∥p− (a+ g(a))∥+ ∥g(a) + g(y)∥ ≤ (1− k)r + kr = r

A   B(a, r)  -. A  C 2.5.1.44  x 
B(a, r)   x = p− g(x)   .

2. S x, x′  A. A:

∥x− x′∥ = ∥x+ g(x)− (x′ + g(x′)) + (g(x′)− g(x))∥
≤ ∥f(x)− f(x′)∥+ ∥g(x)− g(x′)∥
≤ ∥f(x)− f(x′)∥+ k∥x− x′∥

    ∥f(x)− f(x′)∥ ≥ (1− k)∥x− x′∥. O f  .
Q       f−1 : f(A) → A. C y = f(x) 
y′ = f(x′). A   :

∥y − y′∥ ≥ (1− k)∥f−1(y)− f−1(y′)∥

:

∥f−1(y)− f−1(y′)∥ ≤ 1

1− k
∥y − y′∥

  f−1  1
1−k -L.

■

Ossrvzon 2.5.1
N   T 2.5.2,  A = E  f(A) = E.

4       z     
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Cptolo 3

Clolo Drnzl

3.1 Drnzl  Fr́t

3.1.1 Dnzon

Dnzon 3.1.1 - Funzon nntsm n x0

S E,F  ,  f : A ⊆ E → F . S   f    x0  
  A  

x→x0

f(x) = 0.

Dnzon 3.1.2 - o polo
S f, g : A ⊆ E → F .
S  f = o(g)  x→ x0  f(x) = ∥g(x)∥ · o(1).

Dnzon 3.1.3 - Drnzlt sono Fr́t
S E,F    Ω ⊆ E , x0  Ω. U  f : Ω→ F  
 F́     ∃L  L(E,F ) :

f(x) = f(x0) + L(x− x0) + o(x− x0) (3.1)

I ,   L ,  .

Dnzon 3.1.4 - Drnzl  Fr́t
S f : Ω ⊆ E → F     x0  Ω. S L  L(E,F )  
D 3.1.3,      F́   : Df(x0)

Dnzon 3.1.5 - Clss Ck

S E,F    Ω ⊆ E . S f : Ω → F    
x  Ω. E’  :

Df : Ω −→ L(E,F )

x −→ Df(x)

A f     C1     Df  :

C1(Ω, F ) = f : Ω→ F  Df  C0(Ω,L(E,F ))

P , :

Ck(Ω, F ) = f : Ω→ F  Df  Ck−1

41
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3.1.2 Proprt  Clolo

Proposzon 3.1.1 - Somm
Sno E,F spz normt  Ω ⊆ E prto. S λ  R  x0  Ω. Sno f, g : Ω → F
unzon rnzl n x0.
Allor f + λg  rnzl n x0, on:

D(f + λg)(x0) = Df(x0) + λDg(x0) (3.2)

Dmostrzon. S f  g   . A  x→ x0:

f(x) = f(x0) + L(x− x0) + o(x− x0)

g(x) = g(x0) +M(x− x0) + o(x− x0)

S    f + λg     x→ x0:

(f + λg)(x) = f(x) + λg(x) = f(x0) + L(x− x0) + λg(x0) + λM(x− x0) + o(x− x0)

= (f + λg)(x0) + (L+ λM)(x− x0) + o(x− x0)

        :

D(f + λg)(x0) = L+ λM = Df(x0) + λDg(x0)

■

Proposzon 3.1.2 - Composzon
Sno E,F,G spz normt  U ⊆ E, V ⊆ F prt.

• f : U → F unzon rnzl n x0  U , ov Im(f) ⊆ V .

• g : V → G unzon rnzl n y0 = f(x0)  V .

Allor g ◦ f  rnzl n x0, on:

D(f ◦ g)(x0) = Dg(f(x0)) ◦Df(x0) (3.3)

Dmostrzon. S f  g   . A  x0  X:

f(x) = f(x0) + L(x− x0) + o(x− x0)

g(y) = g(y0) +M(y − y0) + o(y − y0)

S    g ◦ f     x→ x0:

g(f(x)) = g

f(x0) + L(x− x0) + o(x− x0)



= g(f(x0)) +M

L(x− x0) + o(x− x0)


+ o


L(x− x0) + o(x− x0)



I ,    :

∥M

o(x− x0)


∥ ≤ ∥M∥ · ∥x− x0∥ · o(1) ≤ o(∥x− x0∥)

  ’ :

∥o

L(x− x0) + o(x− x0)


∥ ≤ ∥L(x− x0) + o(x− x0)∥ · o(1)
≤

∥L∥ · ∥x− x0∥+ o(1)∥x− x0∥
 · o(1)

≤ O(∥x− x0∥) · o(1) = o(∥x− x0∥)
    :

g(f(x)) = g(f(x0)) +M

L(x− x0) + o(x− x0)


+ o(x− x0)

   . ■
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Proposzon 3.1.3 - Invrson
Sno E,F spz normt, sno U ⊆ E  V ⊆ F prt. S f : U → V un omomorsmo
rnzl n x0  U , on Df(x0) nvrtl  on nvrs f−1 ontnu.
Allor f−1 : V → U  rnzl n y0 = f(x0), on:

Df−1(yo) = [Df(x0)]
−1 (3.4)

Dmostrzon. I,    1 x0 = 0  f(x0) = 0.
A      x0 = 0 :

f(x) = Lx+ ∥x∥o(1) per x→ 0

I,  g = f−1,  y = f(x). P    :

y = Lg(y) + ∥g(y)∥o(1) per2 y → 0

C  L−1    :

g(y) = L−1y + ∥g(y)∥o(1) per y → 0 (3.5)

P       ,    :

∥g(y)∥o(1) = ∥y∥o(1) per y → 0 (3.6)

B   ∥g(y)∥ ≤ C∥y∥  C  R . D  3.5, 
 :

∥g(y)∥ =
L−1y + ∥g(y)∥o(1)

 ≤ ∥L−1∥ · ∥y∥+ ∥g(y)∥o(1)
   ,  y → 0:

∥g(y)∥ ≤ ∥L−1∥
1 + o(1)

∥y∥ = O(1)∥y∥ −→ C∥y∥

A,  ’ 3.6,  :

g(y) = L−1y + ∥g(y)∥o(1) = L−1y + ∥y∥o(1)
  ,   Dg(y) = L−1. ■

Ossrvzon 3.1.1 - Drnzl  Lnr
S E,F  , L  L(E,F ). A L   ∀x0  E,  
DL(x0) = L.

Ossrvzon 3.1.2 - Drnzl n Spz Prootto
S E,F1, F2  ,  U ⊆ E   x0  U . S f : U → F1 × F2, 
 :

• f    x0

• πF1 ◦ f  πF2 ◦ f    x0

I ,    :

∥(v1, v2)∥F1×F2 = max∥v1∥F1 , ∥v2∥F2
    :

L(E,F1 × F2)
∼−→ L(E,F1)× L(E,F2)

1T  z   ϕ(x) = f(x − x0) − f(x0)    z


2S  y → 0   f    .
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3.2 Drnzl Przl

Dnzon 3.2.1 - Drvt Drzonl
S E,F    Ω ⊆ E  x0, v  E. S f : Ω→ F .
S ,    t  R  0  f(x0+tv)      f  
v. S :

∂vf(x0) =
d

dt
f(x0 + tv)


t=0

(3.7)

Ossrvzon 3.2.1
N   D 3.2.1,  f    x0 :

∂vf(x0) = Df(x0)[v]

Dnzon 3.2.2 - Drvt Przl
S E    Ω ⊆ Rn . S f : Ω → E. L    
     Rn      f . S  ∀i = 1, , n:

∂if(x) =
d

dt
(x1, , xi−1, t, xi+1, , xn)


t=xi

(3.8)

Dnzon 3.2.3 - Grnt
S f : Rn → R. A    f :

f(x) = grad(f(x)) =

∂1f(x), , ∂nf(x)


(3.9)

Proposzon 3.2.1
S f : Rn → R rnzl n x  Rn. Allor t eii=1,,n l s non  Rn:

∂if(x) = Df(x)[ei]

Inoltr, to v  Rn o:

Df(x)[v] = Df(x)


n

i=1

viei


=

n

i=1


vi · ∂if(x)



Proposzon 3.2.2
S f : Rn → R rnzl n x  Rn. S v  Rn, vl :

Df(x)[v] =

f(x) · v



Allor Df(x)  un orm lnr nl ul  Rn.

Dnzon 3.2.4 - Mtr Jon
S f : Rn → Rm   x  Rn. A Df(x)    ’-
  Rn → Rm   J  f  x, :

Jf (x) =

∂1f(x)  ∂2f(x)    ∂nf(x)



Dnzon 3.2.5 - Drnzl Przl
S E1, E2, F  , Ω ⊆ E1 × E2   (x0, y0)  Ω.
D ’ f : Ω → F ,  x → f(·, y0)    x0. T
       :

D1f(x0, y0) = D[f(·, y0)](x0)
A       :

D2f(x0, y0) = D[f(x0, ·)](y0)
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Ossrvzon 3.2.2
N   D 3.2.5,  f    (x0, y0)    h 
E1, k  E2: 

D1f(x0, y0)[h] = Df(x0, y0)[(h, 0)]

D2f(x0, y0)[k] = Df(x0, y0)[(0, k)]

:
Df(x0, y0)[(h, k)] = D1f(x0, y0)[h] +D2f(x0, y0)[k]
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3.3 Torm su Drnzl

Torm 3.3.1 - Torm l Drnzl Totl
Sno E1, E2, F spz  Bn, Ω ⊆ E1 × E2 prto  (x0, y0)  Ω. S f : Ω → F tl
:

1. ∃D1f(x0, y0)

2. pr on (x, y)  Ω sst D2f(x, y)  n prtolr l’pplzon (x, y) → D2f(x, y)
 ontnu n (x0, y0)

Allor f  rnzl n (x0, y0)  vl:

Df(x0, y0) = D1f(x0, y0) ◦ πE1 +D2f(x0, y0) ◦ πE2

Dmostrzon. S        f   (x0, y0) :

f(x0 + h, y0 + k) = f(x0, y0) +Df(x0, y0)[(h, k)] + o(∥(h, k)∥) (3.10)

 (h, k)→ (0, 0). P     (h, k)→ (0, 0):


f(x0 + h, y0) = f(x0, y0) +D1f(x0, y0)[h] + o(∥h∥)
f(x0, y0 + k) = f(x0, y0) +D2f(x0, y0)[k] + o(∥k∥)

U    3 ’ 3.10:

f(x0 + h, y0 + k)− f(x0, y0)−Df(x0, y0)[(h, k)] = (∗) =
= f(x0 + h, y0 + k)− f(x0, y0)−D1f(x0, y0)[h]−D2f(x0, y0)[k]

= f(x0 + h, y0 + k)− f(x0 + h, y0) + f(x0 + h, y0)− f(x0, y0)−
−D1f(x0, y0)[h]−D2f(x0, y0)[k]

=

f(x0 + h, y0 + k)− f(x0 + h, y0)−D2f(x0, y0)[k]


+


f(x0 + h, y0)−

− f(x0, y0)−D1f(x0, y0)[h]


=

f(x0 + h, y0 + tk)− tD2f(x0, y0)k

t=1

t=0
+


f(x0 + h, y0)− f(x0, y0)−

−D1f(x0, y0)[h]


P  :

∥(∗)∥ ≤
f(x0 + h, y0 + tk)− tD2f(x0, y0)k

t=1

t=0

+
f(x0 + h, y0)−

− f(x0, y0)−D1f(x0, y0)[h]


≤ 
0<t<1

∥D2f(x0 + h, y0 + tk)k −D2f(x0, y0)k∥+ o(∥h∥)

≤ 
0<t<1

∥D2f(x0 + h, y0 + tk)−D2f(x0, y0)∥ · ∥k∥+ o(∥h∥)

≤ o(∥h∥+ ∥k∥)

  . ■

Corollro 3.3.1.1
Nll pots l Torm 3.3.1, vl :

D1f(x, y) e D2f(x, y) sono continui ⇔ f  C1(Ω, F )
3C      , LATEX    ...
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Dmostrzon. L   T 3.3.1      (x0, y0)  Ω.
Q f  C1. ■

Proposzon 3.3.1 - Intrprtzon  D2f(x)
Sno E,F spz normt. Sno Ω ⊆ E  x0  Ω. S f : Ω → F rnzl 2 volt
n x0. S possono r vrs ntrprtzon4  D2f(x0): ∀u, v  E:

1. D2f(x0)[u, v] = ∂t ∂sf(x+ tu+ sv)

s=0


t=0

2. D2f(x0)[u, v] = f(x+ u+ v)− f(x+ u)− f(x+ v) + f(x) + o(∥u∥2 + ∥v∥2)

Dmostrzon. D    :

1. P  u, v  E    :

∂sf(x+ tu+ sv) = D(x+ tu+ sv)[v]

   s  0:

∂sf(x+ tu+ sv)

s=0

= Df(x+ tu)[v]

S :

∂t

∂sf(x+ tu+ sv)


s=0
t=0

= D(Df)(x)[u, v] = D2f(x)[u, v]

2. C  ,      o(∥u∥2 + ∥v∥2):
f(x+u+ v)− f(x+ u)− f(x+ v) + f(x)−D2f(x)[u, v]

 =

=
f(x+ u+ tv)− f(x+ tv)− tD2f(x)[u, v]

t=1

t=0


≤ 

0<t<1

Df(x+ u+ tv)−Df(x+ tv)−D(Df(x))[u]

v


≤ 
0<t<1

Df(x+ u+ tv)−Df(x+ tv)−D(Df)(x)u
 · ∥v∥

= 
0<t<1

D(Df)(x)[u+ tv]−D(Df)(x)[tv]−D(Df)(x)[u]+

+ o(∥u∥+ ∥v∥)
 · ∥v∥

= o(∥u∥+ ∥v∥) · ∥v∥ = o

(∥u∥+ ∥v∥)2



■

Torm 3.3.2 - Smmtr l Drnzl Sono
Sno E,F spz normt. Sno Ω ⊆ E  x0  Ω. S f : Ω → F rnzl 2 volt
n x0. Allor D2f(x0)  smmtro:

∀u, v  E : D2f(x0)[u, v] = D2f(x0)[v, u]

Dmostrzon. P ’ 2  P 3.3.1,      u, v  E,
 (u, v)→ (0, 0)   :

D2f(x)[u, v]−D2f(x)[v, u] = o

(∥u∥+ ∥v∥)2



      .
D     ,     . ■

4V   z: D2f(x0)[u, v] =

D2f(x0)[u]


[v].
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Torm 3.3.3 - Invrson ll’Orn  Drvzon (Swrz)
Sno Ω ⊆ R× R prto  f : Ω→ (E, ∥ · ∥) un unzon tl :

1. ∃ ∂1f, ∂2∂1f n Ω, on ∂2∂1f ontnu su (x0, y0)  Ω

2. ∀x  R : (x, y0)  Ω ∃ ∂2f

Allor ∃ ∂1∂2f(x0, y0) = ∂2∂1f(x0, y0).

Dmostrzon. D     : R+ → R+ :

(r) = 
∥x−x0∥≤r
∥y−y0∥≤r

∥∂2∂1f(x, y)− ∂2∂1f(x0, y0)∥

E  ,      r → 0   ∂2∂1f   
(x0, y0)  . P  :


∂2f(x, y0)− ∂2f(x0, y0)

x− x0
− ∂2∂1f(x0, y0)

 ≤  (x− x0) (3.11)

   :   (x, y)  Ω   x−x0 ≤ r  y− y0 ≤ r :


f(x, y)− f(x, y0)

(x− x0)(y − y0)
− f(x0, y)− f(x0, y0)

(x− x0)(y − y0)
− ∂2∂1f(x0, y0)

 ≤ (r) (3.12)

I     y → y0   ’ 3.11. D  
3.12:

∥f(x, y)− f(x, y0)− f(x0, y) + f(x0, y0)− (x− x0)(y − y0)∂2∂1f(x0, y0)∥ =
=

[f(t, y)− f(t, y0)− t(y − y0)∂2∂1f(x0, y0)]
t=x
t=x0


(∗)
≤ x− x0 · 

t−x0≤r
∥∂1f(t, y)− ∂1f(t, y0)− (y − y0)∂2∂1f(x0, y0)∥

= x− x0 · 
t−x0≤r

[∂1f(t, s)− s∂2∂1f(x0, t0)]
s=y
s=y0



(∗)
≤ x− x0 · y − y0· ≤ 

t−x0≤r
s−y0≤r

∥∂2∂1f(t, s)− ∂1∂2f(x0, y0)∥ = (r)

  (∗)     T  V M. S  . ■

Dnzon 3.3.1 - Mtr Hssn
S Ω ⊆ Rn   f : Ω → R    2   x  Ω. E
 D2f(x)  L2

simm(Rn × Rn,R)  .
P  T 3.3.3     H,   D2f(x)  Mn(R):

Hf (x) =




∂1,1f(x) ∂2,1f(x)  ∂n,1f(x)
∂1,2f(x) ∂2,2f(x)  ∂n,2f(x)

...
... 

...
∂1,nf(x) ∂2,nf(x)  ∂n,nf(x)




 ∂i,jf(x) = ∂i∂jf(x).



3.3. TEOREMI SUI DIFFERENZIALI 49

Torm 3.3.4 - Lmt sotto Sno  Drvt
Sno E,F spz  Bn. S Ω ⊆ E prto onnsso. Sno fn : Ω → F un
susson  unzon tl :

1. fn(x0) onvr n F pr lmno un x0  Ω

2. Dfn : Ω → L(E,F ) onvrono  g : Ω → L(E,F ) unormmnt  lolmnt,
o:

∀a  Ω ∃ ra > 0 : ∥Dfn − g∥∞,B(a,ra)
n→+∞−→ 0

Allor:

1. fn onvrono  f : Ω→ F lolmnt unormmnt.

2. f  rnzl, Df = g.

Commnto 1. Disperzione degli utori
Stv. Prprtv l’qu l pr un momll.
Ftto? Bn. Prnt l tlono  mttt l molt ro, non s m  quluno
v mportun propro or  v nt  qust mostrzon.
V srvr onntrzon pr pr l r  r  ormul  surnno.
M v pro non  n volt, LATEX non  molto lmnt on l lunzz ll ormul,
mo tto l mlo  potvmo on tutt qust  po.

Dmostrzon. D   .

1. P  fn(x)    x  B(a, ra) ⊆ Ω     fn(a) -
. A  ’,     fn(x) − fn(a) 
   C. A       
’. P p, q → +∞:

∥(fp(x)− fp(a))− (fq(x)− fq(a))∥ ≤ ∥Dfp −Dfq∥∞,B(a,ra) · ∥x− a∥
≤ ∥Dfp −Dfq∥∞,B(a,ra) · ra = o(1)

Q fn(x)− fn(a)   C  . M   :

A = x  Ω  fn(x) converge  B = x  Ω  fn(x) non converge

      a  ,     B(a, ra) 
. I         Ω . I 
’ (1), A ̸= ∅  A = Ω. O     
 x  Ω.
D     ,    
B(a, ra). P 

q→∞
  ,   

,  :

∥(fp(x)− fp(a))− (f(x)− f(a))∥ ≤ ∥Dfp − g∥∞,B(a,ra) · ∥x− a∥

I  :

∥fp(x)− f(x)∥ ≤ ∥fp(a)− f(a)∥+ ∥fp(x)− f(x)− fp(a) + f(a)∥
≤ ∥fp(a)− f(a)∥+ ∥Dfp − g∥∞,B(a,ra) · ra
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   
x∈B(a,ra)

:

∥fp − f∥∞,B(a,ra) ≤ ∥fp(a)− f(a)∥+ ∥Dfp − g∥∞,B(a,ra) · ra

     .

2. V  f    Df = g   a  Ω. I  
     o(∥x− a∥)  x→ a:

∥f(x)− f(a)− g(a)[x− a]∥ ≤ ∥f(x)− f(a)− fp(x) + fp(a)∥+
+ ∥fp(x)− fp(a)−Dfp(a)[x− a]∥+ ∥Dfp(a)[x− a]− g(a)[x− a]∥

≤

∥Dfp − g∥∞,B(a,ra) +

∥fp(x)− fp(a)−Dfp(a)[x− a]∥
∥x− a∥ +

+ ∥Dfp(a)− g(a)∥

· ∥x− a∥

≤

2∥Dfp − g∥∞,B(a,ra) +

∥fp(x)− fp(a)−Dfp(a)[x− a]∥
∥x− a∥


∥x− a∥

S,   ,    p  N:

∥f(x)− f(a)− g(a)[x− a]∥
∥x− a∥ ≤ 2∥Dfp − g∥∞,B(a,ra)+

+
∥fp(x)− fp(a)−Dfp(a)[x− a]∥

∥x− a∥

   
p∈N

’ :

∥f(x)− f(a)− g(a)[x− a]∥
∥x− a∥ ≤ 2∥Dfp − g∥∞,B(a,ra) + 0

    p→ +∞   ∥Dfp − g∥∞,B(a,ra) = o(1)      .

■

Commnto 2. Amn.

Dnzon 3.3.2 - Intrl n Spzo  Bn
S (E, ∥ · ∥)   B  f : [a, b]→ (E, ∥ · ∥) .
D  :  b

a
f(t)dt = g(b)− g(a)

 g′ = f    T 3.3.4.

Dnzon 3.3.3 - Domorsmo
S E,F   B, U ⊆ E  V ⊆ F . L  f : U → V 
 :

• f ,   

• f−1 
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S f−1  Ck,  f  Ck-.

Torm 3.3.5 - Invrson Lol
Sno E,F spz  Bn, Ω ⊆ E prto, x0  Ω. S f : Ω → F  lss C1 on
Df(x0) nvrtl n x0.
Allor f  omorsmo lol n x0.

Dmostrzon. S   L = Df(x0)
−1  L(E,F ). L 

(L ◦ f) : x → Lf(x)

  LDf(x)   x = x0  ’.
C   U = B(x0, r) ⊆ Ω,     :

Lf(x) = x+ (Lf(x)− x)

   D(Lf(x)− x) = LDf(x)− I. P  ,  r → 0:

∥D(Lf(x)− x)∥ = ∥LDf(x)− I∥ = o(1)

   LDf(x) − I    x0   I. M    x →
Lf(x) − x    L ∥LDf − I∥∞,B(x0,r)   B(x0, r). P

r > 0   ı ∥LDf − I∥∞,B(x0,r) ≤ 1
2 .

A   T  P 1-L 2.5.2 ’  U  Lf(x) =
x+(Lf(x)−x)    E    Lf    U    .
D  L   (   )   ’
 Lf     f    U     f(U) = V .
A      ’ ( P 3.1.3)  
f−1 : V → U   :

Df−1(y) =

Df(f−1(y))

−1

V  : f−1  C1. I Df−1    5:

V
f−1

−→ U
Df−→ InvLin(E,F )

[·]−1

−→ L(F,E)
y −→ f−1(y) −→ Df(f−1(y)) −→ [Df(f−1(y))]−1

■

Dnzon 3.3.4 - Luoo  Zr  Gro
S E,F,G   B, Ω ⊆ E × F . S f : Ω→ G.
I     f : Z(f) = (x, y)  Ωf(x, y) = 0.
Z(f)     f    x  y   (x0, y0)  Z(f)  ∃ ,  > 0 
∃ u : BE(x0, )→ BF (y0, )  , :

• graf(u) = Z(f) 

BE(x0, )×BF (y0, )



• ∀(x, y)  BE(x0, )×BF (y0, ) : (x, y)  Z(f)⇔ y = u(x)

Torm 3.3.6 - Funzon Implt
Sno E,F,G spz  Bn, Ω ⊆ E × F prto. S f : Ω → G n lss C1. S
(x0, y0)  Ω tl  f(x0, y0) = 0  D2f(x0, y0)  L(F,G) nvrtl.
Allor:

5L’      ’    z    
.
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• ∃ U ntorno prto  x0, ∃ V ntorno prto  y0 tl  U × V ⊆ Ω

• ∃ u : U → V  lss C1 tl : f = 0  U × V  = graf(u)

In prtolr, l unzon u  tl 

∀x  U :


Du(x) = −[D2f(x, u(x))]

−1 ◦D1f(x, u(x))

f(x, u(x)) = 0

Dmostrzon. C  :

Φ : Ω −→ E ×G
(x, y) −→ (x, f(x, y))

  C1      C1.
V  DΦ(x0, y0)     E × F → E × G. P (x0, y0)  Ω
 (h, k)  E × F :

DΦ(x0, y0)[h, k] = (h , D1f(x0, y0)[h] +D2f(x0, y0)[k])

I     L = D1f(x0, y0)  M = D2f(x0, y0). A:

DΦ(x0, y0) =


I 0
L M



       ’ :

DΦ(x0, y0)
−1 =


I 0

−M−1L M−1



A  T  I L:  W  V    x0  y0
   Φ(W × V )    ΦW×V .
D    U   u :

U = x  E  (x, 0)  Φ(W × V )

   πF : E × F → F  ,    x  U :

u(x) = πF

Φ−1(x, 0)



P́ ı   :

f(x, y) = 0⇔ Φ(x, y) = (x, 0)⇔ (x, y)  Φ−1(x, 0)

⇔ y = πF

Φ−1(x, 0)



D   u  C1(U, F ) ́    C1:

U
j1−→ Φ(U × V ) ⊆ U ×G

Φ−1

−→ E × F
πF−→ F

x −→ (x, 0) −→ Φ−1(x, 0) −→ πF (Φ
−1(x, 0))

C     u. P   g(x) = f(x, u(x))  
    . D :

0 = Dg(x) = D1f(x, u(x)) +D2f(x, u(x)) ◦Du(x)

 :
Du(x) = −D2f(x, u(x))

−1 ◦D1f(x, u(x))

  . ■
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Corollro 3.3.6.1 - Cso  Rn

S f : Ω ⊆ Rn → R  lss C1. S x  Ω tl  f(x) ̸= 0, n prtolr suppono
pr f =


∂1f, , ∂2f


 ∂nf(x) ̸= 0.

Allor pr Rn = Rn−1 × R on U ntorno  Rn−1, ∃ u : U → R tl :

∃  > 0 : f = 0 

U× ]xn − , xn + [


= graf(u)

Dmostrzon. S   T 3.3.6. ■

Esmpo 3.3.1

C          
n-:

f : Rn −→ R
(x1,    , xn) −→ x21 + · · ·+ x2n − 1

A  F 3.1      
     .

F 3.1: E  
    S2

Torm 3.3.7 - Torm  Dn
S F  C1(Ω,R) ov Ω ⊆ R2 prto. S:

F (x0, y0) = 0 e ∂yF (x0, y0) ̸= 0

Allor l luoo  zr  F n un ntorno  (x0, y0)  l ro  un unzon u nll
vrl x.
Pu prsmnt:

(x, y)  F (x, y) = 0  ([x0 − a, x0 + a]× [y0 − b, y0 + b]) =

= (x, y)  x  [x0 − a, x0 + a] e y = u(x)

E noltr u  C1([x0 − a, x0 + a],R) ov:

u′(x) = −∂xF (x, u(x))

∂yF (x, u(x))

Dmostrzon. S   T 3.3.6. ■

Dnzon 3.3.5 - Funzon omon
S ∥ · ∥  . P f : E \ 0 → R. A f   p-  
 t > 0  x  E \ 0:

f(tx) = tpf(x)

Torm 3.3.8 - Torm  Eulro
S f : E \ 0 → R rnzl. Vl l’quvlnz:

f  p-omon ⇔ Df(x)[x] = pf(x) pr on x  E \ 0

Dmostrzon. (⇒):  f(tx) = tpf(x)   x  E  t > 0. A:

d

dt
f(tx)[x] = ptp−1f(x)

V         f ◦    : R→ E  
 (t) = tx:

Df(tx)[x] = ptp−1f(x)
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  t = 1   ’.
(⇐):     x  E \ 0:

Df(x)[x] = pf(x)

C       t > 0:

Df(tx)[tx] = pf(tx)

A  :

tDf(tx)[x] = pf(tx)

tp
d

dt
(f(tx)) = tpD(tx)[x] = ptp−1f(tx)

tp
d

dt
(f(tx))− ptp−1f(tx) = 0

d

dt


f(tx)

tp


t2p = 0

    f(tx)
tp  . V  t = 1:

f(tx)

tp
= f(x)

  . ■
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3.4 Polnomo  Tylor

3.4.1 Dnzon

Dnzon 3.4.1 - Polnomo  Tylor pr urv
S (E, ∥ · ∥)   B,  f : I ⊆ R → (E, ∥ · ∥)    n 
 x0  I.
I   T   x0   n :

Tn(x, x0, f) =

n

k=0

f (k)(x0)

k!
(x− x0)

k

Proposzon 3.4.1 - Proprt
Nll pots ll Dnzon 3.4.1, vlono l sunt proprt:

1. Tn(x, x, f) = f(x)

2. ∂1Tn(x, x0, f) = Tn−1(x, x0, f
(1))

3. ∂2Tn(x, x0, f) =
f (n+1)(x0)

n! (x− x0)
n

Dmostrzon. L       . ■

Dnzon 3.4.2 - Polnomo  Tylor pr Normt
S E,F  ,  f : Ω ⊆ E → F    n  
x0  Ω.
I   T   x0   n :

Tn(x, x0, f) =

n

k=0

1

k!
Dkf(x0)[x− x0]

k

Notzon 3.1 - Mult-n
U -    Nm   = (1, ,m). I   :

•  : 1 =
m
i=1

i

• ’: x = x1
1 ·  · xm

m

•  :

k



= k!

! =
k!

1!m! =

k
1


k−1

2


  


k−1−−m−1

m



Proposzon 3.4.2 - Polnomo  Tylor on Mult-n
S f : U ⊆ Rn → R rnzl n volt n x0  U . Allor:

Tn(x, x0, f) =


1≤n

1

!
∂f(x0)(x− x0)



Dmostrzon. P   ,     
   k × m ,        xi,j i∈[k]

j∈[m]

. I

,  6:



i∈[k]


 

j∈[m]

xi,j


 =



j:[k]→[m]




i∈[k]
xi,j(i)




6I    ’ j      z j : [k] → [m].
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       i  [j]   xi,j = xj . I :


 

j∈[m]

xj




k

=


i∈[k]


 

j∈[m]

xj


 =



j:[k]→[m]




i∈[k]
xj(i)




=


∈Nm

1=k






j:[k]→[m]
j−1(l)=l ∀ l

x


 =



1=m


k




x

S             L  Lk
S


(Rm)k



  [x]k  x =
m
j=1

xjej . S  :

L[x]k = L


 

j∈[m]

xjej



k

= · · · =


1=k


k




L · x

   L = L[e] = L[e1
1 ,    , em

m ]   .
C L = Df ,    L = ∂     ,  h = x− x0:

Tn(x0 + h, x0, f) =


1≤m

1

!
∂f(x0)h



  . ■

3.4.2 Stm l Rsto pr Curv

S (E, ∥ · ∥)   B  f : I ⊆ R→ E  n   x0  I.

Proposzon 3.4.3 - Stm  Pno
S ∃ f (n)(x0), llor pr x→ x0:

∥Rn(x, x0, f)∥ = o(x− x0n)

Dmostrzon. S   ,    ,   T 
V M .
N  n = 1         :

∥Rn(x, x0, f)∥ = ∥f(x)− f(x0)− f ′(x0)(x− x0)∥ = o(∥x− x0∥)

T       n = 1,      n > 1:  
  T  V M:

∥Rn(x, x0, f)∥ = ∥f(x)− Tn(x, x0, f)∥ ≤ x− x0 
t∈[x0,x]

∥f ′(x)− Tn−1(x, x0, f
′)∥

      :

∥Rn(x, x0, f)∥ = x− x0 · o(x− x0n−1) = o(x− x0n)

  . ■
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Proposzon 3.4.4 - Stm  Lrn
S ∃ f (n+1)(x) ∀x  I, llor:

∥Rn(x, x0, f)∥ ≤ 
t∈[x0,x]

∥f (n+1)(t)∥ · x−x0n+1

(n+1)!

Dmostrzon. S   T  VM    C,   
f(t) = Tn(x, t)  g(t) = x− tn+1. I   :

∥Rn(x, x0, f)∥
x− x0n+1

=
∥[Tn(x, t)]

t=x
t=x0

∥
[x− t]t=x

t=x0

≤ 
t∈[x0,x]

 (x−t)nf (n+1)(t)
n!


(n+ 1)(x− t)n = 

t∈[x0,x]

f (n+1)(t)


(n+ 1)!

   . ■

Commnto 3. Com uto mnmono pr l nzon   nll prossm Proposzon
st rorr  l su rvt n-sm s v nnullr n x0, n moo  vr
Tn−1(x, x0,) = Tn(x, x0,).

Proposzon 3.4.5 - Vrzon  Lrn 1
S ∃ f (n)(x) ∀x  I, llor:

∥Rn(x, x0, f)∥ ≤ 
t∈[x0,x]

∥f (n)(t)− f (n)(x0)∥ · x−x0n
n!

Dmostrzon. S    ,      n− 1 
:

(x) = f(x)− f (n)(x0)

n!
(x− x0)

n

   n   x0.
I  :

Tn−1(x, x0,) = Tn(x, x0,) = Tn(x, x0, f)−
f (n)(x0)

n!
(x− x0)

n = Tn−1(x, x0, f)

 :

Rn(x, x0, f) = f(x)− Tn(x, x0, f) = (x)− Tn−1(x, x0,) = Rn−1(x, x0,)

A    L  Rn−1(x, x0,)  :

∥Rn(x, x0, f)∥ ≤ 
t∈[x0,x]

f (n)(t)− f (n)(x0)
 x− x0n

n!

 . ■

Proposzon 3.4.6 - Vrzon  Lrn 2
S ∃ f (n−1)(x) ∀x  I  ∃ f (n)(x0), llor:

∥Rn(x, x0, f)∥ ≤ 
t∈[x0,x]

∥f (n−1)(t)− f (n−1)(x0)− (t− x0)f
(n)(x0)∥ ·

x− x0n−1

(n− 1)!

Dmostrzon. U     V . D:

(x) = f(x)− f (n−1)(x0)

(n− 1)!
(x− x0)

n−1 − f (n)(x0)

n!
(x− x0)

n
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Q    Rn−2(x, x0,) = Rn(x, x0, f)     
 n− 1 :

(n−1)(t) = f (n−1)(t)− f (n−1)(x0)− f (n)(t− x0)

     L  :

∥Rn(x− x0)∥ ≤ 
t∈[x0,x]

∥f (n−1)(t)− f (n−1)(x0)− (t− x0)f
(n)(x0)∥ ·

x− x0n−1

(n− 1)!

  . ■

Proposzon 3.4.7 - Stm Intrl
S f  Cn+1, llor:

Rn(x− x0) =

 x

x0

fn+1(t)
(x− t)n

n!
dt

Dmostrzon. S       T:

∂2T(x, x0, f) =
f (n+1)(x0)

n!
(x− x0)

n

I   :

Rn(x− x0) = f(x)− Tn(x, x0) = [Tn(x, t)]
t=x
t=x0

=

 x

x0

∂tTn(x, t)dt =

 x

x0

f (n+1)(t)

n!
(x− t)n

   . ■

3.4.3 Stm l Rsto pr Normt

S E,F  ,  f : Ω ⊆ E → F    n  
x0  Ω.
L  P       , :

 : t −→ f(x0 + t(x− x0))

I   :

dk

dtk
f(x0 + t(x− x0)) = Dkf(x0 + t(x− x0))[x− x0, · · · , x− x0]

= Dkf(x0 + t(x− x0))[x− x0]
k

      Dk  ,     .

Proposzon 3.4.8 - Stm  Lrn
S ∃ Dn+1f(x) ∀x  Ω onvsso, llor:

∥Rn(x− x0)∥ ≤ ∥Dn+1f∥∞,Ω · ∥x− x0∥n+1

(n+ 1)!

Proposzon 3.4.9 - Vrzon  Lrn 1
S ∃ Dnf(x) ∀x  Ω  Dnf(x) ontnu n x0, llor:

∥Rn(x− x0)∥ ≤ ∥Dnf −Dnf(x0)∥∞,Ω · ∥x− x0∥n
n!
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Proposzon 3.4.10 - Vrzon  Lrn 2
S ∃ Dn−1f(x) ∀x  Ω  ∃ Dnf(x0), llor:

∥Rn(x− x0)∥ ≤ 
y∈Ω

∥Dn−1f(t)−Dn−1f(x0)− (y − x0)D
nf(x0)∥∞,Ω · ∥x− x0∥n−1

(n− 1)!
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3.5 Ottmzzzon  Funzon

3.5.1 Punt  Mnmo

Dnzon 3.5.1 - Vlor  Mnmo  Punto  Mnmo
S S ⊆ Rn   x  S,  f : S → R:

• x      f : f(x) ≤ f(y) ∀ y  S

• f(x)        ( )

3.5.2 Crttrzzzon  Mnmo

S E   B  Ω ⊆ E . S f : Ω→ R.

Proposzon 3.5.1 - Proprt Nssr 1
S x0  Ω  un punto  mnmo llor:

∀ v  E ∂vf(x0) = 0

pur ∂vf(x0) sst.

Dmostrzon. I

∂vf(x0) =
d

dt
f(x0 + tv)t=0 = 0

  t = 0       f(x0 + tv). ■

Proposzon 3.5.2 - Proprt Nssr 2
S x0  Ω  un punto  mnmo  f  rnzl 2 volt n x0 (o ∃ D2f(x0) 
L2
simm(E × E)) llor:

∀ v  E D2f(x0)[v, v] ≥ 0

ovvro D2f(x0)  postv.

Dmostrzon. I   v  E:

D2f(x0)[v, v] =
d2

dt2
f(x0 + tv)t=0 ≥ 0

 t = 0    f(x0 + tv)      0, ]− , [. ■

Proposzon 3.5.3 - Proprt Sunt
S x0  Ω  f  rnzl 2 volt n x0.
In prtolr Df(x0) = 0; D2f(x0) lnr smmtr  nt postv. Allor:
∃B(x0, r) ⊆ Ω tl  x0  uno punto  mnmo pr f


B(x0,r)

.

Dmostrzon. I: ∀v  E, ∥v∥ < r        
P:

f(x0 + v) = f(x0) +Df(x0)v +
1

2
D2f(x0)[v, v] + o(∥v∥2)

≥ f(x0) +


2
∥v∥2 + o(∥v∥2) = f(x0) +


2
+ o(1)


∥v∥2

P  r > 0   B(x0, r) ⊆ Ω  ∀r, 0 < ∥v∥ < r  f(x0 + v) > f(x0),  x0
 ’     f B(x0,r). ■
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Ossrvzon 3.5.1
I       P V  F (
A M 1).
L              T 
W:       Ω ,    Ω .
I  ,    Ω ,     / 
∂Ω ( F     Ω).

Proposzon 3.5.4 - Crttrzzzon vrzonl l utovttor/utovlor
 mtr smmtr rl
S A M simm

n (R), nmo l quoznt  Ryl ∀x  Rn\0:

qA(x) =
(Ax · x)
(x · x)

Qust  un unzon 0-omon. Rsult l sunt proprt.
Un opp (ν,λ)  (Rn \ 0× R)  un opp  utovttor/utovlor  A s  solo
s  un opp punto rto/vlor rto  qA.

Dmostrzon. I: qA   ,  C
∞; ∀x  Rn\0

qA(x) = 

(Ax · x)
(x · x)


=

(x · x) ·(Ax · x)− (Ax · x)(x · x)
(x · x)2

 (Ax · x) = 2Ax ,   A  :

(A(x+ h) · (x+ h)) = (Ax · x) + (ax · h) + (Ah · x) + (h · h)
= (Ax · x) + 2(Ax · h) + ∥h∥2

 (Ax · x) = 2Ax. I   A = I,(x · x) = 2x, :

qA(x) = 2
(u · x)Ax− (Ax · x)x

(x · x)2 =
2

∥x∥2 (Ax− qA(x) · x)

       Ax = qA(x) · x,      x    qA(x) 
 .
I ,  A M s

n(R)   ;      :


x̸=0

qA(x) = 
∥x∥=1

(Ax · x)  
x̸=0

qA(x) = 
∥x∥=1

(Ax · x)

■

Ossrvzon 3.5.2
D       u    A = AT  u⊥ = x  Rn : x·u = 0  
 A-7        Rn = (Ru) u⊥

 A-     A     u    Au⊥ : u⊥ → u⊥

3.5.3 Mtoo  Moltpltor  Lrn

Dnzon 3.5.2 - Sottovrt Drnzl
S (E, ∥ · ∥)   ,  M ⊆ E. M      E
  Cm  ∀ p M :

7x · u = 0 ⇒ x · λu = 0 ⇒= (x ·Au) = (Ax · u)  Ax  u⊥
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• ∃ U   p  E.

• ∃ F1, F2  .

• ∃  : U
∼−→ (U)    Cm  (U)   F1 × F2  

(U M) = (U)  (F1 × 0).

Ossrvzon 3.5.3
N   D 3.5.2 D(p)−1(F1 × 0)     
 .

F 3.2: D 

Dmostrzon. S  : V → (V )        F ′
1  F

′
2

   :
(V M) = (V )  (F ′

1 × 0)
S    U = V (    U  V ). M   
  :

 ◦ −1 : (U)  (F1 × 0) −→ (U)× (F ′
1 × 0)

Q  :

D−1(p)

F ′
1 × 0


= D−1(p)


D( ◦ −1)((p))[F1 × 0]



= D−1(p) ◦D( ◦ −1)((p))[F1 × 0]
= D−1(p) ◦D(p) ◦D−1((p))[F1 × 0]
= D−1((p))[F1 × 0]

  . ■

L       ’O 3.5.3.

Dnzon 3.5.3 - Spzo Tnnt TpM
L  F1 × 0      M  p. S  TpM .

Dnzon 3.5.4 - Frto Tnnt TM
I    M :

TM =


p∈M
TpM =



p∈M
(p× TpM) ⊆ E × E

Proposzon 3.5.5
Sno E,F spz normt, Ω ⊆ E prto. S u : Ω→ F un omorsmo Cm.
Allor Γ = graf(u)  un sottovrt rnzl  E × F . Inoltr:

T(x,u(x))graf(u) = graf(Du(x))
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Dmostrzon. B  ’  :

 : Ω× F −→ Ω× F
(x, y) −→ (x, y − u(x))

A,   (x, u(x))  Γ   :

T(x,u(x))Γ = D(−1(x, u(x)))[E × 0] = graf(Du(x))

  . ■

Fttrllo 3.5.1
S E spzo normto, Ω ⊆ E prto. S M ⊆ Ω sottovrt rnzl Cm. S Ω′

prto  E′. Consro  : Ω→ Ω′ omorsmo Cm. Allor:

• M ′ = (M)  sottovrt rnzl Cm  E′

• ∀ p M : Tφ(p)(M) = D(x)[TpM ]

Dmostrzon. S     ’O 3.5.3. ■

Proposzon 3.5.6 - Gro  unzon  sottovrt
S Ω ⊆ Rn prto. S g : Ω → Rk un mpp Cm tl  ∀ x  g−1(p) llor
Dg(x) : Rn → Rk surttv. Allor g−1(p)  un sottovrt  Rn  lss Cm.
Inoltr, pr on x  g−1(p) lo spzo tnnt  to :

Txg
−1(p) = Dg(x)

Dmostrzon. L  :       
    F 8.2.1. ■

Torm 3.5.1 - Mtoo  Moltpltor  Lrn
S Ω ⊆ Rn un prto. Sno f0  C1(Ω) l unzon ”ottvo”  l unzon ”vnolo”
f1, , fr  C1(Ω). S Σ = x  Ωf1(x) =  = fr(x) = 0.
S x∗  Σ  un punto  mnmo pr f0


Σ
llor:

f0(x
∗),f1(x

∗), ,fr(x
∗)

sono lnrmnt npnnt.

Dmostrzon. ( E  G)
A            -
 8:    k  N   gk : Ω → R 


gk(x) = f0(x) + x− x∗2 + k

r

i=1

fi(x)
2 (3.13)

.
S R > 0   B = B(x∗, R) ⊆ Ω   xk     gk  B (’  
T  W). S 3 .

8’     gk    fi(x)   ̸= 0,  ,   ,
    . S       gk    penalità
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1. D  gk(xk)  . S x∗  B. A:


x∈B

f0(x) ≤ f0(xk)
313
≤ gk(xk) ≤ gk(x

∗) = f0(x
∗)

Q    (kj)j∈N    j → +∞:

xkj −→ ξ  B

gkj (xkj ) −→ c  R

2. D  ξ  Σ. O:

0 ≤ kj

r

i=1

f2
i (xkj ) ≤ gkj (xkj ) ≤ gkj (x

∗) = f0(x
∗)

Q   kj  :

0 ≤
r

i=1

f2
i (xkj ) ≤

1

kj
f0(x

∗)
j→+∞−→ 0

M  ,  xkj → ξ,   

r

i=1

f2
i (ξ) = 

j→∞

r

i=1

f2
i (xkj ) = 0

 fi(ξ) = 0   i = 1,    , r. S  ξ  Σ.

3. D  ξ = x∗. I:

f0(xkj ) + ∥xkj − x∗∥2 ≤ gkj (xkj ) ≤ gkj (x
∗) = f0(x

∗) ≤ f0(ξ)

P    j → +∞   :

f0(ξ) + ∥ξ − x∗∥2 ≤ f0(ξ)

   ∥ξ − x∗∥ = 0,  ξ = x∗.

Commnto 4. Qun l xkk stss onvr  x∗.
Co su ll proprt  Uryson: s on sottosusson   xkk  un
sotto-sottosusson onvrnt  x∗, llor l susson xkk onvr  x∗.

I :  xk     
◦
B = B(x∗, R)  (

 xk → x∗),   () :

gk(xk) = 0

   xk      gk. D ’ 3.13:

gk(x) = f0(x) + 2(x− x∗) + 2k

r

i=1

fi(x)fi(x)

 ı     fi(x). V  x = xk   
:

0 = gk(xk) = f0(xk) + 2(xk − x∗) + 2k

r

i=1

fi(xk)fi(xk)

C           
k  N:



3.5. OTTIMIZZAZIONE DI FUNZIONI 65

•   λ0,k = 1  f0(xk).

•   λi,k = 2kfi(xk)  fi(xk) ( i = 1, · · · , r).

Cı      :

r

i=0

λi,kfi(xk) = −2(xk − x∗)

P    k → +∞,        -

 λi,k
k→+∞−→ +∞.

D 


1 + 4k2

r
i=1

f2
i (xk),     (λ0,k,λ1,k,    ,λr,k)  Rr+1. Cı

:
r

i=1

∼
λi,kfi(xk) = −

2(xk − x∗)
µk

k→+∞−→ o(1)

:
r

i=1


∼
λi,k2 = 1 (3.14)

R,        (
∼
λ0,k,    ,

∼
λr,k)k ⊆ Sr 9. Q

   , (
∼
λ0,k,    ,

∼
λr,k)k    (r + 1)-   

 (λ0,    ,λn) (    = 1     ).
I :

n

i=1

λifi(x
∗) = 0

        f0(x0),f1(x0),    ,fr(x0). Q
  . ■

Commnto 5. L sunt mostrzon ltrntv utlzz l tto  l’nsm Σ s
prmtrzz om sottovrt rnzl, ov g1(x0),    ,gr(x0) nrno lo
spzo ortoonl l tnnt. Dto  g0  mnmo n x0  Σ pr f Σ, l oornt 
g0  ntno lo spzo tnnt ovrnno nnullrs (pr l proprt  punt 
mnmo).

Dmostrzon ltrntv. D     .
S Ω ⊆ Rn,  g0, g1,    , gr  C1(Ω,R)   :

x0  Σ =

r

i=1

gi = 0

  x0    g0Σ.
S g1(x0),    ,gr(x0)   ,  .
S   g1(x0),    ,gr(x0)   . E-
,      :

g : Rn −→ Rr

x −→ (g1(x),    , gr(x))

9P Sr ⊆ Rr+1       r + 1-,    z 
’z 3.14.
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        x0:

Jg(x0) =



g1(x0)

...
gr(x0)


 =



∂1g1(x0)    ∂ng1(x0)

...
...

∂1gr(x0)    ∂ngr(x0)




S     P 3.5.6:      g  ( 
x0)  .

C       (   ”-
”):  f : Ω→ R  C1. S x0  Rk   (x0, 0,    , 0)  Rn   
  ’ Rk × 0. O:

(x0, 0,    , 0) = 
x∈(Rk×0)Ω

f(x)

M ,  x0  Rk        f(·, 0,    , 0) : Rk → R:

∂if(x0) = 0 ∀ i = 1,    , k

    :

f(x0, 0,    , 0) ⊥ (Rk × 0)

U        Rk × 0.

T   ,  Σ    Rn  x0  Σ 
     C1:

g0 : Σ ⊆ Ω −→ R

C    : U ⊆ Rn → Rn     .
C        (Σ  U) ⊆ Rk × 0:

(f ◦ −1)((x0)) ⊥ (Rk × 0)

I     ,    h  Rn:

⟨(f ◦ −1)((x0)) · h⟩ = D(f ◦ −1)((x0))[h] = Df(x0)[D−1((x0))[h]]

= ⟨f(x0) ·D−1((x0))[h]⟩ = ⟨D(x0)[f(x0)] · h⟩

   :

D(x0)[f(x0)] = (f ◦ −1)((x0)) ⊥ (Rk × 0)

  D(x0)
T :

f((x0)) ⊥ Tφ(x0)(R
k × 0)

    : f((x0)) 

Tφ(x0)(Rk × 0)

⊥
.

M   Σ = g−1(0)   P 3.5.6     :

Tx0Σ = kerDg(x) = Span (g1(x0),    ,gr(x0))
⊥

Q     :

f(x0)  (Tx0Σ)
⊥ = Span (g1(x0),    ,gr(x0))

 g0(x0),g1(x0),    ,gr(x0)    . ■
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3.6 Complsszon

Ossrvzon 3.6.1 - Rstrzon  Rl
S E     C. I ,       R 
     . D    E0.
V    j : E0 → E0   j(x) = ix ∀ x  E0.
T      −id : E0 → E0.

Dnzon 3.6.1 - Spzo vttorl Complssto
S E0     R. I   :

EC = C⊗R E =





dim(E)

i=1

ivi  i  C, vi  E





= E × E dove i · (x, 0) = (0, x)

Dnzon 3.6.2 - Applzon Lnr n snso Complsso
S E,F   . U’ L : EC → FC     
    :

• L : E → F     

• L  j 

Dnzon 3.6.3 - Norm Complss
S E  . L’ ∥ · ∥ : E → [0,+∞)      E
:

• ∥ · ∥    E0

• ∀ λ  C, x  E : ∥λx∥ = x · ∥x∥

Dnzon 3.6.4 - Funzon Drnzl n snso omplsso
S E,F   ,  Ω ⊆ E .
L’ f : Ω→ F   C-  x0  Ω   x→ x0:

∃ L  LC(E,F ) : f(x) = f(x0) + L(x− x0) + o(x− x0)

Ossrvzon 3.6.2
N   D 3.6.4,  :

• f  C-

• f  R-  L ◦ j = j ◦ L
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Cptolo 4

Equzon Drnzl

4.1 Esponnzl n L(E)

I        . Q  
   E,      B.

4.1.1 Dnzon

Dnzon 4.1.1 - Esponnzl su Lnr
S E   B. S A  L(E),  :

exp(A) = eA =

+∞

n=0

An

n!

4.1.2 Proprt

Proposzon 4.1.1 - Convrnz n Norm
L sr sponnzl nt  normlmnt onvrnt. ∀ A  L(E):

∥eA∥ ≤ e∥A∥

Dmostrzon. O   A,B  L(E)   ∥AB∥ ≤ ∥A∥ · ∥B∥. Q 
k  N  ∥Ak∥ ≤ ∥A∥k. S :

+∞

k=0


Ak

k!

 ≤
+∞

k=0

∥A∥k
k!

= e∥A∥

■

Proposzon 4.1.2 - Srttur l lmt
L sr sponnzl  un srttur l lmt:


n→+∞


I +

A

n

n
= eA

Dmostrzon. D  :    ’ .
■

Proposzon 4.1.3 - Contnut  Drnzlt
L’pplzon exp : L(E)→ L(E) nt ll’sponnzl  ontnu  rnzl.

69
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Dmostrzon. S BR = B(0, R) ⊆ L(E). D    sn =
n

k=0
Ak

k! .
V  sn −→ eA   n→ +∞:

∥exp− sn∥∞,BR
= 


+∞

k=n+1

Ak

k!

 ≤ 
+∞

k=n+1

∥A∥k
k!

≤ 
 ∥A∥n+1

(n+ 1)!
e∥A∥



≤ Rn+1

(n+ 1)!
eR = o(1) per n→ +∞

Q   R > 0: exp    (  BR)  sn . S 
exp    .
L     srzo:  Dexp(A)[H ]. ■

Proposzon 4.1.4 - Curv Esponnzl
S A  L(E). S ns l urv:

 : t −→ etA

Ess  rvl, on rvt:
(etA)′ = AetA

Dmostrzon. S     :

sn(t) =

n

k=0

Ak

k!
tk

E  :

s′n(t) =
n

k=1

Ak

(k − 1)!
tk−1 = A · sn−1(t)

O    [−R,R] ⊂ R      -
 (      P ):

sn(t)
n→+∞−→ etA e s′n(t) = Asn−1(t)

n→+∞−→ AetA

   sn(t) ,      e
tA.

L      T  L S S  D
 s′n. ■

4.1.3 Rol  Clolo

Proposzon 4.1.5 - Commutzon  Somm
Sno A,B  L(E)  ommutno, o AB = BA. Allor:

AeB = eBA ed eAeB = eBeA = eA+B

Dmostrzon. D  A  B     :

A


n

k=0

Bk

k!


=

n

k=0

ABk

k
=

n

k=0

BkA

k!
=


n

k=0

Bk

k!


A

     n→ +∞    AeB = eBA.
C ’  u′(t) = (A+B)u(t)    etAetB  et(A+B)
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 . A,    t = 0   I,    
 : 

etAetB
′
= AetAetB + etABetB = (A+B)etAetB

  
et(A+B)

′
= (A+B)et(A+B)

I,       :

etAetB = et(A+B) = et(B+A) = etBetA

■

Proposzon 4.1.6 - Conuzon
Sno A  L(E), P  GL(E). Allor:

exp(PAP−1) = Pexp(A)P−1

Dmostrzon. L         ’ -

. P        sn(A) =
n

k=0

Ak

k! :

Psn(A)P−1 = sn(PAP−1)

F    n→ +∞,        . ■

Proposzon 4.1.7 - Donl  Blo
Sno E1, E2 spz  Bn. Sno A1  L(E1)  A2  L(E2).
Dnso:

A1  A2 =


A1 0

0 A2


(4.1)

Allor: exp(A1  A2) = exp(A1) exp(A2)

Dmostrzon. C A = A1A2  B = B1B2    -
   . A

• A+B = (A1 +B1) (A2 B2)

• AB = (A1B1) (A2B2)

            . S
 . ■

Proposzon 4.1.8 - Blo  Jorn
Consro l mtr nlpotnt  mnson m×m:

N =




0 1 0 · · · 0

0
. . .

. . .
. . .

...
...

. . .
. . . 0

...
. . . 1

0 · · · · · · · · · 0



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Allor pr t→ +∞ o :

etN =
tm−1

(m− 1)!
Nm−1(1 + o(1))

S λ  R, llor to l loo  Jorn B = λI +N :

etB = etλetN

 pr t→ +∞:

∥etB∥ = etλ · ∥etN∥ = et Reλ · tm−1

(m− 1)!
· (1 + o(1))

Dmostrzon. C     tN ,  t→ +∞:

etN =

+∞

k=0

tk
Nk

k!
=

m−1

k=0

tk
Nk

k!

=




1 tN t2N2

2!    tm−1Nm−1

(m−1)!

0 1 tN    tm−2Nm−2

(m−2)!
...

. . .
. . .

. . .
...

...
. . .

. . . tN
0       0 1



= tm−1 Nm−1

(m− 1)!
(1 + o(1))

     (     ). ■

Corollro 4.1.0.1
S B loo  Jorn  mnson m×m. Allor pr t→ +∞:

∥etB∥ = o(1) ⇔ Reλ < 0

∥etB∥ = O(1) ⇔ Reλ < 0 oppure Reλ = 0 m = 1

Dmostrzon. S   P . ■
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4.2 Equzon Drnzl Ornr Lnr

4.2.1 E.D.O. Lnr  Cont Costnt

Dnzon 4.2.1 - E.D.O.  Cont Costnt
U’      :

u′(t) = A · u(t)

 ’   A  L(E)    u : I ⊆ R → E    
I.

Ossrvzon 4.2.1 - Cso Rn

N  E = Rn ’   D 4.2.1   :




u′1 = a1,1u1 + · · ·+ a1,nun
· · ·

u′n = an,1u1 + · · ·+ an,nun

Dnzon 4.2.2 - Prolm  Cuy Omono
I   C     E.D.O.     
u : I ⊆ R→ E ,   ∀ t  I:


u′(t) = A · u(t)
u(t0) = u0

 A  L(E)   u0  E.

Torm 4.2.1 - Esstnz  Unt ll soluzon
Il prolm  Cuy ll Dnzon 4.2.2  un un soluzon:

u(t) = e(t−t0)A · u0
Dmostrzon. S u(t)     C . M ’
  e−tA    :

0 = e−tAu′(t)− e−tAAu(t) = e−tAu′(t)− Ae−tAu(t) =

e−tAu(t)

′

M  e−tAu(t)   ’     I. S:

e−tAu(t) = e−t0Au(t0) = e−t0Au0

   u(t) = e(t−t0)A · u0         
 C.
E   ́         v(t) 
  C. ■

Dnzon 4.2.3 - Prolm  Cuy Non Omono
I   C      E.D.O.    
 u : I ⊆ R→ E ,   ∀ t  I:


u′(t) = A · u(t) + b(t)

u(t0) = u0

 A  L(E), b  C(I, E)   u0  E.
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Torm 4.2.2 - Esstnz  Unt ll soluzon
Il prolm  Cuy ll Dnzon 4.2.3  un un soluzon:

u(t) = e(t−t0)A · u0 +
 t

t0

e(t−s)Ab(s)ds

Dmostrzon. S u : I → E    C1. C     
,  :

e−tA

u′(t)− Au(t)


= e−tAb(t)

 : 
e−tAu(t)

′
= e−tAb(t)

I  :

e−tAu(t) = e−t0Au0 +

 t

t0

e−sAb(s)ds

  ’    :

u(t) = e(t−t0)Au0 +

 t

t0

e(t−s)Ab(s)ds

■

Proposzon 4.2.1 - Cs Prtolr
S A Mn×n(C). Ho 3 s, onuno on 3 proposzon quvlnt.
Cso A

1. L soluzon  u′(t) = A(t) · u(t) sono o(1) pr t→ +∞

2. ∥etA∥ = o(1)

3. Spec(A) ⊂ z  CRe(z) < 0

Cso B

1. L soluzon  u′(t) = A(t) · u(t) sono O(1) pr t→ +∞

2. ∥etA∥ = O(1)

3. Spec(A) ⊂ z  CRe(z) ≤ 0  Spec(A)  iR  smsmpl1

Cso C

1. L soluzon  u′ = Au sono lmtt n R

2. 
t∈R

∥etA∥ < +∞

3. Spec(A) ⊂ iR  Spec(A)  smsmpl

1L spec(A)   ””  ∀ λ  spec(A)   mgeom(λ) = malg(λ)
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Dmostrzon. D     J   A,  
P  GL(n,C):

A = P




r

j=1

(λjImj +Nmj )


P−1

 Imj      mj  Nmj     
mj   - 1. P   ’ :

etA = P




r

j=1

(eλjtetNmj )


P−1

   P 4.1.8    t→ +∞:

etNmj

 =
tmj−1

(mj − 1)!
(1 + o(1))

M   :

• (1)⇔ (2):    etA   :

etA =

u1(t)    un(t)



  uj(t) = etA[ej ]       C:


u(t) = Au(t)

u(0) = ej

 ∥etA∥ = 
1≤j≤n

uj(t)  o(1)/O(1)/        , 

   u(t) =



u1(t)
...

un(t)


.

• (2)⇔ (3):   3  ,   C 4.1.0.1:

1. ∥etA∥ = o(1)  t→ +∞         J  ∥eλjtetNmj ∥ =
o(1)   Reλj < 0   1 ≤ j ≤ r.

2. ∥etA∥ = O(1)  t→ +∞         J  ∥eλjtetNmj ∥ =
O(1)    ”Reλj ≤ 0   Reλj = 0  mj = 1”   1 ≤ j ≤ r.

3. ∥etA∥        t→ +∞  :


∥etA∥ = O(1)

∥e−tA∥ = O(1)

M       Re(±λj) ≤ 0,      spec(A) ⊂ iR. M 
     (2): mj = 1  1 ≤ j ≤ n,  A  .

S  . ■
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4.2.2 E.D.O. Lnr  Cont Vrl

Dnzon 4.2.4 - E.D.O.  Cont Vrl
U’      :

u′(t) = A(t) · u(t) + b(t)

   u : I ⊆ R → E     I, b  C0(I, E)   
A  C0(I,L(E)).

Dnzon 4.2.5 - Prolm  Cuy
I   C   E.D.O.       u : I ⊆
R→ E  : 

u′(t) = A(t) · u(t) + b(t)

u(t0) = u0

 u0  E.

Lmm 4.2.1
S u  C1(I, E) soluzon  u′(t) = A(t) · u(t). Allor:

u(t) ̸= 0 ∀ t  I oppur u(t) = 0 ∀ t  I

Dmostrzon. V        u     I. I,
  I     u ̸= 0 = u−1((−∞, 0)  (0,+∞))  ,   
  u = 0 = I  u = 0 = ∅,   .
S t0  u = 0. S J ⊆ I   t0    :

J  · ∥A∥∞,J < 1

(      J   A     ).
M    t  J  :

u(t) = u(t)− u(t0) =

 t

t0

u′(s)ds =
 t

t0

A(s)u(s)ds

   T  V M :

∥u(t)∥ ≤ t− t0 · ∥A∥∞,J · ∥u∥∞,J

P   
t∈J

:

∥u∥∞,J ≤ J  · ∥A∥∞,J · ∥u∥∞,J

    J  · ∥a∥∞,J < 1       ∥u∥∞,J = 0 
J ⊆ u = 0. Q u = 0  . ■

Torm 4.2.3 - Unt ll soluzon
Du soluzon l Prolm  Cuy 4.2.5 onono sull’ntrszon  loro omn.

Dmostrzon. S   L 4.2.1:   u, v   
  C     I,    u − v : I → R  
 .
P  L, u − v = 0   I   (u − v)(t0) = u0 − u0 = 0,  u  v
. ■
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Proposzon 4.2.2 - Oprtor  Trnszon
S A  C0(I,L(E)). Allor sst W = WA  C0(I × I,L(E)) tl :

• sst ∂1W  C0(I × I,L(E))

• pr on t, s  I vl


∂1W (t, s) = A(t) ·W (t, s)

W (s, s) = idE

Dmostrzon. C ’ W (t, s)   S  P-B.
C   vkk∈N ⊆ C0(I × I, L(E))    :


v0(t, s) = idE

vk+1(t, s) =
 t
s A(τ)vk(τ, s)dτ

D  WA(t, s) =
+∞
k=0

vk(t, s).

P         J × J ⊆ I × I  J
  . S :

vk(t, s) =

 t

s

 τk

s

 τk−1

s
· · ·

 τ2

s
A(τk)A(τk−1)   A(τ1)dτ1dτ2    dτk

Q:

∥vk∥∞,J×J ≤

 t

s

 τk

s

 τk−1

s
· · ·

 τ2

s
∥A∥k∞,Jdτ1dτ2    dτk



= ∥A∥k∞,J ·

 t

s

 τk

s

 τk−1

s
· · ·

 τ2

s
1dτ1dτ2    dτk



= ∥A∥k∞,J

t− sk
k!

≤ ∥A∥k∞,J

J k
k!

   :

∥WA∥∞,J×J ≤
+∞

k=0

J k∥A∥k∞,J

k!
= eJ ·∥A∥∞,J < +∞

M            WA 
  C0(I × I, L(E)).
I,     ∂1vk+1(t, s) = A(t)vk(t, s) :

∂1


m+1

k=0

vk(t, s)


=

m

k=0

A(t)vk+1(t, s) = A(t)

m

k=0

vk+1(t, s)

   T  L S S  D  m → +∞    
  . S :

∂1W (t, s) = A(t)W (t, s)

■
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Torm 4.2.4 - Esstnz ll soluzon nl so omono
Consro l Prolm  Cuy omono:


u′(t) = A(t) · u(t)
u(t0) = u0

Allor l su soluzon sr u(t) = W (t, t0)[u0].

Dmostrzon. D ’   W   P 4.2.2, 
  :

u′(t) = ∂1W (t, t0)[u0] = A(t) ·W (t, t0)[u0] = A(t)u(t)

 :
u(t0) = W (t0, t0)[u0] = idE [u0] = u0

   u(t) ı    P  C . ■

Proposzon 4.2.3 - Proprt ll’oprtor WA

L’oprtor  trnszon W nto nll Proposzon 4.2.2  l sunt proprt:

1. ∂1WA(t, s) = A(t) ·WA(t, s) ∀ t, s  I

2. W (s, s) = idE ∀ s  I

3. W (t, s) ·W (s, r) = W (t, r) ∀ t, s, r  I

4. W (t, s) ·W (s, t) = idE ∀ t, s  I

5. Esst l rnzl przl: ∂2WA(t, s) = −WA(t, s) · A(s) ∀ t, s  I

6. L’oprtor WA   lss C1(I × I,L(E))

7. S E  uno spzo  mnson nt, llor W−AT = W−T
A

Dmostrzon. D   .

1. S   P 4.2.2,       
 ’ WA.

2. C   ,        WA.

3. O   s  I,  W (t, s) · W (s, r)  W (t, r)   
E.D.O.  u′(t) = A · u(t).

4. C u0  E   r, s  I. A u(r) = W (r, s)[u0]  
()    C:


u′(t) = Au(t)

u(s) = u0

S  u1 = u(r) = W (r, s)[u0]. O  v(s) = W (s, r)[u1]  
   C: 

v′(t) = Av(t)

v(r) = u1
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  ,   u = v,   :

W (s, r)W (r, s)[u0] = W (s, r)[u1] = v(s) = u(s) = u0

D     u0  E,   W (s, r)W (r, s) = idE .
S  W (t, s) = W (s, t)−1.

5. O   W (s, t)      (4) (  idE 
). S    :

s −→W (s, t)
inv−→W (t, s)

R  ’ inv(L) : L −→ L−1  C∞    2 
Dinv(L)[H ] = −L−1HL−1.
S  :

d

ds
W (t, s) =

d

ds
invW (s, t) = Dinv(W (s, t))[∂1W (s, t)]

= −W (s, t)−1 · A(s) ·W (s, t) ·W (s, t)−1 = −W (s, t)−1 · A(s)

   .

6. P  T  D T 3.3.1 (  C 3.3.1.1)  
∂1WA(t, s)  ∂2WA(t, s)  ,   WA(t, s)  C1.

7. C   :

∂tWA(t, s)
−1 = ∂tWA(s, t) = −A(t) ·WA(s, t)

   , :


∂tWA(t, s)

−1
T

= ∂tWA(s, t)
T = −AT (t) ·WA(s, t)

T = −AT (t) ·WA(t, s)
−T

M ,   ∂tWA(s, t)
T = −AT (t) · WA(t, s)

−T , ’ WA(t, s)
−T 

   u′(t) = −AT (t)u(t)  :

WA(t, s)
−T = W−AT (t, s)

  .

■

Torm 4.2.5 - Esstnz ll soluzon nl so non omono
Consro l Prolm  Cuy non omono:


u′(t) = A(t) · u(t) + b(t)

u(t0) = u0

Allor l su soluzon sr u(t) = W (t, t0)[u0] +
 t
t0
W (t, τ)b(τ )dτ .

2D    (L+H)−1 =

L−1(I + L−1H)


= (I +L−1H)−1L−1 = I −L−1HL−1 + o(H) 

   N.
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Dmostrzon. C  E.D.O.      W (t, τ):

W (t, τ)u′(τ )− A(τ )W (t, τ)u(τ ) = W (t, τ)b(τ )

M          ∂τ :

∂τ [W (t, τ)u(τ )] = W (t, τ)b(τ)

  ’ [s, t] :

W (t, t)u(t)−W (t, s)u(s) =

 t

s
W (t, τ)b(τ )dτ

,   W (t, t) = idE ,   :

u(t) = W (t, s)u0 +

 t

s
W (t, τ)b(τ )dτ

   u(s) = u0. ■

Ossrvzon 4.2.2 - WA ostruto n un vrl
S    t0  I . A ∀ t, s  I   W (t, s)  
  :

W (t, s) = W (t, t0) ·W (s, t0)
−1

I,     3  4  P 4.2.3:

W (t, s) = W (t, t0) ·W (t0, s) = W (t, t0) ·W (s, t0)
−1

Proposzon 4.2.4 - Mpp W
Consro l mpp:

W : C0(I,L(E))→ C0(I × I,L(E))

A →WA

Tl mpp  C∞  (C0(I,L(E)), ∥ · ∥∞,I)  (C0(I × I,L(E)), ∥ · ∥∞,I×I).
In prtolr, s  

DW (A)[H ] =

 t

t0

WA(t, τ) ·H(τ ) ·WA(τ, t0)dτ

Dmostrzon. C       W . C  
A,    H . A    F  V
 C A:

∂1WA+H(t, s)u0 = (A(t) +H(t))WA+H(t, s)u0 = A(t)WA+H(t, s) +H(t)WA+H(t, s)

 u(t) = WA+H(t, s)    :

u′(t) = A(t)u(t) + b(t)

Q   T 4.2.5, ’   :

u(t) = WA+H(t, s) = WA(t, s) +

 t

s
WA(t, τ)b(τ )dτ

= WA(t, s) +

 t

s
WA(t, τ)H(τ )WA+H(τ, s)dτ
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S ’   WA+H(τ, s)      :

WA+H(t, s) = WA(t, s) +

 t

s
WA(t, τ)H(τ )WA(τ, s)dτ+

+

 t

s

 τ

s
WA(t,σ)H(τ )WA(τ,σ)H(σ)WA+H(σ, s)dσdτ

V   ’   o(1)   ∥ · ∥∞,J×J :

 t

s

 τ

s
WA(t,σ)H(τ )WA(τ,σ)H(σ)WA+H(σ, s)dσdτ

 ≤

≤ J 2 · ∥WA∥2∞,J×J · ∥WA+H∥ · ∥H∥2∞,J×J = O(∥H∥2) = o(∥H∥)

Q   : DW (A)[H ] =
 t
s WA(t, τ)H(τ )WA(τ, s)dτ . ■

Lmm 4.2.2 - Svluppo  t(I + H)
S H M(n,C). Pr H → 0 vl:

(I +H) = 1 + trH + o(H)

Dmostrzon. U    L  det(I +H)  :

det(I +H) =


σ∈Sn

sgn(σ)

n

i=1

(I +H)i,σ(i) =


σ∈Sn

sgn(σ)

n

i=1

(i,σ(i) + hi,σ(i))

=

n

i=1

(1 + hi,i) +O(∥H∥2) = 1 +

n

i=1

hi,i +O(∥H∥2)

= 1 + tr(H) +O(∥H∥2) = 1 + trH + o(∥H∥)
■

Torm 4.2.6 - Formul l Dtrmnnt Wronskno
S A  C0(I,M(n,C)). Pr on t, s  I nso w(t, s) = detWA(t, s).
Vl l sunt proprt:


∂tw(t, s) = trA(t) · w(t, s)
w(s, s) = 1

S ottn llor :
w(t, s) = e

 t
s trA(τ)dτ

Dmostrzon. S  > 0. P      W (t, s)  
 :

W (t+ , s) = W (t, s) + ∂1W (t, s) ·  + o() = W (t, s) + A(t)W (t, s) + o()

= (I + A(t) + o()) ·W (t, s)

P   :

det (W (t+ , s)) = det (I + A(t) + o()) · det (W (t, s))

= (1 + tr(A(t)))det (W (t, s)) + o()

  L 4.2.2. N    T:

w(t+ , s) = w(t, s) + tr(A(t)) · w(t, s) + o()

      : ∂1w(t, s) = tr(A(t)) w(t, s). ■
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Commnto 6. Al ro lttor vrr  rs: ”    ?”
C lo smo st pur no. Dopo un pproont rr (sut  rs sstnzl
 pus  rsson) l mtoo rvnt  qusto Torm ttvmnt puo tornr
utl pr l soluzon  E.D.O. ll orm:

y′′(t) + a(t)y′(t) + b(t)y(t) = f(t)

Pr pproonr s rmn ll Sottoszon 4.4.3.

4.2.3 E.D.O. Lnr  Cont Pro

C   S 4.2.3 E = Rn  Cn,     
.

Dnzon 4.2.6 - Sstm on soluzon pro
S A  C0

T (R,L(E))   T -. C  :

u′(t) = A(t) · u(t) ↭ 3 u(t) = W (t, 0) · u(0)

E       x0  E  :

x0 = u(T ) = WA(T, 0)[x0]

  ’ WA(t, 0)   1.

Ossrvzon 4.2.3 - Sstm quvlnt
N ,      WA(t, 0),     
: 

X ′(t) = A(t) ·X(t)

X(0)  GL(n,C)

 X  C0
T (R,M(n,C)).

D  ,  X(t) = W (t, 0) ·X(0)    ∀ t  R (  X(0)
 W (t, 0) ). I ,      u′(t) = A(t) · u(t) :

u(t) = X(t) · u0

    ,   D 4.2.6, :

X(T ) · u0 = X(0) · u0

 1    X(0)−1 ·X(T ).
A   , X(0)−1 ·X(T )  W (T, 0)  :

X(0)−1 ·X(T ) = X(0)−1 ·W (T, 0) ·X(0)

Ossrvzon 4.2.4 - Prot  W (t, s)
N   D 4.2.6,     t, s  R:

WA(t+ T, s+ T ) = WA(t, s)

I   ’  ∂tW (t, s) = A(t) ·W (t, s):

∂tW (t+ T, s+ T ) = A(t+ T ) ·W (t+ T, s+ T ) = A(t) ·W (t+ T, s+ T )

3P    Sz 4.2.2,      .
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      u′(t) = A(t)u(t)   ’  
.
I ,   ,  m  N:

W (mT, 0) = W (mT, (m− 1)T ) · · · · ·W (2T, T ) ·W (T, 0) = W (T, 0)m

L     W (mT, 0)     1. D ’
W (mT, 0) = W (T, 0)m,  W (T, 0)      m-
’.

Dnzon 4.2.7 - Mtr  Monorom
D  M  M   X ′(t) = A(t) ·X(t) :

MT (X) = X(0)−1 ·X(T ) = X(0)−1 ·WA(T, 0) ·X(0)

Fttrllo 4.2.1 - Invrtl om Esponnzl n Cn

On mtr M  GL(n,C)  l’sponnzl pr un mtr L M(n,C).

Dmostrzon. C    J4    M :

M = P ·


 

1≤j≤r

λj


I +

1

λj
Nmj



 · P−1

 P  GL(n,C).
A           : 
     I+N  Nn = 0 ( N )     
.
D  z  C   Q(z):

Q(z) =

n−1

k=0

zk

k

    T  log(1 + z) ’ n− 1, :

log(1 + z) = Q(z) +O(zm)

 :

eQ(z) =

+∞

k=0

Q(z)k

k!
= 1 + z + znH(z)

 H(z)       z.
C  Q(z)    N ,  L = Q(N):

eL = eQ(N) = I +N +Nn ·H(N) = I +N

  . ■

Proposzon 4.2.5 - Srttur pr Soluzon onmntl n Cn

S X(t)  GL(n,C) soluzon onmntl ll’quzon X ′(t) = A(t) · X(t). Ess s
puo rsrvr om:

X(t) = P (t) · etB

ov P (t)  T -pro  B M(n,C).
4U  z        4.1.
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Dmostrzon. P  F 4.2.1,  B  M(n,C)   eTB = MT  
   X ′(t) = A(t) ·X(t). A:

eTB = MT = X(0)−1 ·X(T )

X(0) = X(T ) · e−TB

P   ’ etB    t  R.
I ,    P (t)  GL(n,C):

P (t) = X(t) · e−tB ∀ t  R

C  ,    P (t)  T -, :

P (0) = X(0) = X(T ) · e−TB = P (T )

      T -. ■

Fttrllo 4.2.2 - Invrtl om Esponnzl n Rn

Pr on mtr M  GL(n,R), M2  l’sponnzl pr un mtr L M(n,R).
N su un susson nlo  qull ll Proposzon 4.2.5: t X(t)  GL(n,Rn)
soluzon onmntl l sstm X ′(t) = A(t) ·X(t) llor  possl srvr:

X(t) = P (t) · etB

ov P (t)  2T -pro  B M(n,R).

Dmostrzon. C  ,    ’...

Ctzon 3. E’ solo un ”urost” pr l lttor.

...,   .
N, ,   . ■

Proposzon 4.2.6 - Proprt  MT

L mtr  monorom MT l sstm u′(t) = A(t) · u(t)  l sunt proprt:

1. u′(t) = A(t) · u(t)  soluzon T -pro ⇔ MT  utovlor 1.
In prtolr,  k soluzon npnnt s l’utovlor 1  moltplt om-
tr k.

2. u′(t) = A(t) · u(t)  soluzon mT -pro ⇔ MT  om utovlor un r
m-sm ll’unt.
In prtolr,  k soluzon npnnt s l utovlor r m-sm ll’unt
nno moltplt omtr totl k.

3. MT  onut  W (T, 0).

Dmostrzon. D   .

1. L  u(t) = WA(t, 0)[x0]  T -    :

u(T ) = WA(T, 0)[x0] = x0

    WA(T, 0)   1.
S   k  T - ,     k  
 1:   WA(T, 0)   1    k.
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2. S   u(t) = WA(t, 0)[x0] mT -,    W (mT, 0)
  1.
O  W (mT, 0) = W (T, 0)m,  W (T, 0)     
m- ’.
C   ,    k  mT -,   
 m- ’    k.

3. S X(t)  ’  X ′(t) = A(t) ·X(t). A  :

X(T ) = WA(T, 0)X(0)

     X(0)−1  :

MT = X(0)−1X(T ) = X(0)−1WA(T, 0)X(0)

   WA(T, 0)    MT .

■

Dnzon 4.2.8 - Moltpltor  Floqut
G   MT (X) (    WA(T, 0))  
  F.

Proposzon 4.2.7 - Cs Prtolr
S A  C0

T (R,L(E)) un mmno T -proo. Ho 3 s, onuno on 3 proposzon
quvlnt.
Cso A

1. L soluzon  u′(t) = A(t) · u(t) sono o(1) pr t→ +∞

2. ∥X(t)∥ = o(1)

3. Spec(MT (X)) ⊂ z  C
 z < 1

Cso B

1. L soluzon  u′(t) = A(t) · u(t) sono O(1) pr t→ +∞

2. ∥X(t)∥ = O(1)

3. Spec(MT (X)) ⊂ z  C
 z ≤ 1  Spec(MT (X))  z = 1  smsmpl5

Cso C

1. L soluzon  u′(t) = A(t) · u(t) sono lmtt su R

2. ∥X(t)∥∞,R < +∞

3. Spec(MT (X)) ⊂ z  C
 z = 1  Spec(MT (X))  smsmpl

Dmostrzon. V  :

• (1)⇔ (2):  , X(t)  6     u′(t) = A(t)u(t).

• (2)⇔ (3):   .

■

5L spec(A)   ””  ∀ λ  spec(A)   mgeom(λ) = malg(λ)
6P́     z ? M,    senso estetico,  

Pz 4.2.1    !
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4.3 Equzon Drnzl Ornr

I  S 4.3,  (E, ∥ ·∥)   B,   
 E = Rn.

4.3.1 Dnzon  E.D.O.

Dnzon 4.3.1 - Equzon Drnzl Ornr
S Ω ⊆ R× E  . U’       ,
  :

u′(t) = f(t, u(t))

 f : Ω→ E  ’  u : R→ E.
U’    k   :

u(k)(t) = f(t, u(t), u′(t), , u(k−1)(t))

Proposzon 4.3.1 - Rormulzon  E.D.O.  prmo orn
Consro l’quzon rnzl  orn k:

u(k)(t) = f(t, u(t), u′(t), , u(k−1)(t))

Ess s puo ronurr  un’quzon  prmo orn sullo spzo Ek−1. Consro
ntt x(t)  Ek−1 om:

x(t) =




u(t)

u(1)(t)


u(k−1)(t)




Allor l’quzon rnzl s puo srvr x′(t) = F (t, x(t)) ov:

F (t, x(t)) = F


t,




u(t)

u(1)(t)


u(k−1)(t)





 =




u(1)(t)

u(2)(t)


f(t, u(t), u(1)(t), , u(k−1)(t))




Arontrmo qun l so ll E.D.O.  prmo orn,  u s puo rvr po un
mtoo  soluzon nrl.

Dnzon 4.3.2 - Soluzon Lol
U   ’ u′(t) = f(t, u(t))      
u : I → E  I ⊆ R    u   I. I   :


graf(u) ⊆ Ω
u′(t) = f(t, u(t)) ∀ t  I

Ossrvzon 4.3.1 - u′ ontnu
D  f  u ,  u′(t) = f(t, u(t))   ,  
. S  u  C1.

Ossrvzon 4.3.2
I ,          f ,  R× E.
A ,   Ω ⊆ R× R:

f(t, x(t)) = 1 + x(t)2
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A       x(t) = tan(t− c)  c  R, :

f(t, x(t)) = f(t, tan(t− c)) = 1 + tan2(t− c) =
1

cos2(t− c)
= (tan(t− c))′ = x′(t)

    x(t)     ]c− π
2 , c+

π
2 [.

Dnzon 4.3.3 - Prolm  Cuy
I   C  ’      :


u′(t) = f(t, u(t))

u(t0) = x0

 (t0, x0)  Ω  ’  u : I  R→ E  t0  I.

4.3.2 Torm  Cuy - Lpstz - Pr - Lnlö

Dnzon 4.3.4 - Ipots  Lpstz (IL)
S Ω ⊆ R × E . L  f : Ω → E     L  f 
    (t0, x0)  Ω  L, ,  > 0  :

•

t0 − , t0 + 


×B(x0, ) ⊆ Ω

•   t 

t0 − , t0 + 


   x, x′  B(x0, ) :

∥f(t, x)− f(t, x′)∥ ≤ L∥x− x′∥

E, f     L    :

• f 

• f 7 L   

Ossrvzon 4.3.3 - Conzon sunt pr Ipots  Lpstz
S f  C0   D2f  C0  f     L.

Dmostrzon. S   T  V M. ■

Ossrvzon 4.3.4 - Cso f lnr
S Ω = I × E ⊆ R × E . S A  C0(I, L(E))  . S f : Ω → E
 f(t, x) = A(t) · x.
A   J  I , x, x′  E:

∥f(t, x)− f(t, x′)∥ ≤ ∥A(t)∥∞,J · ∥x− x′∥

 f     L.

Proposzon 4.3.2 - Cso  mnson nt
S f : Ω ⊆ R × E → E un mpp  sos l pots  Lpstz. S K ⊆ Ω un
omptto tl  pr on t  I s onvsso8:

Kt =

x  E  (t, x)  K


= j−1

t (K)

Allor f

K

 Lpstzn nll son vrl.
7P ””       (t0, x0)  R × E,       

 x0  E
8C   jt : E → R× E ’   jt(x) = (t, x)



88 CAPITOLO 4. EQUAZIONI DIFFERENZIALI

Dmostrzon. P    H-B   , K     
   Ji ×Bimi=1  Ji =]ti − i, ti + i[  Bi = B(xi, i)     :

f Ji×Bi e Li − lipschitziana nella 2a variabile

    L f      .
M  f K  L-  L = 

1≤i≤m
Li. I   (t, x) ̸= (t, x′)  K

   v = x−x′
∥x−x′∥ . Cı    -:

 : [0, ∥x− x′∥] −→ K
s −→ (t, x+ sv)

      Ji ×Bi   1 ≤ i ≤ m. M :

̃ : [0, ∥x− x′∥] −→ E
s −→ f(t, x+ sv)

   L-. N   f  L-   . ■

Ossrvzon 4.3.5
N  E = Rn  P 4.3.2   .
S f : Ω ⊆ R× Rn → Rn     L. S (t0, x0)  Ω.
A (      Rn)  ,  > 0     -
  :

K = [t0 − , t0 + ]×B(x0, )

P  ,  g  C0([a, b], [0,+∞]) 
    :

K = (t, x)  Ω  t  [a, b] e ∥x− x0∥ ≤ g(t)

     .

Proposzon 4.3.3 - Unt lol ll soluzon sotto IL
S (E, ∥ · ∥) uno spzo  Bn. S Ω ⊆ R × E prto  f : Ω → E unzon 
sos l pots  Lpstz. Allor u soluzon lol u1  u2 l prolm  Cuy:


u′(t) = f(t, u(t))

u(t0) = x0

onono n un ntorno  t0.

Dmostrzon. S    L:  > 0   > 0  L   L
   .
C  J = [t0− , t0+ ]  B = B̄(x0, ),  J ×B ⊆ Ω    f J×B

 L-.
D u1  u2     C,    (  
   )    u1(J) ⊆ B  u2(J) ⊆ B    · L < 1.
M ,  u1(t0) = u2(t0) = x0:

u1(t)− u2(t) =

 t

t0


u′1(τ )− u′2(τ )


dτ =

 t

t0

(f(τ, u1(τ )− f(τ, u2(τ )))) dτ
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M ,  (τ, ui(τ ))  J ×B   τ  J  i = 1, 2:

∥u1(t)− u2(t)∥ ≤ t− t0 · L · ∥u1 − u2∥∞,J ≤ L · ∥u1 − u2∥∞,J

P  
t∈J

  :

∥u1 − u2∥∞,J ≤ L∥u1 − u2∥∞,J

  L < 1  ∥u1 − u2∥∞,J = 0. C u1 = u2   J . ■

Corollro 4.3.0.1 - Uulnz sull’ntrszon  omn
Nll pots ll Proposzon 4.3.3, t u soluzon u1  u2, ss onono sull’n-
trszon  loro omn:

I = dom(u1)  dom(u2)

Dmostrzon. I      J =

t  Iu1(t) = u2(t)


:

• J  ,       .

• J         u1(t) − u2(t) = 0 (u1 − u2   
,     0 ,  ).

A,  I  , I = J . ■

Corollro 4.3.0.2 - Soluzon Mssml
Nll pots  Lpstz, un prolm  Cuy  soluzon mssml, t pr nlu-
son sul omno.

Dmostrzon. S   C 4.3.0.1. ■

Torm 4.3.1 - Esstnz  Unt ll soluzon sotto IL
Sno E, ∥ · ∥ uno spzo  Bn  Ω ⊆ R× E. Sno:

• (t0, x0)  Ω

• ,  > 0  sno J =

t0 − , t0 + 


 B = B(x0, ) tl  J ×B ⊆ Ω

• f : Ω→ E un unzon L-Lpstz su J ×B nll son vrl

•  · ∥f∥∞,J×B ≤ 

Allor l prolm  Cuy:


u′(t) = f(t, u(t))

u(t0) = x0

 un soluzon un u : J → E.

Ossrvzon 4.3.6 - Enunto pu ol
L   T      L < 1. Q 
    .

Dmostrzon. R       P F,  ’-
 :
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1.    C: 
u′(t) = f(t, u)

u(t0) = x0

2.    P F,  B∞ = C0(J,B) = B(x0, ) ⊆ C0(J,E):


u(t) = x0 +

 t
t0
f(τ, u(τ ))dτ

u  B∞

I:

• 2 ⇒ 1:  u  C0(J,B) = B∞    (2)    u′(t) =
f(t, u(t))   (  )  u  C1(J,B)  

u(t0) = x0 +

 t

t0

f(τ, u(τ ))dτ = x0

 u  (1).

• 1 ⇒ 2:  u    (1),  :

u(t) = u(t0) +

 t

t0

u′(τ )dτ = x0 +

 t

t0

f(τ, u(τ ))dτ

  u(J) ⊆ B. S      , u
 (2). D ’ u(J) ⊆ B. S    t∗  J
  ∥u(t∗) − x0∥ > . S  ,  t∗  [t0, t0 + [. P
:

t1 = min t  [t0, t
∗]  ∥u(t)− x0∥ = 

  ́ u   ’        
.
A   τ  [t0, t1[   (τ, u(τ))  J ×B 

u′(τ ) = f(τ, u(τ )) ≤ ∥f∥∞,J×B

M ,   T  V M  C:

 = ∥u(t1)− u(t0)∥ ≤ t1 − t0 · 
τ∈[t0,t1]

∥u′(τ )∥ < ∥f∥∞,J×B ≤ 

   (’    ).

D    ’    (2)  P F. C 
:

T : B∞ = B̄∞(x0, ) −→ C0(J,E)
v −→ Tv

   t  J :

Tv(t) = x0 +

 t

t0

f(τ, v(τ ))dτ
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A   T (B∞) ⊆ B∞    v  B∞    (τ, v(τ ))  J×B
  ∥f(τ, v(τ ))∥ ≤ ∥f∥∞,J×B  :

∥Tv(t)− x0∥∞,E =


 t

t0

f(τ, v(τ ))dτ


∞,E

≤

 t

t0

∥f∥∞,J×Bdτ



≤ t− t0 · ∥f∥∞,J×B ≤  · ∥f∥∞,J×B ≤ 

    
t∈J

:

∥Tv − x0∥∞,J ≤ 

 Tv  B∞.
S     :

1.  ’ L < 1,   T      dL 
  ∥ · ∥∞,J . I   v, w  B∞    t  J :

∥Tv(t)− Tw(t)∥ ≤

 t

t0

(f(τ, v(τ ))− f(τ, w(τ ))) dτ


≤ t− t0 · L · ∥v − w∥∞,J ≤ L∥v − w∥∞,J

  
t∈J

:

∥Tv − Tw∥∞,J ≤ L · ∥v − w∥∞,J

 T  L-. I T  C  ’  ’-
      P F (     C).

2.   ,    n  N   T n    B∞.
Q    ’        P
F.
S v, w  B∞, t  J  n  N. D :

∥T nv(t)− T nw(t)∥ ≤ Ln

n!
t− t0n · ∥v − w∥∞,J

   n  N:

• n = 0:     ∥v(t)− w(t)∥ ≤ ∥v − w∥∞,J

• n > 0:       n− 1. A:

∥T nv(t)− T nw(t)∥ =

 t

t0


f(τ, T n−1v(τ ))− f(τ, T n−1w(τ ))


dτ



≤
 t

t0

f(τ, T n−1v(τ ))− f(τ, T n−1w(τ ))
 dτ

≤ L ·
 t

t0

∥T n−1v(τ )− Tn−1w(τ )∥dτ

≤ Ln

(n− 1)!
∥v − w∥∞,J

 t

t0

τ − t0n−1dτ

=
Ln

(n− 1)!
∥v − w∥∞,J

 t−t0

0
sn−1ds

≤ Ln

n!
t− t0n∥v − w∥∞,J
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P  
t∈J

:

∥T nv − T nw∥∞,J ≤
(L)n

n!
∥v − w∥∞,J

     (L)n

n!  n  N   (L)n

n! < 1.
A T n       .

■

4.3.3 Crttrzzzon  Susson Mssmlmnt Dnt

Proposzon 4.3.4 - Estnson  Domno ll soluzon (lmt)
S u :]a, b[→ E un soluzon l prolm  Cuy:


u′(t) = f(t, u(t))

u(t0) = x0

ov f : Ω ⊆ R× E → E sos l pots  Lpstz.
Supponmo  ∃ 

t→b
u(t) = x tl  (b, x)  Ω.

Allor sst  > 0 tl  u mmtt un’stnson propr  un soluzon on omno
]a, b+ [.

Dmostrzon. S v       C:


v′ = f(t, v)

v(b) = x

 v :]b− , b+ [→ E. D    u⋆ :]a, b+ [→ E  :

u⋆(t) =


u(t) a < t < b
v(t) b ≤ t < b+ 

P  u⋆    ]a, b + [  u′⋆    ]a, b[   ]b, b + [. V
  u′⋆(t) = f(t, u(t))   t  ]a, b+ [ \b. P    :


t→b

u′⋆(t) = 
t→b

f(t, u⋆(t)) = f(b, x)

         u′(t)  v′(t)  . Q  
P        u⋆    t = b 
u′(b) = f(b, u(b)). ■

Proposzon 4.3.5 - Estnson  Domno ll soluzon (susson)
S u :]a, b[→ E un soluzon l prolm  Cuy:


u′(t) = f(t, u(t))

u(t0) = x0

ov f : Ω ⊆ R× E → E sos l pots  Lpstz.
Supponmo  ∃ tkk∈N ⊆]a, b[ tl :

• tk −→ b  u(tk) −→ x
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• (b, x)  Ω

Allor sst  > 0 tl  u mmtt un’stnson propr  un soluzon on omno
]a, b+ [.

Dmostrzon. P  P 4.3.4     
t→b

u(t).

S f  ,     (b, x)  Ω:  0 > 0   
R = [b− 0]×B(x, 0) ⊆ Ω  ∥f∥∞,R = M <∞.
S        

t→b
u(t)   

t→b
u(t) ̸= x. E-

,      > 0     k  N:

u([tk, b[) ⊈ B(x, ) (4.2)

        0 <  < 0. D:

t∗k =  t  [tk, b[  ∥u(t)− x∥ ≥ 

          ’ 4.2.
Q   t  [tk, t

∗
k]   ∥u(t)− x∥ ≤  :

∥u′(t)∥ = ∥f(t, u(t))∥ ≤ ∥f∥∞,[tk,b]×B(x,) ≤ ∥f∥∞,R = M

M   k → +∞:

∥u(t∗k)− u(tk)∥ ≤ (t∗k − tk)M = o(1)

  :

∥u(t∗k)− u(tk)∥ ≥ ∥u(t∗k)− x∥+ ∥x− u(t)∥ ≥  ̸= o(1)

   . S     
t→b

u(t) = x   . ■

Proposzon 4.3.6 - ”Fu  Comptt”
S u :]a, b[→ E un soluzon mssml l prolm  Cuy:


u′(t) = f(t, u(t))

u(t0) = x0

ov f : Ω ⊆ R× E → E sos l pots  Lpstz. S K ⊆ Ω un omptto.
Allor ∃, tl  a <  ≤  < b tl :

(t, u(t))  K ∀ t  ]a, b[ \ [,]

Dmostrzon. S     .
E   tkk∈N ⊆ ]a, b[   a  b (  -
  b, ’   )   (tk, u(tk))k∈N ⊂ K.
A     ,    K  :

(tk, u(tk))
k→+∞−→ (b, x)  Ω

M    P 4.3.5       u  
, . ■
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4.3.4 Dpnnz  Dt Inzl

Torm 4.3.2 - Dpnnz ontnu  u(t0) = x0

Sno Ω ⊆ R× E prto  f  C0(Ω, E) un unzon  sos l pots  Lpstz.
S u : I → E soluzon l prolm  Cuy:


u′(t) = f(t, u(t))

u(t0) = x0

 s t1  I, t0 < t1
Allor sstono ρ > 0  c ≥ 0 tl  pr on prolm  Cuy:





v′(t) = f(t, v(t))

v(t0) = y0

∥x0 − y0∥ < ρ

 soluzon mssmlmnt nt v : J → E tl :

• t1  J

• ∥v − u∥∞,[t0,t1] ≤ c · ∥x0 − y0∥

Ossrvzon 4.3.7
I  ,     x0    C,   
     L.

Dmostrzon. P    graf(u[t0,t1]) (   -
   [t0, t1] )         Ji ×Bii∈I
   i  I   Ji × Bi ⊆ Ω   f Ji×Bi  Li- ( I 
L).
S   9:

 = 
t0≤t≤t1

d


(t, u(t)) , Ω \



i∈I
(Ji ×Bi)



A :

T = (t, x)  [t0, t1]× E  ∥x− u(t)∥ < 
9C  z d -     .
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P   T ⊆

i∈I

(Ji ×Bi) ⊆ Ω.
P L = 

i∈I
Li   f T  L-   . I

  f    T :

M := 
t0≤t≤t1

∥f(t, u(t))∥+ L ≥ ∥f∥∞,T

D        :

ρ =  · e−L(t1−t0)

c = eL(t1−t0)

S y0  E   ∥x0 − y0∥ < ρ      v :]a, b[→ E 
  C: 

v′(t) = f(t, v(t))

v(t0) = y0

D10  graf

v[t0,b[


⊈ T. I    t  [t0, b[   (t, v(t))  T,

:
∥v′(t)∥ = ∥f(t, v(t))∥ ≤M

 v[t0,b[  M -   
t→b

v(t)    P 4.3.4

  v   .
C      graf(v[t0,b[)  :

1. graf(v)    graf(u)   ,     T.

2. graf(v)     ””,     t1.

I  ,  t  [t0, b[   (t, v(t)) ̸= T, :

1. ∥u(t)− v(t)∥ > 

2. t > t1

I  :

t∗ =  t  [t0, b[  ∥u(t)− v(t)∥ ≥   t1

     graf(v)   T.
P  t0 ≤ t∗ ≤ t1       t∗ < t1   
 v    :

∥u(t∗)− v(t∗)∥ = 

V     ,    t∗ = t1 (  
  (2)).
D r = ∥u(t0)− v(t0)∥. P  t  [t0, t∗] :

∥u(t)− v(t)∥ ≤ ∥u(t0)− v(t0)∥+ ∥u(t)− v(t)− u(t0) + v(t0)∥

= r +


 t

t0


u′(τ )− v′(τ )


dτ

 ≤ r +

 t

t0

∥u′(τ )− v′(τ )∥dτ

= r +

 t

t0

∥f(τ, u(τ))− f(τ, v(τ ))∥ dτ ≤ r + L

 t

t0

∥u(τ )− v(τ )∥dτ

10  grafv   > t0   ”” T.
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D ϕ(t) =
 t
t0
∥u(τ )− v(τ )∥dτ . A     :


ϕ′(t) ≤ r + Lϕ(t)

ϕ(t0) = 0

M     e−tL       :

0 ≥ e−tL

ϕ′(t)− Lϕ(t)


− re−tL =


e−tLϕ(t)

′
+


re−tL

L

′
=


e−tL


ϕ(t) +

r

L

′

Q   e−tL

ϕ(t) + r

L


   [t0, t∗]     

t  [t0, t∗]:

e−tL

ϕ(t) +

r

L


≤ e−t0L

r

L

 :
r + Lϕ(t) ≤ eL(t−t0)r

M     :

∥u(t)− v(t)∥ = ϕ′(t) ≤ r + Lϕ(t) ≤ eL(t−t0)r < eL(t−t0)ρ = 

  t = t∗   :

∥u(t∗)− v(t∗)∥ < 

       t∗. Q t∗ = t1. M :

∥u− v∥∞,[t0,t1] ≤ eL(t1−t0)∥x0 − y0∥ = c∥x0 − y0∥

  . ■

Dnzon 4.3.5 - Flusso o Soluzon Gnrl
S u′(t) = f(t, u(t))  E.D.O.      L ( f : Ω→ E).
S Ξ ⊆ R× R× E   ∀ (t1, t0, x0)  Ξ  :

• u : I  R→ E      C:


u′(t) = f(t, u(t))

u(t0) = x0

• t1  I  (t0, x0)  Ω

L  ξ : Ξ→ E  :

ξ(t1, t0, x0) = u(t1)

     .

Dnzon 4.3.6 - Mpp τ∗  τ ∗

N   D 4.3.5,    (t0, x0)  Ω:

τ∗(t0, x0) = 

dom(u)


 [−∞,+∞[

τ∗(t0, x0) = 

dom(u)


]−∞,+∞]
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Ossrvzon 4.3.8 - Proprt  ξ
V     :

• ξ(t, t, x) = x   (t, x)  Ω

• ξ(t2, t1, ξ(t1, t0, x0)) = ξ(t2, t0, x0)

Dmostrzon. S    ξ. ■

Torm 4.3.3 - Torm sull mpp τ∗  τ ∗

Consro l pots ll Dnzon 4.3.5. Allor Ξ  prto  l usso ξ : Ξ→ E  un
unzon ontnu nll prm  trz vrl. Inoltr:

• τ∗ : Ω→ [−∞,+∞[  smontnu suprormnt

• τ∗ : Ω→]−∞,+∞]  smontnu nrormnt

Dmostrzon. L   ξ : Ξ → Ω        
    C  ,     T 4.3.2.
D     τ∗     c  R   τ ∗ > c
.
S (t0, x0)  τ∗ > c ⊆ Ω. C t∗  R   (c, t0) < t∗ < τ∗(t0, x0),
        C    u(t0) =
x0      [t0, t

∗].
P  T 4.3.2,  ρ > 0     y0  B(x0, ρ)    v
   C: 

v′ = f(t, v)

v(t0) = y0

   t∗  dom(v). I  , [t0, t
∗] × t0 × B(x0, ρ) ⊆ Ξ. C  

  τ∗     τ∗(t0) < t∗ < t0. Q:

[t∗, t∗]× t0×B(x0, ρ) ⊆ Ξ

I,   t0  [t∗, t∗]. P   ξ      > 0
 :

ξ(]t0 − , t0 + [, t0, x0) ⊆ B(ξ(t0, t0, x0), ρ) = B(x0, ρ)

M      (̄t) ]t0 − , t0 + [      C:


u′(t) = f(t, u(t))

u(t̄) = x0


v′(t) = f(t, v(t))

v(t0) = ξ(t0, t̄, x0)

       : dom(u) = dom(v). M  
T 4.3.2,   t∗  dom(v),  t∗  dom(u).
P    t̄  [t0 − , t0 + ]  

[t∗, t∗]× t̄×B(x0, ρ) ⊆ Ξ

Q  :
[t∗, t∗]×]t0 − , t0 + [×B(x0, ρ) ⊆ Ξ (4.3)

M    (t1, x1) ]t0 − , t0 + [×B(x0, ρ)   τ
∗(t1, x1) ≥ t∗ > c, :

]t0 − , t0 + [×B(x0, ρ) ⊆ τ ∗ > c
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Q   τ ∗ > c       (t0, x0),  τ∗ > c  .
C       τ∗   .
O       Ξ   .
C       (t1, t0, x0)  Ξ    t∗, t∗  R ́
τ∗(t0) < t∗ < t1 < t∗ < τ∗(t0)  , ρ > 0  :

[t∗, t∗]×]t0 − , t0 + [×B(x0, ρ) ⊆ Ξ

      4.3. Cı Ξ      , . ■

Ossrvzon 4.3.9
L        . T ’
          :

”Ξ ”  ”τ∗, τ∗     ”

  . E  , ,     
 T 4.3.2. R       F 4.1.

F 4.1: R  Ξ     .

Torm 4.3.4 - Dpnnz Drnzl  Dt
S Ω ⊆ R× E prto  s f : Ω→ E tl :


f  C0(Ω, E)

D2f  C0(Ω,L(E))

Allor f sos l pots  Lpstz  l usso ξ : Ξ→ E  un unzon C1.

Dmostrzon. P  T  D T 3.3.1     
 :

1.  ∂1ξ  C0(Ω, E)

2.  ∂2ξ  C0(Ω, E)

3.  D3ξ  C0(Ω, L(E))
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I  :

1.    ξ   ∂1ξ(t, s, x) = f(t, ξ(t, s, x))   
 :

(t, s, x) −→ (t, ξ(t, s, x))
f−→ f(t, ξ(t, s, x))

 ∂1ξ  .

2.    (1)  (3),  ’     (t, s, x) 
Ξ:

x = ξ (s, t, ξ(t, s, x))

D  t, x : u(s) = ξ(t, s, x). M  ’  :

x = ξ(s, t, u(s))

S    (3)   ξ      
( ),   T  F I 3.3.6    u  C1.

3.    D3ξ(t, s, x)  GL(E).
L’     E.D.O.    . I 
      ,  ’:

∂1ξ(t, s, x) = f(t, ξ(t, s, x))

D  x (      ∂1D3 = D3∂1)
:

∂1D3ξ(t, s, x) = D3∂1ξ(t, s, x) = D2f(t, ξ(t, s, x)) ◦D3ξ(t, s, x)

   ξ(t, t, x) = x,  D3ξ(t, t, x) = IE .
M      C       -
 D3ξ(t, s, x). I A(t) = D2f(t, ξ(t, s, x)), :


X ′(t) = A(t)X(t)

X(s) = IE

I ””   D3ξ(t, s, x) = WA(t, s), ’   
    C.
D  WA(t, s)     ,   y → x:

ξ(t, s, y)− ξ(t, s, x)−WA(t, s)[y − x] = o(∥x− y∥)

C z(t) = ξ(t, s, y)− ξ(t, s, x)−WA(t, s)[y − x]. A:

z′(t) = f(t, ξ(t, s, y))− f(t, ξ(t, s, x))− A(t)WA(t, s)[y − x]

= A(t) [ξ(t, s, y)− ξ(t, s, x)−WA(t, s)[x− y]] + f(t, ξ(t, s, y))−
− f(t, ξ(t, s, x))− A(t) [ξ(t, s, y)− ξ(t, s, x)]

= A(t)z(t) + h(t)

:

h(t) = f(t, ξ(t, s, y))− f(t, ξ(t, s, x))− A(t) [ξ(t, s, y)− ξ(t, s, x)]
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P  F  V  C A:

z(t) =

 t

s
WA(t, τ)h(τ )dτ

    :

∥z(t)∥ ≤ t− s · ∥WA∥∞,[s,t]×[s,t] · ∥h∥∞,[s,t]

C   ∥h∥∞,[s,t] = o(∥x− y∥),    X = ξ(t, s, x)
 Y = ξ(t, s, y). P  τ  [s, t]:

h(t) = f(t, Y )− f(t, s,X)− A(t) [Y −X]

= f(t, Y )− f(t,X)−D2f(t,X)[Y −X]

S   T  V M11   f(t, ·)  X  Y :

∥h(τ )∥ ≤∥ξ(τ, s, y)− ξ(τ, s, x)∥ · 
0≤λ≤1

∥D2f(τ, ξ(τ, s, x)+

+ λ[ξ(τ, s, y)− ξ(τ, s, x)]−D2f(τ, ξ(τ, s, x)))∥

P   ∥ · ∥∞,[s,t],   D2f  C0:

∥h∥∞,[s,t] ≤ ∥ξ(·, s, y)− ξ(·, s, x)∥∞,[s,t] · 
0≤λ≤1
τ∈[s,t]

∥D2f(·, ξ(·, s, x)+

+ λ[ξ(·, s, y)− ξ(·, s, x)])−D2f(·, ξ(·, s, x))∥
= O(∥y − x∥) · (∥y − x∥) = o(∥y − x∥)

   .

■

11I TVM  ’ X → F (X)− LX   :
∥F (Y )− F (X)− L(X)[Y −X]∥ ≤ ∥Y −X∥ · 

0≤λ≤1
∥DF (X + λ(Y −X))− L∥
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4.4 Esrtzon su E.D.O.

4.4.1 E.D.O.  Vrl Sprl

Dnzon 4.4.1 - E.D.O.  Vrl Sprl
U E.D.O.      :

f(t, x) = h(t) · g(x)

Fttrllo 4.4.1 - Mtoo  Intrzon
S lo spzo  Bn12 E = R.
Un mtoo utl pr rsolvr l prolm  Cuy rltvo ll E.D.O.  vrl sp-
rl 

x = h(t) · g(x)
x(t0) = x0

 utlzzr l sunt ntt:

 x

x0

1

g(s)
ds =

 t

t0

h(s)ds

In prtolr,  possl rvr normzon qulttv sull soluzon l prolm 
Cuy o, nvuno ll prmtv, trovr l soluzon stss l prolm.

Dmostrzon. D    2 :

•   g(x0) = 0  . I  x(t) = x0   :

x = h(t) · g(x) = h(t) · g(x0) = 0

•  g(x0) ̸= 0,      I  x0   g   . I
       g(x):





x = h(t) · g(x(t))
x(t0) = x0

g(x) ̸= 0 ∀ x  I

P  ’   g(x(t))  :

x(t)

g(x(t))
= h(t)

    t :

 t

t0

x(s)

g(x(s))
ds =

 t

t0

h(s)ds

B     τ = x(s)          
 :  t

t0

x(s)

g(x(s))
ds =

 x(t)

x0

dτ

g(τ)

■
12Q z           z.
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4.4.2 Equzon  Brnoull

Dnzon 4.4.2 - Equzon  Brnoull
U   C   ’  B   :


y′ = a(x)y + b(x)y

y(x0) = y0

   [0,+∞).

Fttrllo 4.4.2 - Mtoo  rsoluzon
D un’quzon  Brnoull  possl ronurs  un E.D.O. lnr on l mtoo
sunt.
Il so y(x0) = 0  om soluzon nl y(x) = 0 ostnt.
S y(x0) ̸= 0, llor y non s nnullr n un ntorno I  x0. In qusto so  lto
vr pr y l’quzon  Brnoull:

y′

y
=

a(x)

y−1
+ b(x)

 s mo z = 1
yα−1 ottno l’quzon rnzl lnr:

z′

1− 
= a(x)z + b(x)

4.4.3 Mtoo l Wronskno

Q       .

C ’      :

y′′(t) + a(t)y′(t) + b(t)y(t) = f(t)

Cso Omono

C   :

y′′(t) + a(t)y′(t) + b(t)y(t) = 0 (4.4)

   E.D.O.      :

y′

y′′


=


y
y′

′
=


0 1

b(t) a(t)


·

y
y′


= A(t) ·


y
y′



T ’   WA(t, t0),   :

y
y′


= WA(t, t0) ·


y(t0)
y′(t0)



S  ’  13     :

WA(t, t0) =


v1(t) v2(t)
v′1(t) v′2(t)

 
y(t0)
y′(t0)


=


c1
c2



        :

y(t) = c1v1(t) + c2v2(t)
13O               

,       y′     y. Q ’  z 
 ,   i-      i-  ,    W.
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Cso Non Omono

S    ’  ,   :

∼
y(t) = c1v1(t) + c2v2(t)

V     :

y(t) = c1(t)v1(t) + c2(t)v2(t)

       :

y′(t) = c1(t)v
′
1(t) + c′1(t)v1(t) + c2(t)v

′
2(t) + c′2(t)v2(t)

P14  c1(t)  c2(t)   :

0 = c′1(t)v1(t) + c′2(t)v2(t)

  :

y′(t) = c1(t)v
′
1(t) + c2(t)v

′
2(t)

  :

y′′(t) = c′1(t)v
′
1(t) + c1(t)v

′′
1(t) + c′2(t)v

′
2(t) + c2(t)v

′′
2(t)

S     ’ ,  ( ’ t 
    ):

f(x) = y′′ + a(t)y′ + b(t)y

= c′1v
′
1 + c1v

′′
1 + c′2v

′
2 + c2v

′′
2 + a(t)


c1v

′
1 + c2v

′
2


+ b(t) (c1v1 + c2v2)

= c′1v
′
1 + c′2v

′
2 + c1


v′′1 + a(t)v′1 + b(t)v1


+ c2


v′′2 + a(t)v′2 + b(t)v2


= c′1v

′
1 + c′2v

′
2

 ’       v1   v2   ’-
 4.4.
A     c1(t)  c2(t)    :


c′1(t)v1(t) + c′2(t)v2(t) = 0

c′1(t)v
′
1(t) + c′2(t)v

′
2(t) = f(t)

  C: 
c′1(t) = −f(t) v1(t)

w(t,t0)

c′2(t) = f(t) v2(t)
w(t,t0)

 w(t, t0) = detWA(t, t0)  W. A    :

y(t) = −v1(t)


f(τ )
v1(τ )

w(τ, t0)
dτ + v2(t)


f(τ )

v2(τ )

w(τ, t0)
dτ

D T 4.2.6    w(τ, t0),   trA(t) = a(t):

y(t) = −v1(t)


f(τ )
v1(τ )

(
 τ
t0
a(s)ds)

dτ + v2(t)


f(τ )

v2(τ )

(
 τ
t0
a(s)ds)

dτ

14N  ́, z  .
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4.4.4 E.D.O. on Torm  Dn

S        C:


y′ = A(x,y)

B(x,y)

y(x0) = y0

D      A(x, y)dx − B(x, y)dy   (’  (x0, y0))
  F (x, y)       F (x0, y0) = 0,      T
 D 3.3.7 ’     :

y′ = −∂xF (x, y)

∂yF (x, y)

  y(x)     x0          F
   (x0, y0).

Cso n u Adx − Bdy non  stt

(   ⇐⇒           (x0, y0))
I           .
D   Adx − Bdy   M(x, y)   AM - BM  ? S 
   F     ,       y′ = AM

BM = A
B

P   ∃M     MAdx−MBdy  ()15  
    M  

∂y(MA) + ∂x(MB) = 0 ⇐⇒ ∂yMA+M∂yA+ ∂xMB +M∂xB = 0

(         ). V     
:

• ∂yA+∂xB
B    x. D        

M = M(x). I   M    x  ’  M
:

M∂yA+ ∂xMB +M∂xB = 0 ⇐⇒ ∂xM = M

−∂yA− ∂xB

B



   M = e
−

 x
x0


∂yA+∂xB

B
dτ



• ∂yA+∂xB
A    y. S   A(x0, y0) ̸= 0. I   

M = M(y). Q ’  M   :

∂yMA+M∂yA+M∂xB = 0

   M(y) = e
−

 x
x0


∂yA+∂xB

A
dτ



15C    28   z 30/03
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4.4.5 Stuo  Soluzon lol  non

Proposzon 4.4.1 - Conzon sunt pr Soluzon lol
S f(t, x) : R× E → E tl :

∥f(t, x)∥ ≤ A(t) +B(t)∥x∥

ov A,B  C(R,R).
Allor l soluzon  x = f(t, x) sono lol su R.

Dmostrzon. —————————— ■

Dnzon 4.4.3 - Soprsoluzon  Sottosoluzon
S ’  y = f(x, y)   z(x)      
I. A:

• z    ’  :

z(x) ≥ f(x, z(x)) ∀ x  I

• z    ’  :

z(x) ≤ f(x, z(x)) ∀ x  I

Torm 4.4.1 - Conronto sottosoluzon  soprsoluzon
Consro un’quzon rnzl y = f(x, y)  sos l pots  Lpstz.
Sno z(x) un soprsoluzon  w(x) un sottosoluzon nt su un ntrvllo I. Su
:

• S z(x0) ≥ w(x0) pr un rto x0  I llor:

z(x) ≥ w(x) ∀ x  I  [x0,+∞)

• S z(x0) ≤ w(x0) pr un rto x0  I llor:

z(x) ≤ w(x) ∀ x  I  (−∞, x0]

Dmostrzon. T   z(x0) ≥ w(z0). L’   .
P   : 




z(x) ≥ f(x, z(x))

w(x) ≤ f(x, w(x))

z(x0) ≥ w(x0)

    :

w(x)− z(x) ≤ f(x,w(x))− f(x, z(x))

z(x0)− w(x0) ≥ 0

I      I  . I 
 I ,   ’   , 
             I.
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A    I,  L  f      (
  ,      L). S :


w(x)− z(x) ≤ L · w − z
w(x0)− z(x0) ≤ 0

O      ,  u(x) = w(x)−z(x),    
 . ■

Lmm 4.4.1
Consro l sstm, pr I ntrvllo  x0  I:


u(x) ≤ L · u(x) ∀ x  I

u(x0) ≤ 0

Allor u(x) ≤ 0 pr on x  I  [x0,+∞).

Dmostrzon. S     x̄ > x0   u(x̄) > 0.
A   ξ  [x0, x̄)   u(ξ) = 0    :


x  [x0, x̄]  u(x) = 0


̸= ∅

P   x1 = max

x  [x0, x̄]  u(x) = 0


. M   x  [x1, x̄]  

   1 ,    :


u(x) ≤ Lu(x) ∀ x  [x1, x̄]

u(x1) = 0

P      e−Lx:

e−Lx u(x) ≤ e−LxLu(x)

 :
d

dt


e−Lxu(x)


≤ 0

  ,   :

e−Lx̄u(x̄) ≤ e−Lx1u(x1) = 0

        u(x̄) > 0. ■

Torm 4.4.2 - Lmm  Gromwll
Supponmo  y : [x0, x1]→ R s ontnu  sos l onzon:

y(x) ≤ A+B

 x

x0

y(s)ds

pr on x  [x0, x1]  ov A,B > 0.
Allor pr on x  [x0, x1] vl l stm:

y(x) ≤ AeB(x−x0)
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Dmostrzon. C   :

F (x) = A+B

 x

x0

y(s)ds

A     F ′(x) = By(x). M  ,  :


F ′(x) ≤ B · F (x)

F (x0) = A

    e−Bx     :

e−BxF ′(x) ≤ Be−BxF (x)

 : 
d
dt


e−BxF (x)


≤ 0

F (x0) = A

  ,   :

e−BxF (x) ≤ e−Bx0A

    F (x) ≤ AeB(x−x0). V ,  , y(x) ≤ A + B
 x
x0

y(s) ds =
F (x)    . ■

Corollro 4.4.2.1
S lo spzo  Bn X. Supponmo :

∥f(x, y)∥X ≤ C(x) +D(x) · ∥x∥X

ov C,D : R→ R+ unzon ontnu.
Allor on soluzon  y(x) = f(x, y)  nt lolmnt su R.

Dmostrzon. P          -
. F ,   ’    y(−x)  
  (   ’  )    .
S     x∗ > 0   

x→(x∗)−
∥y(x)∥X = +∞.

A   C∗ = 
[0,x∗]

C(x)  D∗ = 
[0,x∗]

D(x)  :

∥f(x, y(x))∥X ≤ C(x) +D(x)∥y(x)∥X ≤ C∗ +D∗∥y(x)∥X

P ’       y = f(x, y(x)) :

y(x) ≤ y(0) +

 x

0
f(s, y(s))ds

   ,   x  [0, x∗]:

∥y(x)∥ ≤ ∥y(0)∥+
 x

0
∥f(s, y(s))∥ds ≤ ∥y(0)∥+

 x

0


C∗ +D∗∥y(s)∥X


ds

≤

∥y(0)∥+ C∗x∗


+D∗

 x

0
∥y(s)∥ds
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     L 4.4.2     x  [0, x∗]:

∥y(x)∥ ≤

∥y(0)∥+ C∗x∗


eD

∗x

   :


x∈[0,x∗)

∥y(x)∥ ≤

∥y(0)∥+ C∗x∗


eD

∗x∗
< +∞

    . D     x∗,        
 . ■

4.4.6 Stlt  Punt  Equlro - Tor  Lypunov

Dnzon 4.4.4
x0      

·
x = f(x)  x ≡ x0  

Dnzon 4.4.5 - Punto  Equlro Stl
S x∗  Rd    f : Rd → Rd. S   x∗       (
 )     > 0   > 0        C:


x′(t) = f (x(t))

x(0) = x0

  : 
t>0

∥x(t)− x∗∥ <   ∥x0 − x∗∥ < .

Ossrvzon 4.4.1
I T 4.3.2  D C         T > 0
,    > 0   > 0  :


t∈(0,T )

∥x(t)− x∗∥ <  se ∥x0 − x∗∥ < 

T   ,    = (, T )   T    :

(, T )
T→+∞−→ 0

Dnzon 4.4.6 - Punto  Equlro Asntotmnt Stl
I    x∗           
 :


t→+∞

x(t) = x∗

Dnzon 4.4.7 - Funzonl  Lypunov
S f : Rd → Rd   f(x∗) = 0. S    L  
 V : Bd(x∗, r)→ R+  :

1. V (x) = 0     x = x∗

2.   x  Bd(x∗, r)   V (x) · f(x) ≤ 0

Torm 4.4.3 - Funzonl  Lypunov ⇒ Stlt
S sst un unzonl  Lypunov ssoto  f on x∗ punto  qulro, llor x∗ 
stl.
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Dmostrzon. S     x∗ = 0. F  > 0 -
  :

m = 
∥x∥=

V (x)

 ’ (1)     L   m > 0.
P   0   V (x),    > 0   :


∥x∥≤

V (x) ≤ m

2

C         :


x(t) = f(x(t))

x(0) = x0

     x(t):

d

dt
V (x(t)) = V (x(t)) · x(t) = V (x(t)) · f(x(t)) ≤ 0

Q   V (x(t))    t,     ∥x(0)∥ <  
V (x(0)) ≤ m

2 . D   :

V (x(t)) ≤ m

2
per ogni t > 0 (4.5)

Q        , :

∥x(t)∥ < 

      t̄ > 0  ∥x(t̄)∥ = ,   :

V (x(t̄)) = 
∥x∥=

V (x) = m

     4.5. ■

Torm 4.4.4 - Funzonl  Lypunov ⇒ Stlt Asntot
S V un unzonl  Lypunov ssoto  x∗  f  sos pr on x ̸= x∗:

V (x) · f(x) < 0

Allor x∗  sntotmnt stl.

Dmostrzon. C  T ,     
x∗ = 0. D   

t→+∞
∥x(t)∥ = 0  ∥x(0)∥ ≤ r.

D        r > 0   ( r > 0):

∥x(0)∥ ≤ r ⇒ ∀ t > 0 ∥x(t)∥ ≤ r

2

V    r        .

S      x(0)  Bd(0, r)   x(t)
t→+∞↛ 0. E 

  tkk∈N   ∥x(tk)∥ ≥ 0 > 0   k  N (
   x(t)        B(0, 0)).
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M    ,        R+: 
 0 > 0  :

∀ t > 0 ∥x(t)∥ ≥ 0 (4.6)

I  T  V (x(t))  ,   
t→+∞

V (x(t))  

     ̸= 0  ,    ,   
tkk∈N    x(tk) −→ x ̸= 0     16:

V (x(tk)) −→ V (x) ̸= 0

Q           t̃k 
t̃k → +∞   

k→+∞
x(t̃k) = 0,  :

V (x(t̃k)) −→ 0

M       V (x(t̃k)) −→ V (x) ̸= 0, .
N    ’  t̃k ⊆ tk   x(t̃k) −→ 0. M  tk
       B(0, 0)  x

∗ = 0. A  
 4.6.
C   :    :

0 ≤ ∥x(t)∥ ≤
r

2

C  :

m = 
0≤∥x∥≤ r

2

V (x) · f(x) < 0

A  :

d

dt
V (x(t)) = V (x(t)) · f(x(t)) ≤ m < 0

   :

0 ≤ V (x(t)) = V (x(0)) +

 t

0

d

dt
V (x(s))ds ≤ V (x(0)) +mt

t→+∞−→ −∞

  . O 
t→+∞

∥x(t)∥ = 0  . ■

Torm 4.4.5 - Stlt Asntot  Jono
S x∗ punto  qulro pr x′ = f(x). S s  

Spec (Jf(x∗)) ⊂ z  C  Rez < 0
llor x∗  sntotmnt stl.

Dmostrzon. S     x∗ = 0   A =
Jf(0). P  :

Spec(A) ⊂ z  C  Rez < 0
S    T  1° :

f(x) = f(0) + Ax+ o(∥x∥) = Ax+ o(∥x∥)
C    L V (x)    :

V (x) = ⟨Px, x⟩
 P  Sym(d× d)   :

16L’  V (x) = 0     x = x∗ = 0.



4.4. ESERCITAZIONI SU E.D.O. 111

1. ⟨Px, x⟩ ≥ 0∥x∥2

2.   x ̸= 0  V (x) · f(x) < 0

I      V (x) = 2Px,      
 T 4.4.4 :

⟨2Px,Ax+ o(∥x∥)⟩ < 0 ∀ x  Bd(0, r) \ 0

I      P     0 > 0   :

⟨Px,Ax⟩ ≤ −0∥x∥2

  ,  ∥x∥ << 1:

⟨2Px,Ax⟩+ ⟨Px, o(∥x∥)⟩ ≤ −20∥x∥2 + o(∥x∥) ≤ −0∥x∥2

A       L     -
:    A   Spec(A) ⊆ z  C  Rez < 0   
 P > 0  :

⟨Px,Ax⟩ ≤ −0∥x∥2

V        :

P =

 +∞

0
etA

T
etAdt

:

• P  Sym(d× d)  ’ etA
T
etA  .

• P > 0 ́: 
etA

T
etAx, x


=


etAx, etAx


= ∥etAx∥2 > 0

• V :

⟨Px,Ax⟩ =
 +∞

0


etA

T
etAx,Ax


dt =

 +∞

0


etAx, etAAx


dt

=

 +∞

0


etAx,AetAx


dt =

 +∞

0


etAx,

d

dt


etAx


dt

=
1

2

 +∞

0


d

dt
∥etAx∥2


dt =

1

2


etAx

t=+∞
t=0

= −1

2
∥x∥2

        0 =
1
2 .

■
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Cptolo 5

Torm  Dnst

5.1 Equontnut  Asol-Arzl

S  3    .

Dnzon 5.1.1 - Insm Equontnu  Mpp tr Mtr (1)
S (X, dX)  (Y, dY )  .
U  Λ ⊆ Y X        > 0   > 0    
x, x′  X    f  Λ :

dX(x, x′) <  ⇒ dY (f(x), f(x
′)) < 

Dnzon 5.1.2 - Insm Equontnu  Mpp tr Mtr (2)
L’ Λ         

val : Y X ×X −→ Y
(f, x) −→ f(x)

    Λ×X   1 d∞ + dX .

Dnzon 5.1.3 - Insm Equontnu  Mpp tr Mtr (3)
N  ,   f  Λ     .

Proposzon 5.1.1
L nzon ppn nunt sono quvlnt.

Dmostrzon. I:
1⇒ 2: ∀f, f ′  Λ, ∀x, x′  X:

dY (val(f, x
′), val(f, x)) = dY (f

′(x′), f(x)) ≤ dY (f
′(x′), f(x′)) + dY (f(x

′), f(x))

≤ d∞(f, f ′) + dY (f(x
′), f(x))

S  (1),           > 0   
: 

d∞(f, f ′) ≤ 

dX(x, x′) ≤ 


2⇒ 3 S val : Λ×X → Y         :

dY (f
′(x′), f(x)) ≤ (d∞(f, f ′) + dX(x, x′))

1,  z   dY ,  d∞(f, g) = 
x∈X

dY (f(x), g(x))

113
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I   f = f ′:

dY (f(x), f(x
′)) ≤ (dX(x, x′)) ∀f  Λ, ∀x, x′  X

3⇒ 1 D  > 0   > 0   () < .
■

Lmm 5.1.1 - Convrnz n Equontnu
Sno (X, d) spzo mtro  (E, ∥ · ∥) spzo normto. S fn : X → E un susson
 unzon quontnu2 on moulo  ontnut . Allor:

1. l’nsm C = x  X  fn(x) e di Cauchy  uso n X.

2. s fn onvr puntulmnt  f : X → E, llor f  -ontnu (o quontnu
 fn)  l lmt  unorm su omptt.

Dmostrzon. L          .

1. S x  C. S c  C. P p, q  N    fn(x)   C:

∥fp(x)− fq(x)∥ ≤ ∥fp(x)− fp(c)∥+ ∥fp(c)− fq(c)∥+ ∥fq(c)− fq(x)∥
≤ 2(d(x, c)) + ∥fp(c)− fq(c)∥

    > 0   > 0   () ≤ 
4 . S x  C  

c  C   d(x, c) ≤ . D c,  fn(c)  C, ∃n0  N  
∀p, q ≥ n0  ∥fp(c)− fq(c)∥ ≤ 

2 . M    p, q > n0  :

∥fp(x)− fq(x)∥ < 

 x  C:  C = C.

2. ∀x, x′  X  ∀n  N
∥fn(x)− fn(x

′)∥ ≤ (d(x, x′))

  n→∞
∥f(x)− f(x′)∥ ≤ (d(x, x′))

 f  -. V  fn → f   .
S K ⊆ X ,    f = 0  K (   -
 gn = fn − f ,  gn → 0      K).
S xk  K   ∥fk∥∞,K = ∥fk(xk)∥ ( xk     fkK).
P     xkj   x∗  K

∥fkj (xkj )∥ ≤ ∥fkj (x∗))∥+ ∥fkj (x∗)− fkj (xkj )∥
≤ ∥fkj (x∗))∥+ (d(x∗, xkj )) = o(1) per j → +∞

Q,    U, ∥fn(xn)∥ → 0  ∥fn∥∞,K → 0.

■

Torm 5.1.1 - Torm  Asol-Arzl
Sno (X, d) spzo mtro omptto  (E, ∥ · ∥) spzo  Bn.
S Λ ⊆


C0(X,E), ∥ · ∥∞


. Allor Λ  omptto s  solo s:

2O ’ fn  
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1. Λ  uso

2. Λ  quontnuo

3. sst S ⊆ X nso tl  pr on x  S l’nsm

Λ(x) = f(x)  f  Λ = val(Λ× x)

 rltvmnt omptto3 n E.
(Oppur, un onzon pu ort (3.)  Λ(X) = val(Λ×X)  omptto)

Dmostrzon. ⇒: S Λ . A:

1. Λ   (      H   ).

2.  val : C(X,E) → E   (  )   T 
H-C    ,  Λ  .

3.   (3.):  val    Λ×X   (  
), ’ Λ(X) = val(Λ×X)  .

⇐: P  ,   L 5.1.1.
S Λ ⊆ C0(X,E)    (1),(2),(3). P  Λ   -
. S (fn)n∈N    Λ. X        S ⊆ X,
S  . S skk∈N     ⊆ S,  skk∈N = X.
F    :    fkk   fk,1k
  fk,1(s1)k  (  fk(s1) ⊆ Λ(s1)  -
).
E    fk,2k  fk,1k     s2.
C  ∀nfk,nk   sn.
P :          -
 fk,n  :


fk,n+1k e sottosuccessione di fk
fk,n(sn)k converge per k → +∞ (da Λ(sk) relativamente compatto)

 fk,n    s1,    , sn. A  (fk,k)k   -
   (fk,n)       ’ snn∈N.
A     L 5.1.1,   fk    
  X,        Λ (  ). ■

Dmostrzon ltrntv pr Λ = Cω. S (X, dX)  (Y, dY )  .
S xj1≤j≤m ⊆ X, yi1≤i≤n ⊆ Y ,   −  X   − 
Y . S     , 

Cω := f : X → Y   − continua

O ∀  [n]m ( ) 

S := f  Cω : dY (f(xj), y(j)) ≤  ∀j  [m]

  f  Cω   S     [n]m.

3U          . S X  z  
(z)  Y   ⇔ Y  
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 ’    f :
X → Y     <   
     ( -
  F 5.1). A:

Cω =


∈[n]m
S

F 5.1: E    f  Sα

O  S  ”” ,   2(+ ())   f, g  S 
x  X, d(x, xj) ≤    j  1,    ,m.

d(f(x), g(x)) ≤ d(f(x), f(xj)) + d(f(xj), y(j)) + d(y(j), g(xj)) + d(g(xj), g(x))

≤ (d(x, xj)) + + + (d(x, xj)) ≤ 2(+ ())

S  f  S, ∀  [n]m    η− ,  η = 2( + ()), -
  ≤ nm .
D   (X, dX)  (Y, dY )          
 ,  Cω ⊆ C(X,Y )   . I     L
5.1.1. S   ’ ⇐  5.1.1  ’ (3a) 
Y = Λ(X) . ■
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5.2 Smontnut

Dnzon 5.2.1 - Topolo ll Smontnut nror
L      R    :

τinf =

]c,+∞]  c  R





R


Ossrvzon 5.2.1 - Compttzz n τinf
U  C ⊆ R      τinf      .

Dnzon 5.2.2 - Smontnut nror
S f : X → R  X   . f      
  τinf  R.

Dnzon 5.2.3 - Smontnut nror squnzl
S f : X → R. E         τinf . C 
  xk → x∗:

 
k→∞

f(xk) = f(x∗)

Proposzon 5.2.1
Sno f : X → R smontnu nror (squnzlmnt4)  X spzo topoloo
omptto (squnzlmnt). Allor f  mnmo.

Dmostrzon. f(X)    (R, τinf)       X   
    .
S xkk∈N ⊂ X   : f(xk) →  f(X). P 
        xk   X   
x∗  X.
A  ’    :

 f = 
k→∞

f(xk) =  
k→∞

f(xk) ≥ f(x∗)

 x∗  . ■

Proposzon 5.2.2
S fλ : X → Rλ∈Λ un ml  unzon smontnu nror. Allor l’nvluppo
supror f(x) = 

λ∈Λ
fλ  smontnu nror.

Dmostrzon. I: A ⊆ R    A > c      a  A   a > c.
Q   c  R    x  X:


λ∈Λ

fλ(x) > c ⇐⇒ ∃ λ  Λ : fλ(x) > c

 

λ∈Λ

fλ > c


=



λ∈Λ
fλ > c

    τinf . ■

4L z     z.
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5.3 Lunzz  Curv  Hop-Rnow

Dnzon 5.3.1
S  ,  ,    [, ]  n-    
a = x1 < x2 <  < xn = b    P  P[a, b].

Dnzon 5.3.2 - Lunzz  urv n mtr
S (X, d)  . S  : [a, b] → X    P = xknk=0  P[a, b] 
.
D       P :

l(, P ) =

n

k=1

d((xk), (xk−1))

L      :

l(, [a, b]) = 
P∈P[a,b]

l(, P )

Proposzon 5.3.1 - Proprt
Vlono l sunt proprt:

1. dditivit: sno a < c < b numr rl   : [a, b]→ X un urv. Allor:

l(, [a, b]) = l(, [a, c]) + l(, [c, b])

2. invrinz per riprmetrizzzione: s σ : [a, b]→ [c, d] un unzon ttv
monoton tr ntrvll  s  : [c, d]→ (X, d). Allor:

l( ◦ σ, [a, b]) = l(, [c, d])

3. scrittur con limite: supponno   C0([a, b], X), llor:

l(, [a, b]) = 
P →0

l(, P )

ov P  = k d(xk, xk+1)

4. scrittur con integrle: supponno   C1([a, b], E), ov (E, ∥ · ∥) spzo
normto. Allor:

l(, [a, b]) =

 b

a
∥ (x)∥dx

Dmostrzon. P           
A 1,        ■

Proposzon 5.3.2 - Contnut l unzonl lunzz rsptto ll’ntrvllo
Sno   C([a, b], X)  L = l(, [a, b]). Allor l unzonl:

[a, b] −→ [0, L]
x −→ l(, [a, x])

 ontnuo  rsnt su [a, b].



5.3. LUNGHEZZA DI CURVE E HOPF-RINOW 119

Dmostrzon. L   .
P    ( )  b: S L′ < L = ℓ(, [a, b]) P  
b′ < b   ℓ(, [a, b′]) > L′

DISEGNO

P   P  P[a, b]  

L′ <
n−1

k=1

d((xk), (xk−1)) = ℓ(, P )− d((xn−1), (b))

(    P    ’ , d((xn−1), (b))  ,
     b) E      

ℓ(, P\b) ≤ ℓ(, [a, xn−])

   b′ := xn−1   L′ < l(, [a, b′]). C     b. A
 [a,c]           c  [a, b]. C

∼
 : x→ (b− a+ x)  C([a, b], X)

(   )         x→ ℓ(, [x, b]); 

ℓ(, [a, x]) = ℓ(, [a, b])− ℓ(, [x, b])

 x→ ℓ(, [a, x])    . ■

Proposzon 5.3.3 - Contnut l unzonl lunzz rsptto  γ
Il unzonl:

C([a, b], X) −→ [0,+∞]
 −→ l(, [a, b])

 smontnuo nrormnt rsptto ll onvrnz unorm ( squnzlmnt sm-
ontnuo nror rsptto ll onvrnz puntul.)

Dmostrzon. I  :

ℓ(, [a, b]) = 
P∈P[a,b]

ℓ(, P )

     −→ ℓ(, P ) =
n

k=1

d((xk), (xk−1))   ,  ,

        .
■

Ossrvzon 5.3.1
I    : [a, b]→ X    L     [0, L+ 1]
( [0, L + ])     1−L     [0, 1]    
(L+ 1)−L

Torm 5.3.1 - Torm  Hop-Rnow
S (X, d) spzo mtro omptto  sno x0, x1  X ollt  un mmno  lunzz
nt. Allor sst un mmno  lunzz mnm tr qunt ollno x0  x1.
In ltr prol, s l’nsm

Cx0,x1 =

  C([0, 1], X)  (0) = x0 , (1) = x1 e l(, [0, 1]) <∞



 non vuoto, llor l unzonl ”lunzz”  → l(, [0, 1]) mmtt mnmo n Cx0,x1 .
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Dmostrzon. P       x0, x1    L.
A:


∈Cx0x1

ℓ(, [0, 1]) = 
∈Cx0x1

ℓ(([0,1])≤L

ℓ(, [0, 1]) = 5 
∈Cx0x1

lip()≤L+1

ℓ(, [0, 1])

 ’     ́       ́
’  : [0, 1] → X  lip() ≤ L + 1    A-A. L  
     . ■

5E          :      
 zz   L-Lz (     zz   
zz  ’Oz 5.3.1).
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5.4 Polnom  Brnstn

Dnzon 5.4.1 - Polnom  Brnstn
S f : [0, 1]→ C  . I    B   n  N :


Bnf


(x) =

n

k=0


n

k


f


k

n


xk(1− x)n−k

5.4.1 Costruzon urst

P ’ ,  I ⊂ R :

D : C1(I) −→ C0(I)
f −→ f ′

       Dn :

Dnf(x) =
f

n−1
n x+ 1

n


− f


n−1
n x


1
n

S         ”” 
””   CR → CR:


τh(f(·)) = f(·+ h)

h(f(·)) = f(h·)

    :

Dn = n n−1
n


τ 1

n
− I


(5.1)

A  ,       B    
n  N: 




B0f = f(0)

Bnf(0) = f(0)

DBn = Bn−1Dn

(5.2)

  ,  ’  : evx(f) = f(x):


evxB0 = ev0 = ev0Bn

DBn = Bn−1Dn

(5.3)

Ctzon 4. Nturlmnt s volt qustoo...  un vrtmnto!
Eo, qus smpr qullo  s  n un trttzon , pr rsprmr tmpo, sm-
plmnt r lı l ormul ll’oprtor ... l polnomo  Brnstn  o-
po sturn l proprt  v nssmo, nsomm. Pro to... vsto  smo
mtmt volmo pr os ’ tro!

V            Bn. D
    5.2  ,  f  C0([0, 1]) ( Bnf(0) = f(0)):

Bnf(x) = f(0) +

 x

0
Bn−1Dnf(t)dt
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        x   ≤ n. Q   
     T  0   n.
I  :

DkBn = Bn−k ·Dn−k+1 · · · · ·Dn−1 ·Dn

O,     :

τa+b = τaτb

ab = ab

τab = −1
b τab ⇐⇒ bτa = τabb

 ’ : f(x)→ f(x+ ab) = f

b(xb + a)


.

Ctzon 5. E’ qullo    om s smno... om mo... os su
quno l ltzon nontr un trslzon pr str  : ”Buonorno, uon-
orno!”  po ”U!” un trno ol orroo strtto... v n. Il... s! L ltzon
mtt l mno nl portolo ll trslzon  ”FIU”,  ab om non  rmn solo
on a. V n.

D  ’ 5.1  :

Dn = n

τ 1

n−1
− I


n−1

n

D    n   :

Dn−k+1   Dn−1Dn = (n− k + 1)    (n− 1)nn−k
n


τ 1

n
− I

k

      :

Dn−k = (n− k)n−k−1
n−k


τ 1

n−k
− I



 :

Dn−k (Dn−k+1   Dn−1Dn) = n(n− 1)    (n− k)n−k−1
n−k


τ 1

n−k
− I


n−k

n


τ 1

n
− I

k

= n(n− 1)    (n− k)n−k−1
n−k

n−k
n


τ 1

n
− I


τ 1

n
− I

k

= n(n− 1)    (n− k)n−k−1
n


τ 1

n
− I

k+1

Ctzon 6. Qun ’ qusto omno, v n...

Q      :

DkBn = Bn−kDn−k+1   Dn =
n!

(n− k)!
Bn−kn−k

n


τ 1

n
− I

k

D   5.3, B0f   0 , ,   DBn =
Bn−1Dn   n− 1, Bn   n. Q    T   n  0 
Bnf   Bnf  D

kBnf = 0  k > n   :

evxBn = ev0


n

k=0

xk

k!
DkBn


= ev0


n

k=0

xk

n

k


Bn−kn−k

n


τ 1

n
− I

k


   ev0 : f → Tn(x, 0, f)     0   x  
. D  ev0Bk = id  ev0 = id:
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Ctzon 7. Or s smpl tutto mmnt...

evxBn = ev0


n

k=0


n

k


xk


τ 1

n
− I

k

=

Ctzon 8. A qusto punto o (n lstto) TOP!!  llor...

...      N:

= ev0


I + x


τ 1

n
− I

n
= val0


xτ 1

n
+ (1− x)I

n

= ev0


n

k=0


n

k


xk(1− x)n−kτ k

n



D   ’  Bnf :

Bnf(x) =

n

k=0


n

k


xk(1− x)n−kf


k

n



 Bnf   omnzon onvss    f   0, 1
n ,    ,

n
n .

Ctzon 9. Volno or  smo vrtt m s volssmo r n moo pu stn-
r...

Proposzon 5.4.1 - Proprt  Bn

Vlono l sunt proprt:

1. l’oprtor Bn vr l proprt nt  5.3.

2. Bn  vlor sull unzon polnoml  ro ≤ n  non umnt l ro  tl
polnom.

3. s vr pr  monom 1, x  x2 :





Bn1 = 1

Bnx = x

Bnx
2 =


1− 1

n


x2 + x

n

4. l’oprtor Bn  postvo pr unzon f : [0, 1]→ C:

f ≥ 0 ⇒ Bnf ≥ 0

 lnr:

f ≥ g ⇒ Bnf ≥ Bng

5. n norm l oprtor ∥ · ∥: ∥Bn∥ = 1

Dmostrzon. D   .
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1. S        B,   
  Bnf      T   n. I   , 
 DnBn     .

2. S  ’ .

3. C   .

• Bn1 = 1  .

• D   Bnx  :

(Bnx)
′ = Bn−1Dnx = Bn−11 = 1

  0  0. P  Bnx = x.

• D   Bnx
2  :


Bnx

2
′
= Bn−1


Dnx

2

= nBn−1


n− 1

n
x+

1

n

2

−

n− 1

n
x

2


= Bn−1


2


1− 1

n


x+

1

n


= 2


1− 1

n


x+

1

n

    ,     :

Bnx
2 =


1− 1

n


x2 +

x

n

4. S       B.

5. D f  C([0, 1],R)   f∥∞ ≤ 1   ∥Bnf∥∞ ≤ 1. M  ∥Bnf∥∞ ≤
∥f∥∞,  ∥Bn∥ ≤ 1. I , ∥Bn1∥ = 1    ’ 
 1.

■

Torm 5.4.1 - Torm  Brnstn
Gl oprtor Bn : C1(I) → C0(I)  Brnstn onvrono puntulmnt ll’ntt. In
ltr prol, pr on f  C1(I) s   Bnf → f unormmnt pr n→ +∞.
Prsmnt, to  moulo  ontnut onvo6 pr f  to  I:

f(x)−Bnf(x) ≤ 


x(1− x)

n



o

∥f −Bnf∥∞,I ≤ 


1

2
√
n



Dmostrzon. S f  C0(I,R)      ;  x  I

f(x)−Bnf(x) = f(x)Bn1−Bnf(x)

=


n

k=0

f(x)


n

k


xk(1− x)n−k −

n

k=0

f


k

n


n

k


xk(1− x)n−k



≤
n

k=0

f(x)− f


k

n



n

k


xk(1− x)n−k ≤ (∗)

6S    z       .
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        :

(∗) ≤
n

k=0



x−
k

n




n

k


xk(1− x)n−k = (∗∗)

       7 t→ (
√
t):

(∗∗) ≤ 





n

k=0


n

k

 x−
k

n


2

xk(1− x)n−k




’       B  :

t −→ x− t2 = x2 − 2tx+ t2

  x (x  ). C8:

x2Bn1− 2xBn(x) +Bn(x
2) = x2 − 2x2 +


1− 1

n


x2 +

x

n
=

x(1− x)

n

D:

f(x)−Bnf(x) ≤ 


x(1− x)

n



 9  
x∈[0,1]

 :

∥f −Bnf∥∞ ≤ 


1

2
√
n



    n→ +∞. ■

O   T  B      p  1, x, x2  
  Bnp→ p . Q       
.

Torm 5.4.2 - Torm  Korovkn
Sno Ln oprtor lnr postv su C0(I) tl  pr p  1, x, x2 vl:

Lnp −→ p uniformemente

Allor pr on f  C0(I) vl :

Lnf −→ f uniformemente

o Ln −→ I puntulmnt om mpp C0(I)→ C0(I).

Commnto 7. (r ssr lnr postvo mpl ssr ontnuo om mo 
ossrvto). Qusto prov l torm  Brnstn, onsrno Bn om oprtor, 
ttvmnt  lnr postvo

7
x− k

n

 =


x− k
n

2
8L z (x)   z .
9U    x(1− x) ≤ 1

2
 x  [0, 1].
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Dmostrzon. S f  C0(I),   > 0  ∀a  I,  ma  R   :

pa(x) = f(a) + +ma(x− a)2 ≥ f(x) ∀x  I

B   

ma = 
x∈I
x̸=a

f(x)− f(a)− 

(x− a)2

P  ? P   -
   a  −∞     
  W     ’
 .

F 5.2: R -
  pa

V  :
0 < pa(a)− f(a) =  < 2

 ’   Ua  a  I  

0 < pa(a)− f(a) < 2 ∀x  Ua

P H-B   a1, a2,    , am  I   Ua1 ,    , Uan  I .

P  paj      ≤ 2, Lnpaj
∥·∥∞−→ paj j = 1, 2,    ,m  

Lnpaj ≤ paj + 

 (∀n ≥ n0, j = 1, 2,    ,m) I  f ≤ paj 

Lnf ≤ Lnpaj ≤ paj + 

, 
Lnf ≤ 

1≤j≤m
paj +  ≤ f + 2+ 

 ’ ≤   ∀x  I    j0   x  Uaj0
 paj0 ≤ f(x) + 2.

L      −f   Lnf ≥ f − 3 , 


Lnf − f  ≤ 3 su I

 ∥Lnf − f∥∞,I ≤ 3
■

Torm 5.4.3 - Torm  Tmpl
S f : [0, 1]→ R onvss. Allor l susson Bnf  rsnt.

Dmostrzon. S f : [0, 1]→ R ; n  N.
S   ∀k = 1,    , n  :

k − 1

n
<

k

n+ 1
<

k

n

             :10

k

n+ 1
=

k

n+ 1
· k − 1

n
+

n+ 1− k

n+ 1
· k
n

10S  a < c < b   c  z : c = b−c
b−a

a+ c−a
b−a

b



5.4. POLINOMI DI BERNSTEIN 127

A      f

f


k

n+ 1


≤ k

n+ 1
· f


k − 1

n


+

n+ 1− k

n+ 1
· f


k

n



     k = 0  k = n+ 1. M 

n+1
k


= (n+1)!

k!(n+1−k)! :


n+ 1

k


· f


k

n+ 1


≤


n

k − 1


· f


k − 1

n


+


n

k


· f


k

n



M  xk(1− x)n+1−k,   k = 0, 1,    , n+ 1:

Bn+1f(x) ≤ xBnf(x) + (1− x)Bnf(x) = Bnf(x)

■

5.4.2 Intrprtzon Prolst

P  ’     B    
B.

Polnom  Brnstn

S f  C0(I), n  N \ 0  1,    ,n    B  
11

x  [0, 1]. P       n    1
n

:

x̄ =

n

k=1

k

n

A,     f(x̄)  :

f


n

k=1

k

n


= Bnf(x)

Torm  Brnstn

I T  B       L D  G
N, :    > 0    n→ +∞:

P

f


n

k=1

k

n


− f(x)

 > 


−→ 0

11   P[ωi = 1] = x
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5.5 Torm  Ston-Wrstrss

Torm 5.5.1 - Torm  Dn
S X topoloo omptto,  s fkk∈N susson monoton  unzon ontnu fk :
X → R.
Supponmo fk → f puntulmnt. Allor l susson onvr unormmnt  f .

Dmostrzon. S  ,  f(x) = 0   x  X. S-
 fk(x) ≥ 0  fk+1 ≤ fk   k  N.
F  > 0,  x  X  nx  N  :

fnx(x) < 

   ,     Ux  x   fnx(y) <    y  Ux. P -
,  x1,    , xm   Ux1 ,    , Uxn  X. M   N =
max(nx1 ,    , nxm) :

fN (x) < 

  x  X. D       > 0,  fn → f . ■

Dnzon 5.5.1 - Alr  unzon
U’     K  ’ S     A ⊆ KS

 :
f, g  A ⇒ fg  A

I  ’       1  A.

Notzon 5.1 - Mx  Mn
S a, b  R. A :


a  b = max(a, b) = 1

2(a+ b+ a− b)
a  b = min(a, b) = 1

2(a+ b− a− b)

Dnzon 5.5.2 - Rtolo
U     ’ S    R ⊆ RS    
f, g  R:

f  g, f  g  R

Proposzon 5.5.1
On R-lr  unzon lmtt, us unormmnt,  un rtolo.

Dmostrzon. S12 A ⊆ B(S,R) ’     ∥ · ∥∞,S .
E      f  A   f   A.
S    > 0   f  = 1

 f ,    f  A   ∥f∥∞ ≤ 1.
S pn ⊆ xR[x]        [0, 1] 

√
x.

M  pn◦f2  A (́ A  ,      +  ·)  
 


f2 = f . I,  f2(s) : s  S ⊆ [0, 1]

pn ◦ f2 − f 

∞,S

= 
s∈S

pn(f2(s))− f(s)
 ≤ 

t∈[0,1]
pn(t)−

√
t = ∥pn −

√
·∥∞,[0,1]

 pn◦f2 unif−→ f    A      f   A. S  . ■
12I B(S,R) ’  z f : S → R  ().
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Proposzon 5.5.2
Un rtolo R  unzon ontnu su uno spzo omptto X  unormmnt nso n
C(X,R) s on ”prolm  ntrpolzon13 su 2 punt”  soluzon.

Dmostrzon. S X , R ⊆ C(X)        -
    2 .

S f  C(X)   > 0. P  x, y  X 
  gx,y  R  :

f(z) < gx,y(z) < f(z) + 

    z = x   z = y,  
   (f )   
 Ux,y  x, y.

D  X ,   x    y1,    , ym  X   Ux,yi1≤i≤m 
    X. C  :

gx = gx,y1  gx,y2  · · ·  gx,ym  R

O,   z  R ’   jz   z  Ux,yjz . P   gx  
 z  X:

f(z) < gx(z)

I,  ’   x  Vx =


i=1,,m
Ux,yi  

gx(z) < f(z) +    z  Vx.
F     x  X   Vxx∈X    
 X.
P   x1,    , xn   X =


i=1,,n

Vxi .

D   :

g = gx1  gx2  · · ·  gxn

P , g  R      x  X:

f(x) ≤ g(x) ≤ f(x) + 

    R     C(X). ■

Dnzon 5.5.3 - Insm Sprnt
U    F ⊆ KS   :

∀ s, s′  S  ∃ f  F : f(s) ̸= f(s′)

Dnzon 5.5.4 - Compltmnt Rolr
S X . X        x  X  F ⊆ X 
  x  F  f  C(X)  :

f(x) = 1 f F = 0

13F,     :   x, y  X     a, b  R  f  R
  f(x) = a  f(y) = b
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Dnzon 5.5.5 - Spzo  Tyono
S X  . X    T      H.

Torm 5.5.2 - Torm  Ston - Wrstrss
S A un’lr us  sprnt  unzon ontnu su uno spzo omptto X.
Allor vl un ll sunt:

1. A = C(X)

2. sst x0  X pr u A = Mx0 l mssml nto:

Mx0 = f  C(X)  f(x0) = 0

Dmostrzon. S X     A ’   C(X)  .
Q     P 5.5.1 ( X  T2). V  2 :

1. N       f  A:

∀ x  X ∃ f  A  f(x) ̸= 0

A           A. I 
x ̸= y  X,  A    f  A   f(x) ̸= f(y).
I,    f    f(x) ̸= 0, f(y) ̸= 0. P   
   f(x) = 0 ( f(y) ̸= 0)     f , f + g 
g  A   g(x) ̸= 0   > 0   ́ f + g   
  x   y      x  y.
L’   (u(x), u(y) : u  A ⊆ R2    . I 
  (f(x), f(y))  (f2(x), f2(y))   :




f(x) f(y)
f2(x) f2(y)


= f(x)f2(y)− f2(x)f(y) = f(x)f(y)(f(y)− f(x)) ̸= 0

         R2:     
   x, y  . A,   P 5.5.2, A  .
D   , A = C(X).

2. V   x0  X      f  A (   ’,  ’
  ).
I    :

+ : R×A −→ R+A
(λ, f) −→ λ+ f

     14:

R+A −→ R×A
g −→ (g(x0), g − g(x0))

Q   R+A ⊆ C(X)   15   R×A (   ).
Q  ;  ’;    (   A  A ⊆ R+A), 
      : R+A = C(X). S :

A = Mx := f  C(X) : f(x0) = 0
    .

14D  f(x0) = 0   f  A, ’     λ,    ’
 z +.

15 R   A 
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■

Proposzon 5.5.3 - Il mssml  C(X)
S X omptto. Allor l nsm Mx on x  X sono l un l mssml 
C(X).

Dmostrzon. O      Mx  x  X   -
,      C(X)16.
V  M    C(X),          
  M. S ı  ,   x  X  gx  M   gx(y) = 0
  y  Ux   x. P H-B   x1,    , xn   Ux1 ,    , Uxn

 X. D :
g = g2x1

+ · · ·+ g2xn

   g(x) > 0   x  X. A    1
g  C(X) . N

  g M  g ,  M = C(X), . ■

16C C(X)  z   z  X → R. D f = 1 
z   1,    C(X) = Mx0 ⊕ spanf (   z g  C(X)
     ,   g − g(x0)  Mx0). M dimSpanf = 1  Mx0 
 .
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5.6 Consunz

5.6.1 Sull onvrnz  Polnom  Brnstn

Dnzon 5.6.1 - Norm ∥ · ∥Cr

C   Cr(I). A    :

∥f∥Cr = ∥f∥∞ + ∥f (1)∥∞ + · · ·+ ∥f (r)∥∞
Proposzon 5.6.1 - Convrnz Bn

S f  Cr(I), llor rsult  pr n→ +∞  n norm ∥ · ∥Cr :

Bnf −→ f

o l Torm  Brnstn mpl l Torm  Wrstrss17.

Dmostrzon. S f  Cr(I),   Bnf
∥·∥Cr−→ f    g  Cr :

∥g∥Cr = ∥g∥∞ + ∥g′∥∞ + · · ·+ ∥g(r)∥∞
       ,     .
S     An → A , An  L(E,F ), E, F    Cn →
C   L(F,G)  Cn   (∥Cn∥ ≤ K)   CnAn → CA
; 

∥CnAnv − CAv∥ ≤ ∥CnAnv − CnAv∥+ ∥CnAv − CAv∥
≤ ∥Cn∥∥Anv − Av∥+ ∥Cn(Av)− C(Av)∥ = o(1)

N  : DBn = Bn−1Dn  Dn : C1(I) → C0(I)  , 
  D : C1(I)→ C0(I). I ∀f  C1(I)  ∀x  I:

Dnf(x) =
f(n−1

n x+ 1
n)− f(n−1

n x)
1
n

= f ′(ξ)

 n−1
n x < ξ < n−1

n x+ 1
n  x− ξ ≤ 1

n         f  C0(I)

∥Dnf − f ′∥∞,I ≤ 


1

n



 Dn → D   C1(I).
Q: ∀f  C1(I)

DBnf = Bn−1Dnf
∥·∥∞−→ f ′






Bnf

∥·∥∞−→ f

(Bnf)
′ ∥·∥∞−→ f ′

   ,  f  Cr(I), r  N,

DkBnf = Bn−kDn−k+1   Dnf
∥·∥∞−→ f (k)

  f  Cr(I)   Bnf   f   ∥ · ∥Cr :

(Bnf)
(k) ∥·∥∞−→ f (k) per k = 0, 1,    , r

■
17I       C0([a, b]), ∥ · ∥∞,[a,b].
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V   :

Proposzon 5.6.2
Il Torm  Wrstrss mpl l Torm  Brnstn.

Dmostrzon. I   Bnf
unif−→ f    f ,    deg(f):

• degf ≤ 0:  f  ,  Bnf = f .

• degf > 0:   (Bnf)
′ = Bn−1Dnf ,  degDnf = degf − 1,  

,   f    (Bnf)
′ ∥·∥∞−→ f ′.

S Bnf(0) = f(0),   T  L   S  D, Bnf →
f . O Bnf → f    f .

G  Bn   C
0(I) → C0(I)    

( 1-L   ∥Bn∥ = 1 ∀n). Q ’:
f  C0(I) : Bnf   ∥ · ∥∞

   C0(I) (   (1)  L 5.1.1),   ’ 
,   W,  : Bnf  ∀f  C0(I). I  Bn → L 
      . D  L  ’  
 ’   (    ),  ’   C0(I). ■

Dnzon 5.6.2 - Polnom  Brnstn Vttorl
S (E, ∥ · ∥)   B. P     Bn, D  Dn

 :
f : [0, 1] −→ E

Ossrvzon 5.6.1
V       S 5.4 (     Bn).

5.6.2 Sul Torm  Ston-Wrstrss

S X     A ⊆ C(X,R) ’ .
C    (        
 X):

RA =

(x, x′)  X ×X  f(x) = f(x′) ∀ f  A



     (    π):

π : X −→ XRA

P  ’ RA,   f  C(X,R)   f̃ : XRA → R  :

f = f̃ ◦ π

S    ’:

Ã = g  C(XRA)  g ◦ π  A

V   ’ :

π⋆ : Ã −→ A
g −→ g ◦ π
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     18:

∥π⋆(g)∥∞,X = 
x∈X

g(π(x)) = 
y∈XRA

g(y) = ∥g∥∞,XRA

I  :

1. Ã   C(X),  A   C(X) ,  A ,  
   Ã , .

2. Ã   .

S    T  S-W: Ã  ’   1  C(XRA)
     C(XRA).

Corollro 5.6.0.1 - Corollro  Ston-Wrstrss (rl)
S X spzo omptto, A ⊆ C(X,R) lr us. Allor v  un prtzon F n
us  X tl  vl un ll sunt:

1. A = f  C(X,R)  f C costante ∀ C  F

2. sst un uso C0  F tl :

A = f  C(X,R)  f C costante ∀ C  F e f C0 = 0

Dmostrzon. L     ,  F 
’     π (     f−1(x) , 
x  R):

1.  A = C(XRA)      (1).

2.  A = Mx0    C(XRA)  x0  X,     
(2)  C0 = f−1(x0).

■

Corollro 5.6.0.2 - Corollro  Ston-Wrstrss (omplsso)
S X spzo omptto, A ⊆ C(X,C) lr us unormmnt, sprnt  utoo-
nut19. Allor v  un prtzon F n us  X tl  vlno:

1. A = C(X,C)

2. sst x  X tl  A = Mx

Dmostrzon. D  ’     ( ’ AR =
f  A  f = f̄):

A = AR + iAR

  :

1. AR  ’:  f, g     f + g, f · g   .

2. AR  :  x, x′  X  ,  f  A  
 f(x) ̸= f(x′). A Ref(x) ̸= Ref(x′)  Imf(x) ̸= Imf(x′), 
Ref, Imf  AR.

18Q   π  .
19U’      f  A  f̄  A   Re(f)  A.
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3. AR    C(X,R):         
A ∼= AR ×AR. D  A  ,  . A AR ×AR ,  
AR ∼= AR × 0  ( ).

A  C 5.6.0.1,  :

1. AR = C(X,R)   A = C(X,C)

2. AR = M  C(X,R)  A = M

   . ■

Torm 5.6.1 - Torm  Müntz-Szsz
S I = [0, 1]. Dt un susson non ntv (λk) tl  λ0 = 0  λk → +∞ vl
:

Span(xλk  k  N)  nso n C([0, 1],R) s  solo s
+∞
k=1

1
λk

= +∞

Dmostrzon. (G, 1980)

S q > 0. M  xq  span(xλk). A       
(     C([0, 1],R),      C([0, 1],R)).
C   Qn ⊆ C(I,R)   :


Q0(x) = xq

Qn(x) = (λn − q)xλn
 1
x Qn−1(t)t

−1−λndt

Ctzon 10. susson trt uor l CAPPELLO!!

A  2 :

•    ( ak,n  R):

Qn(x) := xq −
n

k=1

ak,nx
λk

I  :

– n = 0:  .
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– n > 0:    ta ’ Qn−1 ( ’ 
 a = q  a = λk, 1 ≤ k < n) :

(λn − q)xλn

 1

x
tat−1−λndt = (λn − q)Cxλn [ta−λn ]1x = (λn − q)C(xλn − xa)

 C = 1
a−λn

. Q   , Qn     x
q 

xλk , 1 ≤ k ≤ r (  = 1  xq).

•   :

Qn(x) ≤ λn − q · ∥Qn−1∥∞,I(x
λn

 1

x
t−1−λndt)

≤ λn − q · ∥Qn−1∥∞,I
1

λn
(1− xλn) ≤

1−
q

λn

 · ∥Qn−1∥∞,I

 ∥Qn∥∞ ≤
1− q

λn

 ∥Qn−1∥∞   ∥Q0∥∞ = 1:

∥Qn∥∞ ≤
n

k=1

1−
q

λk

 = o(1) per k →∞

P ’:

∥Qn∥−1
∞ ≥

n

k=1

1−
q

λk


−1

  ’
+∞
k=1

1
λk

= +∞, :



1≤k≤n
λk>q


1− q

λk

−1

≥


1≤k≤n
λk>q


1 +

q

λk


≥ q



1≤k≤n
λk>q

1

λk
→∞

A xq =
n

k=1 ak,nx
λk +Qn(x)   ∥Qn∥∞ → 0. S :

n

k=1

ak,nx
λk

∥·∥∞−→
n→∞

xq

 xq  Spanxλk : k ≥ 0    ∥ · ∥∞. ■
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5.7 Esrtzon  Applzon

5.7.1 Equontnut

Dnzon 5.7.1 - Fml Equontnu
S (M,dM )     (X, ∥ · ∥)   B. U   
F ⊆ C0(M,X)        > 0   > 0  :


f∈F

∥f(x)− f(y)∥X <  se dM (x, y) < 

Dnzon 5.7.2 - Fml Puntulmnt Equontnu
S (M,dM )     (X, ∥ · ∥)   B. U   
F ⊆ C0(M,X)        x  M   > 0 
 = (, x) > 0  :


f∈F

∥f(x)− f(y)∥X <  se dM (x, y) < 

Proposzon 5.7.1
Vlono l sunt proprt:

1. un ml quontnu  puntulmnt quontnu.

2. un ml puntulmnt quontnu non  nssrmnt quontnu.

3. to (M,d) omptto, llor F ⊆ C0(M,X)  quontnu s  solo s  puntul-
mnt quontnu.

Dmostrzon. —————————— ■

5.7.2 Torm  Pno

Torm 5.7.1 - Torm  Esstnz  Pno
S f : Rn → Rn un unzon ontnu. S x0  Rn. Allor l prolm  Cuy:


u′(t) = f(u(t))

u(0) = x0

 soluzon lol (n nrl puo ssr non un).
Inoltr pr r > 0, nmo B = B̄(0, r,Rn)  f  C0(B,Rn) tl :

a∥f∥B,+∞ ≤ r

Allor l prolm  Cuy ormulto prntmnt mmtt u  C0([−a, a],Rn)
soluzon.

Dmostrzon. S fjj≥0     fj : Rn → Rn  -
     f  B ( ,  fj  ).
S      ∥fj∥∞,B ≤ ∥f∥∞,B . B ,    fj ,  

gj =
∥f∥∞
∥fj∥∞ fj     ∥gj∥∞,B = ∥f∥∞,B .

S fj
∥·∥→ f  ∥f∥∞

∥fj∥∞ → 1  gj
∥·∥→ f . P  T  E 4.3.1,  

 C: 
uj = fj(uj)

uj(0) = 0
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 ’  uj  C1([−a, a],Rn).
L  uj  ,    :

∥u′j∥∞,J ≤ ∥fj∥∞ ≤ ∥f∥∞
P  T  A-A 5.1.1 ’       

 ,   ujj∈N   uj
∥·∥∞,[−a,a]−→ u   :

u′j = f(uj)
∥·∥∞,[−a,a]−→ f(u)

P  T  L  S  D,   u  ,  u′ =


j→+∞
f(uj) = f(u).

I,  u(0) = 
j→+∞

uj(0) = x0.

Ctzon 11. E un nomno  prostrs. Pr os vuol r prostrs?
Vuol r uno  tolo!

■

5.7.3 Pnnllo  Pno

Ctzon 12. Dl ro nonno Pno,  s  l r ll mttn on l suo l
pnnllo...

B        .

Fttrllo 5.7.1 - Intrszon numrl  omptt
S X uno spzo  Husor. Dt un susson rsnt Ckk∈N  omptt
onnss non vuot, llor


k∈N

Ck  omptto, onnsso  non vuoto.

Dmostrzon. —————————- ■

Dnzon 5.7.3 - Vlor Arnt
S X  Y     D ⊆ X . D   S : D −→ Y , 
 y  Y    ( )  S  d→ x  X  d  D      
U  I(x)  V  I(y)  :

V  S(D  U) ̸= ∅
E,   , :


d→x
d∈D

S(d) =


U∈I(x)
S(D  U)

  y  
d→x
d∈D

S(d).

Fttrllo 5.7.2 - Vlor rnt n spz A1

Sno X  Y spz topolo I-numrl. Allor, nll pots ll nzon prnt,
y  vlor rnt  S s  solo s sst dkk∈N ⊆ D tl  pr k → +∞:


dk −→ x

S(dk) −→ y
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Fttrllo 5.7.3
Sno X  Y spz normt, s D ⊆ X un nso onvsso. S S : D → Y ontnu 
omptt20. Allor pr on x  X:


d→x
d∈D

S(d) =


k≥1

S


D B


x,

1

k



 omptto, onnsso  non vuoto.

Dmostrzon. S   F 5.7.1 ■

Pnnllo  Pno
D  . L’ I = [−a, a],    r, R > 0   aR ≤ r,
  B = B̄∞(0, r;Rn)     B E = C0(I ×B,Rn), :


D = f  C0(I ×B,Rn)  ∥f∥I×B ≤ R, L   
D̄ = f  C0(I ×B;Rn)  ∥f∥∞,I×B ≤ R = B̄(0, R;E)

D T  C-L     S : D → C0(I,Rn) 
S(f) = u : 

u = f(t, u(t))

u(0) = 0

O  D      S    :  S(D)
      (  R),    0. D S(D) 
    T  A-A 5.1.1.
S(D) :  fk → f  D,  S(fk)      (
  S(D))    :


u = f(t, u)

u(0) = 0
(5.4)

  ,   S(f). A S(fk) → S(f)  ’  
U.
D   f  X   ’ 

g→f
g∈D

S(g)  ,     

 F 5.7.3.
V       P  P,   f  E:

P =


u  C0(I,Rn)

 u risolve il sistema


u = f(t, u)

u(0) = 0



I   
g→f
g∈D

S(g) ⊆ P ,    :  T 3.3.4,   :


uk = gk(t, uk)

uk(0) = 0

20P             
 (     ).
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  :

uk
∥·∥∞−→ u =⇒ gk(t, uk)

∥·∥∞−→ f(t, u)

   uk → u,    u  ’  u = f(t, u).
P ,    

g→f
g∈D

S(g) ⊇ D,    u  C1(I,Rn) 

  C 5.4          
. I  , ∃gkk ⊆ D     uk : I → Rn 


uk = gk(t, uk)

uk(0) = 0

    u : I → Rn.
D:  u    5.4,  (fk)k ⊆ D    
    f ( T  W   fk
)   C1(I ×B,Rn). A     uk   :
uk → u  uk → u. D:

gk(t, x) = fk(t, x) + uk(t)− fk(t, uk(t))

A    gk: 
uk(t) = gk(t, uk(t))

uk(0) = 0

 uk = S(gk)  gk(t, x)
k→∞−→ f(t, x) + u(t)− f(t(u(t)) = f(t, x).

L  gk  L      (  ∥gk∥∞ ≤ R)
  gK ⊆ D. A  ’ , :

P = 
g→f
g∈D

S(g)

Q  P  P    ,    .



Cptolo 6

1-Form Drnzl

6.1 1-Form rnzl

Dnzon 6.1.1 - 1-Form rnzl
S E   B  Ω ⊆ E . S E⋆ = L(E,R).
U 1-       : Ω→ E⋆.

Esmpo 6.1.1
S f  C1(Ω,R). A    df : Ω→ E⋆   1- .

Dnzon 6.1.2 - 1-Form rnzl stt
U 1-   : Ω→ E⋆     f  C1(Ω,R)    = df .
I  , f     .

Dnzon 6.1.3 - 1-Form rnzl us
S   C1(Ω, E⋆)   x  Ω. N  D(x)  L(E,E⋆) ∼= L2(E ×E),  D(x) 
     1-  .

Ossrvzon 6.1.1 - Estt ⇒ Cus
P  T 3.3.2,       ⇒  .
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6.2 Intrl  Ln

Dnzon 6.2.1 - Intrl  Ln pr C1

S  1-   : Ω → E⋆  Ω ⊆ E      
C1([a, b],Ω).
L’        :




 =

 b

a
((t)) (t)dt

Proposzon 6.2.1 - Atvt rsptto l omno
Nll pots ll nzon 6.2.1, s c  [a, b]. Allor:




 =



[a,c]
 +



[c,b]


Dnzon 6.2.2 - Intrl  Ln pr C1  trtt
S  1-   : Ω → E⋆  Ω ⊆ E    1  
C1,T r([a, b],Ω)        x1 < x2 <  < xn−1. S x0 = a
 xn = b.
L’        :




 =

n

i=1

 xi

xi−1

((t)) (t)dt

Proposzon 6.2.2 - Invrnz pr rprmtrzzzon
S σ : [c, d]→ [a, b] un unzon C1 tl  σ(c) = a  σ(d) = b. S  : [a, b]→ Ω un
unzon C1. Allor: 

◦σ
 =






Dmostrzon. B  :


◦σ
 =

 b

a
((σ(t)))[ (σ(t))σ′(t)]dt =

 b

a
((σ(t)))[ (σ(t))]σ′(t)dt

=

 σb

σ(a)
((s))[ (s)]ds =






■

Proposzon 6.2.3 - Conzon nssr pr ω stt
S   stt, llor l’ntrl  ln pn solo l strm ll urv su u s
ntr.

Dmostrzon. S  = df . A:

((t))[ (t)] = df((t))[ (t)] =

f((t))

′

   T F  C I:

f((b))− f((a)) =

 b

a


f((t))

′
dt =






1P z  C1,Tr    z         
   .
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A    C1  ,        
  . ■

Proposzon 6.2.4 - Conzon nssr/sunt pr ω stt
S   C1(Ω, E⋆). S pr on   C1,T r([a, b],Ω) vl 


  pn soltnto  (b)

 (a), llor   stt.

Dmostrzon. S   C0(Ω,E∗)  

     (a), (b), ∀  C1tr([a, b],Ω).

S  ,  Ω  (⇒  ),     -
       ı  . H   
x0, x  Ω:  x

x0

 =






    C1,tr([a, b],Ω)  (a) = x0, (b) = x. F x0  Ω  
f(x) :=

 x
x0

.
S x  Ω  B(x, r) ⊆ Ω, r > 0. S h  E, ∥h∥ < r. P     
  :

f(x+ h) =

 x+h

x0

 =

 x

x0

 +

 x+h

x
 = f(x) +

 x+h

x


S       f :

f(x+ h)− f(x)− (x)h =

 1

0
(x+ th)[h]dt−

 1

0
(x)[h]dt

=

 1

0
((x+ th)− (x))[h]dt

     ,  h→ 0:

∥f(x+ h)− f(x)− (x)h∥ ≤ 
0≤t≤1

∥(x+ th)− (x)∥ · ∥h∥ = o(∥h∥)

 df = .
■

Dnzon 6.2.3 - 1-orm rnzl onsrvtv
S  1- . S        :




 = 0
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6.3 Cso  1-orm su Rn

I    E = Rn.

U    E ∼= E∗   . C    
E  : (ek)nk=1       E

∗   (dxk)
n
k=1 :

< dxk, eh > = k,h = (ek · eh)

       k-    .

S   1-   C0(Ω,E∗),  Ω ⊆ E,   :

(x) =

n

k=1

ak(x)dxk

 ak  C0(Ω,R).
P ’ E ∼= E∗  1- (x)    F  C0(Ω,E):

F (x) =

n

k=1

ak(x)ek

              , :

(x)[h] = (F (x) · h)

Proposzon 6.3.1 - Conzon  usur
S   C0(Ω,E∗) un 1-orm.   us s  solo s pr on i, j = 1,    , n:

∂iaj = ∂jai

Dmostrzon (Mr). D D 6.1.3,         :

D(x) =

∂1(x)  ∂2(x)    ∂n(x)



 .
P    ,     :

∂i(x) =




∂ia1(x)
∂ia2(x)

...
∂ian(x)




  :

D(x) =




∂1a1(x) ∂2a1(x)  ∂na1(x)
∂1a2(x) ∂2a2(x)  ∂na2(x)

...
... 

...
∂1an(x) ∂2an(x)  ∂nan(x)




         i, j = 1,    , n:

∂iaj = ∂jai

■
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Dmostrzon (Vsl). —————————— ■

Dnzon 6.3.1 - Omotop
S X  . D    0, 1  C0([a, b], X)  
   ( A = 0(a) = 1(a)  B = 0(b) = 1(b))    
 : [0, 1]× [a, b]→ X   :

• (0, t) = 0(t)  (1, t) = 1(t)   t  [a, b].

• A = (s, a)  B = (s, b)   s  [0, 1].

D       A  B  CA,B([a, b], X).

Lmm 6.3.1
S g  C0([0, 1]× [a, b],R) on rvt nll prm vrl:

∂1g  C0([0, 1]× [a, b],R)

Allor l unzon nt ll’ntrl pr on s  [0, 1]:

J(s) =

 b

a
g(s, t)dt

 rvl, on rvt:

J ′(s) =
 b

a
∂1g(s, t)dt

Dmostrzon. U   ,  s, r  [0, 1]:

J(r)− J(s)− (r − s)

 b

a
∂1g(s, t)dt =

 b

a
[g(r, t)− g(s, t)− (r − s)∂1g(s, t)]dt

L’     T  V M:

g(r, t)− g(s, t)− (r − s)∂1g(s, t) = (g(r, t)− r∂1g(s, t))− (g(s, t)− s(∂1g(s, t))
= [g(r, t)− σ∂1g(s, t)]

σ=r
σ=s ≤ r − s 

a≤t≤b
σ∈[s,r]

∂1g(σ, t)− ∂1g(s, t)

= o(r − s) per r → s

,  ,        ∂1g,     :

r − s − (r − s)

         J . ■

I   L   .

Proposzon 6.3.2
S g  C0(U × [a, b],E) on rnzl nll prm vrl D1g  C0(U × [a, b],E).
Allor l unzon nt ll’ntrl pr on s  [0, 1]:

J(s) =

 b

a
g(s, t)dt

 rnzl:

DJ(s) =

 b

a
D1g(s, t)dt
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Dmostrzon. D  . ■

Proposzon 6.3.3 - Invrnz ntrl pr Cmmn omotop
S   C1(Ω,E∗) us    C2([0, 1] × [a, b],Ω)  strm ss, on (s, a) = A 
(s, b) = B pr on s  [0, 1].
Allor l’ntrl   luno l mmno (s, ·)  ostnt l vrr  s  [0, 1].

Dmostrzon. D   s ’    (s, ·):


(s,·)
 =

 b

a
((s, t))[∂t]dt

R         P 6.3.2:

∂s



(s,·)



=

 b

a
∂s (()[∂t]) dt =

 b

a
(D((s, t))[∂s, ∂t] + ((s, t))∂s∂t) dt

S   C2   ’      
 T  S      ∂s  ∂t  ’   .
Q:

∂s



(s,·)



=

 b

a
(D()[∂t, ∂s] + ()∂t∂s) dt

=

 b

a
∂t (()[∂s]) dt

TFCI
= [((s, t))[∂s(s, t)]]

t=b
t=a

M  (s, a) = A  (s, b) = B ∀s,   ∂s(s, a) = ∂s(s, b) = 0. Q:

∂s



(s,·)



= 0

S  

(s,·)     s. ■

Corollro 6.3.0.1
D onsunz, pr   C1(Ω,E∗) us possmo nr


  n pr qulunqu

  C0([a, b],Ω) ponno: 


 =



0



on 0 mmno C2([a, b],Ω) qulss, on 0  B(, ) ⊆ C0
AB([a, b],Ω).

Dmostrzon. I: C0
AB([a, b],Ω)    C0

AB([a, b],E),     > 0  
B(, ) ⊆ C0

AB([a, b],Ω).
P 2     0  B(, )   C2,    


0
.

S 1     C2  1(a) = A, 1(b) = B    ∥ − 1∥∞ < , 
 


0
 


1
  ’   C2:

H : (s, t) −→ s1(t) + (1− s)0(t)

P       CAB([a, b],Ω) → R   
    CAB([a, b],Ω)       
A,B (  C0). A   . ■

2F  ’Oz 6.3.1.
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Ossrvzon 6.3.1
L   C2([0, 1],E)  (C0([0, 1],E), ∥ · ∥∞)       B
  .
U        3      
 T  W.

3V   ()  z.
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Cptolo 7

Tor ll Msur

7.1 Dnzon sull Msur

Dnzon 7.1.1 - σ-tvt  σ-sutvt
S  : E ⊆ P(X)→ R. A   :

• σ-    E  E      F ⊆ E  E :

(E) =


F∈F
(F )

• σ-    E  E      F ⊆ E  E
:

(E) ≤


F∈F
(F )

Esmpo 7.1.1
S X  , cxx∈X ⊆ [0,+∞]. A   S ⊆ X:

(S) =


x∈S
cx  [0,+∞]

   σ-  P(X) (  ’ ).

Esmpo 7.1.2
S X = [a, b]   R    ’:

I = [c, d[  a ≤ c ≤ d ≤ b

S f : [a, b]→ [0,+∞[       . D:

 : I −→ R
[c, d[ −→ f(d)− f(c)

   σ-  I.

Dmostrzon. P    Jk0≤k≤m ⊆ F  ’.

1. S J1,    ,Jm     J0,  (J0) =
m

k=1

a(Jk).

I ’      . O   
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  a0 < · · · < am,  Jk = [ak−1, ak[:




 

k=1,,m

Jk


 = (J0) = f(am)− f(a0)

=

m

k=1

(f(ak)− f(ak−1)) =

m

k=1

(Jk)

2. S J1,    ,Jm    


k=1,,m

Jk ⊆ J0 :

m

k=1

(Jk) ≤ (J0)

I  Jk     [aj−1, aj [       (1).

3. S J1,    ,Jm 1 J0 
m

k=1

(Jk) ≥ (J0).

I  a0 < a1 < · · · < an     Jk,    , 
 [aj−1, aj [1≤j≤n ’ [a0, an[    Jk1≤k≤m 
 [aj−1, aj [     Jk. A:

Jk =


[aj−1,aj [⊆Jk

[aj−1, aj [

  ’:



1≤k≤m

(Jk) =


1≤k≤m



[aj−1,aj [⊆Jk

([aj−1, aj [)

≥


1≤j≤n tc ∃k
[aj−1,aj [⊆Jk

([aj−1, aj [) = (J0)

P   σ-  J0 . S J = [c, d[    
  Jk = [ak, bk[k∈N.

S  > 0. P     f ,  d′ < d   f(d′) > f(d)− .
S,   k  N  a′k < ak   f(a′k) > f(ak) − 2−k. D 
:

([c, d′[) ≥ ([c, d[)− 

   k  N:
([a′k, bk[) ≤ ([ak, bk[) + 2−k

1C   : J0 ⊆
m

k=1

Jk.
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P ]a′k, bk[k∈N      [c, d′] ,    m  N  
m

k=1

]a′k, bk[ ⊇ [c, d′]  
m

k=1

[a′k, bk[ ⊇ [c, d′[. A:

([c, d[) ≤ ([c, d′[) +  ≤
m

k=1

([a′k, bk[) +  ≤
m

k=1

([ak, bk[) +

m

k=1

2−k+ 

≤
∞

k=1

([ak, bk[) + 2

E  > 0 :

([c, d[) ≤
∞

k=1

([ak, bk[)

D’ ,    (2),      m  N  ([c, d[) ≥
m

k=1

([ak, bk[) 

    m→ +∞:

([c, d[) ≥
∞

k=1

([ak, bk[)

     ,   . ■

Dmostrzon. σ-   
L         .

• M 1: S J = [c, d[  J       ’
[a, a′[a∈A  A  ’        ’-
   R.
I:  B ≤ A, ∅ ̸= B   c <  :=  B < d. Q   [a, a′[  
a  A. S    B,     B  [, a′[    = a 
], a′[⊆ [a, a′[  ’   A  [a, a′[  a.

• M 2:   P: VEDERE

• C  :   :

([c, d[) =


x∈Λ
([x, x′[)

    ’   A′ = A  d

([c, d[) =


x∈A
x<a

([x, x′[)

 ∀a  A′. S     a  A   b  A′. I:

–  b = c    (∅) = 
∅ = 0

–  b = a′   a,  ’   a < b  

([c, b[) = ([c, a[) + ([a, a′[) =


x∈A
x<a

([x, x′[) + ([a, a′[) =


x∈A
x<b

([x, x′[)
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–  b > c, b ̸= x′∀x  A  b       an 
  A. A

([c, b[) = f(b)− f(c) = 
n→∞

f(an)− f(c)

= 
n→∞



x∈A
x<an

([x, x′[) =


x∈
x<b

([x, x′[)

S  . ■

Dnzon 7.1.2 - σ-lr
U σ-    X    A ⊆ P(X)  :

•   A  A   AC  A

•   F ⊆ A   


A∈F
A  A

Dnzon 7.1.3 - σ-lr nrt
D   X    E ⊆ P(X)    σ-  E .
E   σ-   E ,  : σA(E).

Dnzon 7.1.4 - σ-lr orln
D    X,  σ-       
   X.

Dnzon 7.1.5 - Msur
U m X      σ-    [0,+∞], 
  σ- A  X:

m : A −→ [0,+∞]

L  (X,A,m)   spzo  msur.

Dnzon 7.1.6 - Msur Estrn
U   m  X      σ-   
[0,+∞],   P(X):

m : P(X) −→ [0,+∞]

Dnzon 7.1.7 - Spzo  msur omplto
U    (X,A,m)       A  A   2  
 B ⊆ A   B  A.

Dnzon 7.1.8 - µ-msurlt sono Crt́oory
S µ : P(X) → [0,+∞]     X . A A  P(X) 
µ-  C́    S  P(X):

µ(S) = µ(S A) + µ(S  AC)

Dnzon 7.1.9 - Atomo
S (X,A,m)    . U      A  :

• m(A) > 0

2U        m(A) = 0.



7.1. DEFINIZIONI SULLA MISURA 153

•   B ⊆ A   m(B) =


0

m(A)

S       :

• -:   .

•  : A   σ-    .

7.1.1 Ftt s sull Msur

S (X,A,m)    . V    .

Proposzon 7.1.1 - Monoton
Sno A,B  A tl  A ⊆ B. Allor m(A) ≤ m(B).

Dmostrzon. S   σ-:

m(B) = m(A) +m(B  AC) ≥ m(A)

■

Proposzon 7.1.2 - σ-sutvt
S A  A  (Ak) ⊆ A un roprmnto numrl  A. Allor sst un rnmnto
(A′

k)  (Ak)   prtzon  A. In prtolr:

m(A) =

+∞

k=0

m(A′
k) ≤

+∞

k=0

m(Ak)

Dmostrzon. S  A′
k = Ak \


j<k Aj     A

′
k    

A. S   . ■

Proposzon 7.1.3 - Rolrt strn
S (Ak) ⊆ A susson tl  Ak ⊆ Ak+1 pr on k  N. Allor:

m



k∈N
Ak


= 

k∈N
m(Ak)

Dmostrzon. C   A−1 = ∅. A   :


k∈N
Ak =



k∈N
(Ak \Ak−1)

   :

m



k∈N
Ak


=



k∈N
m(Ak \Ak−1) = 

m∈N

m

k=0

m(Ak \Ak−1)

= 
m∈N

m


m

k=0

Ak \Ak−1


= 

m∈N
m(Am)

■
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Proposzon 7.1.4 - Rolrt ntrn l nto
S (Ak) ⊆ A susson tl  Ak ⊇ Ak+1 pr on k  N. S noltr m(A0) < +∞.
Allor:

m



k∈N
Ak


= 

k∈N
m(Ak)

Dmostrzon. S      , :

m



k∈N
Ak


+m


A0 \



k∈N
Ak


= m(A0)

 < +∞    

m



k∈N
Ak


= m(A0)−m



k∈N
A0\Ak


= m(A0)− 

n∈N
m


 

0≤k≤n

A0\Ak




= 
n∈N


m(A0)−m


 

0≤k≤n

A0\Ak





 = 

n∈N
m(Ak)

■

Torm 7.1.1 - Torm  Svrn-Eoro
S (X,A, µ) spzo  msur tl  µ(X) < +∞. S fn → f qus-ovunqu, llor pr
on  > 0 sst A  A tl  µ(A) <   fn → f unormmnt su X \A.

Dmostrzon. O. ■
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7.2 Costruzon  Msur

7.2.1 Funzon ’nsm → Msur Estrn

Proposzon 7.2.1 - Esstnz ll mssm msur strn
S  : E ⊆ P(X)→ [0,+∞] un unzon  nsm su X.
Allor sst l mssm msur strn tr qunt sono ≤  su E . Ess s m ”msur
strn proott  ”  nott ∗.
In prtolr, vl :

∗ stn  ⇔   σ-sutv

Dmostrzon. S µ : P(X) → [0,∞]      µE ≤ ,   
S  P(X)    (Ek)k∈N ⊆ E 3  S:

µ(S) ≤


k∈N
µ(Ek) ≤



k∈N
(Ek)

        µ     µE ≤ . Q:

µ(S) ≤ ∗(S) := 



k∈N
(Ek)

 (Ek)k∈N ⊆ E   S

 +∞

         ∗   σ-.
V     ””  2−k. S Skk∈N ⊆ P(X) 
S ⊆ 

k∈N
Sk.

•   Sk  ∗(Sk) = +∞,  ’   : ∗(S) ≤
∞
k=0

∗(Sk).

•    > 0. P  k  N  Ek,jj∈N E-  Sk :

∞

j=0

(Ek,j) ≤ ∗(Sk) + 2−k

  Ek,j(k,j)∈N2   E-   S  :

∗(S) ≤


k,j

(Ek,j) =


k∈N




j∈N
(Ek,j)




≤


k∈N
∗(Sk) +



k∈N
2−k ≤



k∈N
∗(Sk) + 2

   :
∗(S) ≤



k∈N
∗(Sk)

I:  ∗E = ,      σ-     ∗.
V:    σ- (   ),   A  E   
Ek  E-   A : (A) ≤ 

n∈N
(Ek),  (A) ≤ ∗(A),

 ’ : ∗(A) ≤ (A) ( ∗E ≤ ). M   = ∗E  ∗ 
. ■

3Q    . I  S  P(X) ,        
S     E . N       α∗(S) = +∞
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7.2.2 Msur Estrn → Msur

Proposzon 7.2.2 - Costruzon m∗  m msur
S (X,A,m) spzo  msur  m∗ : P(X) → [0,+∞] l msur strn ssot 
m. S S  P(X). Allor sst4 S∗  A tl  S ⊆ S∗  m∗(S) = m(S∗).

Dmostrzon. I    m∗:

m∗(S) := 

 ∞

k=0

m(Ak)
 (Ak)k∈N A−   S



P        A  A. I,  Akk∈N 
A-  S, ’ A =


k∈N

Ak   A (σ-)     m(A) ≤
∞
k=0

m(Ak). Q   :

m∗(S) = 
A⊇S
A∈A

m(A)

M :

•  m∗(S) = +∞   S∗ = X.

•   Ann∈N  A,  An ⊇ S ∀n,   . A:

S∗ :=


n∈N
An ⊇ S

   m(S∗) ≤ m(An) ∀n. D:

m(S∗) ≤ 
n∈N

m(An) = m∗(S) ≤ m∗(S∗) = m(S∗)

 m∗(S) = m(S∗).

■

Proposzon 7.2.3 - Somposzon
S (X,A,m) spzo  msur  A  A. Pr on S  P(X) vl :

m∗(S) = m∗(S  A) +m∗(S \A)

S   ”A tl n on S  P(X)”.

Dmostrzon. S A  A  S  P(X). S S∗ ⊇ S     S. P
S ⊆ (S∗  A)  (S∗\A) :

m∗(S) ≤ m∗(S∗  A) +m∗(S∗\A) = m(S∗  A) +m(S∗\A) = m(S∗) = m∗(S)

    (  m∗A = m). ■

Ossrvzon 7.2.1
Q   m∗-    A ( D 7.1.8).

4S∗   . U        .
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Torm 7.2.1 - σ-lr  msur strn
S µ : P(X)→ [0,+∞] un msur strn. Allor:

1. Aµ = A  P(X) tl  A  µ-msurl  un σ-lr.

2. µAµ  un msur omplt.

Dmostrzon. D      A  Aµ  A
C  Aµ  

∅  A.
V   A,B  Aµ  A  B  Aµ. P  S  P(X),  
µ-  A  S  (A B)  P(X)  :

µ(S  (A B)) = µ(S  (A B) A) + µ(S  (A B) Ac) = µ(S A) + µ(S Ac B)

A:

µ(S  (A B)) + µ(S  (A B)c) = µ(S  A) + µ(S Ac B) + µ(S  Ac Bc)

= µ(S  A) + µ(S  Ac) = µ(S)

      A,B  A. D A B  Aµ.
P  Aµ   σ-        
  :  (Ak)k∈N ⊆ Aµ 


k∈N

Ak =

k∈N

(Ak\

j<k

Aj). P Akk∈N ⊆

Aµ . P   n  N     :
n

k=0

Ak  Aµ. A 

 S  P(X)   µ- µ


S 

n
k=0

Ak


=

n
k=0

µ(S  Ak).

O 

µ(S) = µ


S 

n

k=0

Ak


+ µ


S \

n

k=0

Ak


≥

n

k=0

µ(S  Ak) + µ


S \



k∈N
Ak



     n  N. Q:

µ(S) ≥
∞

k=0

µ(S  Ak) + µ


S\



k∈N
Ak



≥ µ


S 



k∈N
Ak


+ µ


S 



k∈N
Ak

C

 ≥ µ(S)

   ,  µ(S) = µ


S  

k∈N
Ak


+ µ


S  (


k∈N

Ak)
c


, 


k∈N

Ak  Aµ.

L σ−   S =

k∈N

Ak,   :

µ



k∈N
Ak


=

∞

k=0

µ



k∈N
Ak  Ak


+ µ



k∈N
Ak\



k∈N
Ak


=

∞

k=0

µ(Ak)

    µAµ   .
I, (X,Aµ, µAµ)      :   A  P(X)  
  ( µ(A) = 0)      S  P(X) :

µ(S) ≤ µ(S  A) + µ(S  Ac) = µ(S  Ac) ≤ µ(S)
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  A  Aµ. P  B ⊆ A, µ(B) ≤ µ(A) = 0      
  ,  B  Aµ. ■

Proposzon 7.2.4
S  : E → [0,+∞] un mpp σ-sutv  s ∗ l msur strn. Allor A  P(X)
 ∗-msurl s  solo s pr on S  E :

∗(S) ≥ ∗(S  A) + ∗(S  AC)

Dmostrzon. S A  P(X)      S  E . P 
     S  P(X). S S  P(X).

• S ∗(S) = +∞  ’   .

• S ∗(S) < +∞,   > 0. S Ekk∈N ⊆ E     S 
 5:

∗(S) +  ≥
∞

k=0

(Ek)

   σ-   ’  :

=

∞

k=0

∗(Ek) ≥
∞

k=0

∗(Ek  A) +

∞

k=0

∗(Ek\A)

≥ ∗(S) ≥ ∗(S  A) + ∗(S\A)

  S  A ⊆ 
k∈N

(Ek  A)  S\A ⊆ 
k∈N

Ek\A.

■

Torm 7.2.2 - Torm  Estnson  Msur (Crt́oory)
S  : E → [0,+∞] un unzon  nsm. Allor ∗Aα∗ stn  s  solo s:

1.   σ-sutv

2. pr on A,B  E vl  ∗(B) ≥ ∗(B  A) + ∗(B  AC)

Ctzon 13. E’ un mostrzon stnz tn  non r rn .
E’ solo l rorrsl, m qull sono r vostr!

Dmostrzon. S ∗Aα∗  ,     ’.
S    ,   6  ∗E =    E ⊆ A∗ . ■

7.2.3 Msur sul Intrvll

R ’E 7.1.2   f : [a, b]→ [0,+∞[     
 I = [c, d[  a ≤ c ≤ d ≤ b,       : I → [0,+∞]:

([c, d[) = f(d)− f(c)

5R   α σ-   α∗E = α
6L z/    T.
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  σ- ( σ-).
V     ’ (2)  T 7.2.2.
S a ≤ c1 ≤ c2 ≤ c3 ≤ c4 ≤ b. A  I1 = [c1, c2[  I2 = [c3, c4[  
p  R   c2 ≤ p ≤ c3:

∗(I1  I2) = 


+∞

k=0

(Jk)  (Jk)k∈N ⊆ I tale che


k∈N
Jk ⊇ I1  I2



≥ 
+∞

k=0

 (Jk ]−∞, p[) +

+∞

k=0

 (Jk  [p,+∞[) 

 (Jk)k∈N ⊆ I tale che


k∈N
Jk ⊇ I1  I2



≥ 


+∞

k=0

(J ′
k)  (J ′

k)k∈N ⊆ I tale che


k∈N
J ′
k ⊇ I1


+

+ 


+∞

k=0

(J ′′
k )  (J ′′

k )k∈N ⊆ I tale che


k∈N
J ′′
k ⊇ I2



= ∗(I1) + ∗(I2)

 ∗    I,   (2) P  T  E,     
    σ-  ’ I (   σ-
 B).

Ossrvzon 7.2.2
D  ,  S ⊆ [a, b]     S∗ = G ( G 
’     R).
B     , ””   S -
  .

Ossrvzon 7.2.3 - Crttrzzzon msurl
O  S   ∗-    S = S∗ \N :

• S∗ = G    

• N       

Dnzon 7.2.1 - Qus-nllo
U  E ⊆ P(X)   -    X    A,B  E :

• A B        E .

• A \B        E .
S  ΣE      X     
   E ,    -   A B  ΣE , A\B  ΣE .
N B: N        E

Ossrvzon 7.2.4
P      Eii∈N  Fjj∈N :



i

Ei







j

Fj


 =



i,j

(Ei  Fj)
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  - E ,  A  ΣE  B  ΣE   A B  ΣE .
P  (iEi)\C = i(Ei\C),  C  E    A\C  ΣE ,   
A  C = (A\C)  (A  C)  ΣE .

C   ,         σ- 
T  E  M 7.2.2:    ’ σ-  
.

Proposzon 7.2.5 - Conzon sunt pr Estnson
S  : E → [0,+∞] un unzon σ-tv su E qus-nllo. Allor vlono l
onzon l Torm 7.2.2.

Dmostrzon. V     σ-   σ-.
S A  E  Ajj∈N   A ⊂ j∈NAk. P ’ ,   k  N
      Ek

i i∈N ⊂ E  F k
i i∈N ⊂ E     k  N

Ak 


A\



j<k

Aj


 =



i∈N
Ek

i

Ak\


A\



j<k

Aj


 =



i∈N
F k
i



Ak =


i∈N
Ek

i  F k
i

A =


k∈N
Ak  (A\



j<k

Aj) =


k∈N
(Ak\



j<k

Aj)  A =


(i,k)∈N2

Ek
i

ı   σ-:

(A) =


(i,k)∈N2

(Ek
i ) ≤



(i,k)∈N2

(Ek
i ) + (F k

i ) =


k∈N



i∈N
(Ek

i ) + (F k
i ) =



k∈N
(Ak)

A    (1)  T 722,     (2), :
(B) ≥ ∗(B  A) + ∗(B\A)   A,B  E .

(B) =


k∈N
(Ek) +



k∈N
(Fk) =



k∈N
∗(Ek) +



k∈N
∗(Fk)

≥ ∗(B  A) + ∗(B\A)

■

Corollro 7.2.2.1 - Msur Fnt su Borln
V  un zon tr:


f : [a, b]→ [0,+∞]

crescenti continue a sinistra


←→ Misure su boreliani di [a, b[

fm(x) = m([a, x[) ←− m

f −→ ⋆ estensione di
 : [c, d[ → f(d)− f(c)
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Ossrvzon 7.2.5
L  fm(x) = m([a, x[)     ;       x0 
   m(x0) = 0


x→x+

0

m([0, x[) = m

 

x>x0

[a, x[


= m([a, x0])

    m([a, x0[)     m(x0) = 0.

7.2.4 Msur  Lsu (pt.1)

Dnzon 7.2.2 - Msur  Lsu
L     R   f(x) = x     L; 
 m(A) = A.

Dnzon 7.2.3 - Msur strn  Lsu
S A ⊆ R. D     L :

Ae = m⋆(A) = 


+∞

i=0

Ii
 Iii∈N ricoprimento di A con intervalli



    Iii∈N:

Ae = 

U 

 U ⊃ A aperto


7.2.5 Msur Prootto

S (X,A, µ)  (Y,B, ν)    . C    X×Y
  σ-  A⊗ B = E .
D   ’:

λ : E −→ R
A×B −→ µ(A)ν(B)

Fttrllo 7.2.1 - λ  σ-tv
Sno A,Ak  A  B,Bk  B ov k  N tl : A×B =


k∈N

Ak ×Bk. Pr on x  A

vl :

B =


k∈N
Ak∋x

Bk

qun vlutno nll msur ν, pr on x  A

ν(B) =


k∈N
Ak∋x

ν(Bk)

 rsrtto pr on x  X:

A(x)ν(B) =


k∈N
Ak∋x

Ak
ν(Bk)
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In prtolr, onsrmo l somm przl ll sommtor l mmro  str: sono
unzon msurl7 non ntv, pr u pplno l Torm 7.4.1, s ntr rsptto
 X:

µ(A)ν(B) =


k∈N
µ(Ak)ν(Bk)

Qusto mostr l σ-tvt.

Fttrllo 7.2.2 - E  un qus-nllo
Sno A,A′  A  B,B′  B. Allor vl :

• (A×B)  (A′ ×B′) = (A  A′)× (B B′)

• (A×B) \ (A′ ×B′) = [A× (B \B′)]  [(A \A′)× (B B′)]

qun E vr l proprt  un qus-nllo.

M   P 7.2.5   λ       
µ⊗ ν  σ- A⊗ B.

Ossrvzon 7.2.6
L   L  Rn      m⊗ · · ·⊗m = m⊗n  m 
   L  R.

7.2.6 Msur  Lsu (pt.2)

Proposzon 7.2.6 - Invrnt pr l msur  Lsu
L msur  Lsu  nvrnt pr trslzon. Sno A ⊆ Rn msurl sono
Lsu  v  Rn, vl8:

m(A+ v) = m(A)

I    ,    C 7.2.3.2. P    ,
   λ-  π-.

Dnzon 7.2.4 - λ-sstm
S X  . U λ-    M ⊆ P(X)  :

1.  A,B M   A ⊆ B   B \A M.

2.  (An)n∈N ⊆M   , 

n∈N

An M.

Dnzon 7.2.5 - π-sstm
S X  . U π-  E ⊆ P(X)     A,B  E  A B  E .

Proposzon 7.2.7 - Crttrzzzon σ-lr
L sunt rmzon sono quvlnt:

1. M  un σ-lr.

2. M  un λ-sstm  un π-sstm.

Dmostrzon. L     . ■
7  z        7.3
8R  z: A+ v = a+ v  a  A.
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Torm 7.2.3 - Torm ll Clss Monoton (Srpnsk)
S X un nsm. S E ⊆ P(X) un π-sstm tl  X  E.
Allor l mnmo λ-sstm nrto  E  un σ-lr,  nrmo λ(E).

Dmostrzon. E’    λ(E)   π-. P  P 7.2.7
 ı  λ(E)   σ-.
D   A  λ(E):

K(A) = B  λ(E)  A B  λ(E)

   K(A) = λ(E). I:

•   A  λ(E)   K(A)   λ-.

•   E   π-,   A,B  E   A  B  E . M  
 E ⊆ K(A).

D    A  λ(E) ’ K(A)   λ-  E   λ(E) 
  λ-   E ,  K(A) ⊇ λ(E). D  K(A) ⊆ λ(E) 
,  ’. ■

Corollro 7.2.3.1
S (X,A) un nsm otto  un σ-lr  on u msur µ1  µ2. S µ1  µ2

onono su un π-sstm E ⊆ A, llor onono su λ(E).

Corollro 7.2.3.2 - Crttrzzzon ll Msur  Lsu
L msur  Lsu su Rn  l’un msur sullo spzo Rn  sos:

• l’nvrnz pr trslzon.

• m([0, 1]n) = 1, oss   normlzzt su [0, 1]n.

Dmostrzon. S m : B(Rn)→ [0,+∞]       .
D        L n-.
L     4 :

1. M    k  N : m

0, 1k

n ≤ 1
kn .

I  ’ [0, 1]n  ”” n-   1
k ,  

m

0, 1k

n
> 1

kn :

1 = m([0, 1]n) ≥(a) m([0, 1[n)

= m
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
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
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=(b) knm


0,

1

k

n
> 1

   9.

9N   :  z   ()  ’z  z  
().
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2. M  m (∂[0, 1]n) = 0. U   ”” n-, 
 k  N,  :

∂[0, 1]n ⊆ [0, 1]n \


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j1,,jn=2
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,
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
× · · · ×


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,
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
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    σ-  m :

m (∂[0, 1]n) ≤ m([0, 1]n)−m


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= 1− (k − 1)n

kn

D      k  N,     
k∈N

:

m (∂[0, 1]n) ≤ 1−  
k∈N

(k − 1)n

kn
= 0

   m(∂[0, 1]n) = 0. I    ’m([0, 1]n) =
m([0, 1[n). R      (1)   
m


0, 1k

n
= 1

kn .

3. M m


n

j=1
[aj , bj ]


=

n
j=1
bj−aj   bj−aj   Q   j = 1,    , n.

D     ,     M 

  bj − aj     j. P  ’
n

j=1
[aj , bj ]

 ”” n-   1
M . F ,    

  (1)   ’ m

0, 1k

n
= 1

kn :

m




n

j=1

[aj , bj ]


 =

n

j=1

bj − aj 

4. S   bj−aj   R. A      bj,k
k→+∞−→

bj     j, k : bj,k − aj   Q.
M    :

n

j=1

[aj , bj ] =


k∈N

n

j=1

[aj , bj,k]

      m:

m




n

j=1

[aj , bj ]


 = m




k∈N

n

j=1

[aj , bj,k]


 = 

k→+∞
m




n

j=1

[aj , bj,k]




= 
k→+∞

n

j=1

bj,k − aj  =
n

j=1

bj − aj 

M  m      L   π- E  
 λ(E) = B(Rn). S  m      L    ’ 
     . ■
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7.3 Funzon Msurl

Dnzon 7.3.1 - Spzo Msurl
U  X   σ-      (X,A).

Dnzon 7.3.2 - Funzon Msurl
U  f : (X,A)→ (Y,B)       B  B  f−1(B)  A.

Proposzon 7.3.1 - Topoloo → Msurl
S (X, τ) uno spzo topoloo. X vnt spzo msurl on l σ-lr  orln
σA(τ ).

Proposzon 7.3.2 - Crtro  msurlt  f
S f : (X,A)→ (Y,B) unzon tr spz msurl. Allor:

• l’nsm C = B  B tl  f−1(B)  A  un σ-lr.

• f  msurl s  solo s C nr B om σ-lr.

Dmostrzon. S   . ■

Corollro 7.3.0.1
Vlono  sunt tt:

• S f : X → Y  un unzon ontnu tr topolo, llor  msurl.

• f : (X,A)→ R  msurl s  solo s pr on c  R vl f < c  A

Proposzon 7.3.3 - Prootto Crtsno
Sno (X1,A1)  (X2,A2) spz msurl. Allor l prootto rtsno X1 ×X2 s puo
munr ll σ-lr prootto:

A1 ⊗A2 = σA(E) dove E = A1 × A2  A1  A1 A2  A2

Ess  l mnm σ-lr  rn l prozon π1  π2 su X1  X2 msurl.

Dmostrzon. V  A1 ⊗ A2   M,   σ-  
  . S A1  A1  A2  A2. A π−1

1 (A1) = A1 × X2  M 
π−1
2 (A2) = X1 × A2 M. P   σ-  A1 A2 M.

M  E ⊆M,  σA(E) = A1⊗A2 = M     M  ’
(   A1 ⊗A2    ). ■

Corollro 7.3.0.2 - Msurlt sull oornt
Sno X,Y1, Y2 spz msurl. Allor f : X → Y1 × Y2  msurl s  solo s l
oornt lo sono10.

Dmostrzon. L       σ- . ■

Proposzon 7.3.4 - Invluppo Supror  lmt
Sno fk : (X,A)→ R unzon msurl, pr k  N. Allor:

1. l’nvluppo supror f(x) = 
k∈N

fk(x)  un unzon msurl.

10O    z    σ-  Y1   Y2 .
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2. l unzon  
k→+∞

fk   
k→+∞

fk sono unzon msurl.

Dmostrzon. I  (1)       c  R:


k∈N

fk < c


=



k∈N
fk < c

D  fk < c  A,    σ- ’   

k∈N

fk < c


 A. M    C 7.3.0.1   

k∈N
fk  . L

  
k∈N

.

P   (2)  :





 
k→+∞

fk = 
n∈N



k>n

fk



 
k→+∞

fk = 
n∈N



k>n

fk



          ,    . ■

Dnzon 7.3.3 - Lmt Supror  susson  nsm
S Ann∈N ⊆ P(X),  :

 (An) = x  X  x  An 

Torm 7.3.1 - Torm  Borl-Cntll
S Ann∈N ⊆ P(X) susson  msurl n (X,A, µ) spzo  msur. Supponmo



n∈N

µ(An) < +∞. Allor:

µ ( (An)) = 0

Ctzon 14. E’ sorprnnt. A volt on ll  l volo s rrv  r ll
os sorprnnt!

Dmostrzon. —————————— ■
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7.4 Intrzon sono Lsu

Dnzon 7.4.1 - Funzon Smpl
U   f : (X,A) → R      Imf  
, :

f(x) =

n

i=1

ci · f(x)=ci =


c∈R
c · f(x)=c

 f  SpanA  A  A.
D:

S+ = f : (X,A)→ [0,+∞[ funzioni semplici non negative

Proposzon 7.4.1 - Msurlt: susson  unzon smpl
On lmt puntul  unzon smpl (msurl)  msurl. Vvrs, on un-
zon f : (X,A) → R msurl  lmt puntul  unzon smpl  on unzon
msurl non ntv  lmt puntul rsnt  unzon smpl

Dmostrzon. L     P 7.3.4. P  ,
     .
S   ’:  c  R,      
c   :

•  c = +∞  ck = k −→ c = +∞.

•  c = −∞  ck = −k −→ c = −∞.

•  c  R  ck = 2−k⌊2kc⌋ −→ c

    11:

ck = 2−k

2k ((c  k)  −k)



P:
fk(x) = 2−k


2k ((f(x)  k)  −k)



:

• fk      Imfk ≤ 2k + 1,  

• fk → f 

   . I  f ≥ 0     fk   ■

Dnzon 7.4.2 - Intrl  Funzon Smpl
S (X,A, µ)     f  S+,  :

f =

n

k=1

ck · Ak

 Akk=1,,n ⊆ A. D ’  X  f :



X
fdµ =

n

k=1

ckµ(Ak)

11R  z: ∧       , ∨  .
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V   : ’     
  f .
S :

f =

n

k=1

ck · Ak
=

n′

k=1

c′k · A′
k

    Ak = A′
k  n = n′. B   ’

 Ak  A′
k     .

S  B∈P([n])  σ-   A1,    , An      P([n]):

B =



i∈
Ai






i∈
AC

i



I  B    


k=1,,n

Ak,  :

Ai =


∋i
B

A:

n

i=1

ciµ(Ai) =

n

i=1

ci


∋i
µ(B) =



∈P([n])



i∈
ci


µ(B)

=


∈P([n])



i∈
c′i


µ(B) =

n

i=1

c′iµ(Ai)

     ́  i     ci = f Bα = c′i.

Notzon 7.1 - Intrzon su sottonsm
S (X,A, µ)    Y  A. S:



Y
fdµ =



X
f · Y dµ

Proposzon 7.4.2 - Proprt ll’Intrl  Funzon Smpl
Sno f, g  S+. Allor:

1. vl l’tvt, o:



X
(f + g)dµ =



X
fdµ+



X
gdµ

2. l’ntrl  postvmnt omono: pr λ ≥ 0



X
λfdµ = λ



X
fdµ

3. l’ntrl  rsnt, s f ≤ g llor



X
fdµ ≤



X
gdµ
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4. vl l’tvt rsptto l omno. Dt A,B  A sunt



AB
fdµ =



A
fdµ+



B
fdµ

Dmostrzon. D   .

1.  f =
n

i=0
ciAi  g =

m
j=0

djBj . A:

f + g =


i∈[n]
j∈[m]

(ci + dj)AiBj

  ’  :



X
(f + g)dµ =



i∈[n]
j∈[m]

(ci + dj)µ(Ai Bj)

=


i∈[n]
j∈[m]

ciµ(Ai Bj) +


i∈[n]
j∈[m]

djµ(Ai Bj)

=


i∈[n]
ciµ(Ai) +



j∈[m]

djµ(Bj) =



X
fdµ+



X
gdµ

2.    f =
n

i=0
ciAi  :



X
λfdµ =

n

i=0

λciµ(Ai) = λ

n

i=0

ciµ(Ai) = λ



X
fdµ

3.      ,  f =
n

i=0
ciAi  g =

n
i=0

diAi . M

,   ci ≤ di   i = 0,    , n:



X
fdµ =

n

i=0

ciµ(Ai) ≤
n

i=0

diµ(Ai) =



X
gdµ

4.  A,B  A . A:



AB
fdµ =



X
f · ABdµ =



X
f(A + B)dµ =



A
fdµ+



B
fdµ

■

Dnzon 7.4.3 - Intrl pr Msurl non ntv
S f ; (X,A, µ)→ [0,+∞[    . A:



X
fdµ = 

  S+

 ≤ f



X
dµ
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Ossrvzon 7.4.1
I   P 7.4.2        
.
Q    


X fdµ    ’  

 (     ).

Ossrvzon 7.4.2 - Gnrlzzzon  Sommtor
S X        µ:

µ(A) =


card(A)  card(A) < +∞
+∞ 

D f : X → [0,+∞[,           X,
 : 

x∈X
f(x) = 

F∈F(X)



x∈F
f(x) =



X
fdµ

 F(X)  ’    X   .
C  ,         
.

Dnzon 7.4.4 - Qus-ovunqu
S X    . U   -  ’    X
        .

Proposzon 7.4.3
S f : X → [0,+∞[ un unzon msurl non ntv. Allor:

1. f null qus-ovunqu s  solo s

X fdµ = 0.

2.

X fdµ < +∞ mpl f < +∞ qus-ovunqu.

Dmostrzon. D  2  .

1. S f = 0 -,     S+   0 ≤  ≤ f    = 0
-. M 


X dµ = 0. P     f   .

V,   n  N \ 0   f ≥ 1
n · f≥ 1

n
. I:

0 =



X
fdµ ≥ 1

n
µ


f ≥ 1

n



  µ


f ≥ 1
n


= 0   n. M  :

f > 0 =


n∈N


f ≥ 1

n



   .

2. S     A  A   µ(A) > 0     
f = +∞. A   n  N:

n = n · A ≤ f

M : 

X
fdµ ≥  

n→+∞



X
ndµ =  

n→+∞
nµ(A) = +∞
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■

Dnzon 7.4.5 - Funzon Intrl
S (X,A, µ)    . U  f : X → R    :

• f  

•

X f dµ < +∞

Proposzon 7.4.4 - Dnzon quvlnt
Equvlntmnt, s (X,A, µ) uno spzo  msur. Un unzon f : X → R s 
ntrl s:

f = g − h

on g, h : X → [0,+∞] msurl non ntv on ntrl nto.

Dmostrzon. S 

X f dµ < +∞,  : f = f+−f−, 

: 

X
f dµ =



X
(f+ + f−)dµ =



X
f+dµ+



X
f−dµ < +∞

  g = f+  h = f−   .
S  f = g−h  g, h      . M :



X
f dµ =



X
g − hdµ ≤



X
(g+ h) dµ =



X
gdµ+



X
hdµ < +∞

   ’  . ■

Dnzon 7.4.6 - Intrl pr Funzon Intrl
S (X,A, µ)      f : X → R   . D 
 f = g − h   P 7.4.4:



X
fdµ =



X
gdµ−



X
hdµ

Ossrvzon 7.4.3
L’  f      g, h. S  f = g − h = g′ − h′.
L’ ’     12,   g+h′ = g′+h,
: 

X
gdµ−



X
hdµ =



X
g′dµ−



X
h′dµ

Proposzon 7.4.5 - Atvt ll’Intrl pr unzon msurl non n-
tv
S (X,A, µ) uno spzo  msur  sno f, g : X → R msurl non ntv. Allor
vl l proprt  tvt:



X
(f + g)dµ =



X
fdµ+



X
gdµ

Dmostrzon. S  P 7.4.1   : ϕkk∈N ⊆ S+

 kk∈N ⊆ S+       f  g. A

12 7.4.5
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 T  B-L 7.4.1:



X
fdµ+



X
gdµ = 

k→+∞



X
ϕkdµ+ 

k→+∞



X
kdµ

= 
k→+∞



X
(ϕk + k)dµ =



X
(f + g)dµ

■

Corollro 7.4.0.1 - Atvt ll’ntrl pr unzon ntrl
Dt f, g llor


f + g =


f +


g

Dmostrzon. D f = f1 − f2  g = g1 − g2  fi, gi    
:


f + g =


f1 + g1 −


f2 + g2 = (


f1 +


f2) + (


g1 − g2) =


f +


g

■

Dnzon 7.4.7 - Spzo ll Funzon Intrl
S (X,A, µ)    . L’     X   
:

L1(X,A, µ) = L1(X,µ) = L1(X)

Proposzon 7.4.6 - Proprt  L1(X,A, µ)
S (X,A, µ) uno spzo  msur, onsro lo spzo L1(X,A, µ). Vlono l sunt
proprt:

1. l unzon ntrl

X , om pplzon L1(X,A, µ)→ R  un orm lnr.

2. l unzon ∥ · ∥1 nt:

∥ · ∥1 L1(X,A, µ) −→ [0,+∞]
f → ∥f∥1 =


X f dµ

 un smnorm. In prtolr ∥f∥1 = 0 s  solo s f = 0 qus-ovunqu.

3.  n nto lo spzo normto L1(X,A, µ) = L1(X,A, µ)ker∥ · ∥1.

Dmostrzon. L  . ■

Dnzon 7.4.8 - Spz Lp(X,A, µ)
S (X,A, µ)    . P p  [1,+∞[    :

∥f∥p,X =



X
f pdµ

 1
p

   :

Lp(X,A, µ) = f : X → R  ∥f∥p,X < +∞
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7.4.1 Torm  Intrzon

Torm 7.4.1 - Torm  Bppo Lv
S (X,A, µ) uno spzo  msur. Sno fkk∈N un susson rsnt  unzon
msurl non ntv, ov fk : X → [0,+∞].
Cmmo f l lmt puntul: f = 

k→+∞
fk. Allor pr k → +∞:



X
fkdµ −→



X
fdµ

Dmostrzon. D    k  N  fk ≤ fk+1 ≤ f ,   :


X
fkdµ ≤



X
fk+1dµ ≤



X
fdµ

D        :


k→∞



X
fkdµ = 

k∈N



X
fkdµ ≤



X
fdµ

P  ’  (≥)  :

∀   S+,  ≤ f vale



X
dµ ≤ 

k≥0



X
fkdµ

    :


X
fdµ = 

φ≤f
φ∈S+



X
dµ ≤ 

k≥0


fkdµ

S (x) =
n

i=1
ciAi(x) ≤ f(x). B     i  [n] :

ciµ(Ai) =



Ai

dµ ≤ 
k≥0



Ai

fkdµ

         
k→+∞

     i = 1,    , n.

S  ,  Ai = X   c < ci. B,   k  N
  fk ≥ cfk>c. Q:


k≥0



X
fkdµ ≥



X
fkdµ ≥ c · µ(fk > c)

   fk > ck∈N       . Q



k≥0


fkdµ ≥ c · 

k≥0
µ (fk > 0) = c · µ




k≥0

fk > c


 = c · µ(f > c) = c · µ(X)

     f ≥  = ciX  ci > c. A  f ≥ ciµ(X).
S  i = 1,    , n :


k≥0



X
fkdµ ≥



X
dµ
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Q     ≤ f    ’ :



X
fdµ = 

φ∈S+

φ≤f



X
dµ ≤ 

k≥0



X
fkdµ

A   ,  ’  :


k→+∞



X
fkdµ =



X
fdµ

■

Ossrvzon 7.4.4 - Bppo Lv ”rsnt”
I T  B L         fk ≥
fk+1 ≥ 0 ́


X f1dµ < +∞.

I       gk = f1 − fk.

Lmm 7.4.1 - Lmm  Ftou
S (X,A, µ) spzo  msur. Consro fkk∈N susson  unzon msurl non
ntv. Allor:

 
k→+∞



X
fkdµ ≥



X
 
k→∞

fkdµ

Ctzon 15. V́... s uno non... ll’nz... ll’nzo uno om r non v
pr́ l suulnz ust  qust pro ppunto st suto pnsr l so...
smm volst rorrvlo, l so ... unzon...
...s! Pr smpo un ltr... un ltro so ov s v un suulnz strtt 
qusto: pnsmo ll rttrst ll’ntrvllo [k, k + 1]. Qun  un ntrvllo
...  v ll’nnto om un r... lt ml.

Rlorzon rtst ll r lt ml.

Dmostrzon. S  k  N : gk = 
j≥k

fj . Cı gkk∈N    
 13  ,    :

f :=  
j→∞

fj = 
k≥0



j≥k

fj


= 

k≥0
gk

13I   Pz 7.3.4 ’   z   .
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   gk    f =   fk.
I ∀ j ≥ k ≥ 0 : fj ≥ gk  :



X
fjdµ ≥



X
gkdµ

D   ’ :


j≥k


fjdµ ≥



X
gkdµ

D    ∀ k ≥ 0:

 
j→∞



X
fjdµ = 

k≥0



j≥k



X
fjdµ


≥ 

k≥0


gkdµ

BL
=



X
(
k≥0

gk)dµ =



X


 
j→∞

fj


dµ

  . ■

Esmpo 7.4.1 - ”L rtt slt”
S      fk = [k,k+1]   k  N    
:

 
k→+∞



X
fkdµ = 1

 

X
 
k→∞

fkdµ = 0

Torm 7.4.2 - Torm  Lsu (Convrnz Domnt)
S (X,A, µ) uno spzo  msur. S t un susson  unzon ntrl fkk∈N
 onvr puntulmnt  un unzon f : X → R   vn omnt  un
unzon ntrl non ntv g (o tl  vl pr on k  N: fk ≤ g). Allor
pr k → +∞: 

X
fkdµ −→



X
fdµ

Dmostrzon. A  L  F 7.4.1  14  g±fn ≥ 0
(    g ± f). A:



X
(g ± f)dµ =



X
 
k→+∞

(g ± fk)dµ ≤  
k→∞



X
(g ± fn)dµ

U   

X    


X gdµ,      -

: 

X
fdµ ≤  

n→∞



X
fndµ ≤  

n→∞



X
fndµ ≤



X
fdµ

M  ∃ 
n→∞


X fndµ =


X fdµ. ■

14A     z g + fn   z g − fn     
.
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Torm 7.4.3 - Torm  Intrzon pr Sr
S (X,A, µ) uno spzo  msur. Dt un susson  unzon ntrl fkk∈N
tl 

+∞
k=0

∥fk∥1 < +∞, l sr  unzon
+∞
k=0

fk onvr µ-qus-ovunqu  n

smnorm ∥ · ∥1  un unzon f : X → R ntrl tl :



X
fdµ =

+∞

k=0



X
fkdµ

Dmostrzon. C     :

g(x) =

+∞

n=0

fn(x)

E    Sn     
+∞
n=0

fn, :

Sn =

n

k=0

fk Sn ≤ g

A  T  B-L 7.4.1     g  :



X
gdµ = 

n→+∞

 n

k=0

fkdµ = 
n→+∞

n

k=0

∥fk∥1 =
+∞

k=0

∥fk∥1
hp
< +∞

 g  :    g(x) < +∞ µ- .

A,   x  X     ,  
+∞
n=0

fn(x)  

   (µ- )  f  (     ,
     0). P  T  C D 7.4.2   
    Sn   :



X
fdµ =

+∞

n=0



X
fndµ

A,   :

∥f − Sn∥1 =


X




k>n

fk

 dµ −→ 0

    Sn   f      ∥ · ∥1. ■

Corollro 7.4.3.1 - L1(X,A, µ)  omplto
L1(X,A, µ)  uno spzo  Bn: ll Proposzon 1.2.5 (Compltzz pr Sr)
su  lo spzo  omplto.

Ctzon 16. M qun... omn  Vnrı Snto? ... no lo sntrmo!
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Torm 7.4.4 - Torm Invrso ll Convrnz Domnt
S (X,A, µ) uno spzo  msur. S fkk∈N un susson  unzon ntrl
onvrnt n norm ∥ · ∥1  f  L1(X,A, µ).
Allor v  un sottosusson omnt n L1(X,A, µ)  onvrnt  f µ-qus-
ovunqu.

Dmostrzon. S ∥f − fn∥1 k→+∞−→ 0,     
  n0 < · · · < nk < nk+1 <      ∥f − fnk

∥1 ≤ 2−k   k  N ( 
  ). C     :

g(x) = fn0(x)+
∞

j=1

fnj (x)− fnj−1(x)

A  :

•   T  B-L 7.4.1 (    ):



X
gdµ = ∥fn0∥1 +

∞

j=1

∥fnj (x)− fnj−1(x)∥1

≤ ∥fn0∥1 +
∞

j=1

(2−j + 2−j+1) = ∥fn0∥1 + 3 < +∞

•  , ∀ k : fnk
(x) =

fn0(x) +
k

j=1
(fnj (x)− fnj−1(x))

 ≤ g(x) 

  g    fnk
.

•   T  I  S 7.4.3,  :

fn0(x) +

∞

j=1

(fnj (x)− fnj−1(x))

   (  x  g(x) < +∞)    ∥ · ∥1  
∼
f , 

   f   (       
,   L1).

■

Corollro 7.4.4.1
S (X,A, µ) uno spzo  msur  s f : X × R→ R tl :

1. f(·, t) : X → R  msurl pr on t  R.

2. f(x, ·) : R→ R  ontnu qus-ovunqu su X.

3. f(x, t) ≤ h(x) + c · t ov c  R  h  L1(X,A, µ).

Allor l sunt mpp  n nt  ontnu:

L1(X,A, µ) −→ L1(X,A, µ)
u(x) → f(x, u(x))
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Dmostrzon. P         f(x, u(x)) 
. I   u  :

u(x) =

m

j=1

cjAj

 (Aj)
m
j=1    X. M :

f(x, u(x)) =

m

j=1

f(x, cj)Aj (x)

      . S  u      
    ϕn,  f(x, u(x))      µ-
  f(x,ϕn(x)). R   :



X
f(x, u(x))dµ ≤



X
h(x)dµ+ c



X
u(x)dµ <∞

 h(x), u(x)  L1(X,A, µ). P    ,  L1(X,A, µ)
,     . S un → u  ∥ · ∥1).
P  T 7.4.4,    unk

   u   
  g  L1. A  :

• P ’ (2),  f(x, t)      ,  
 f(x, unk

(x))→ f(x, u(x))   

• P ’ (3)  f(x, unk
(x)) ≤ h(x) +Cunk

(x) ≤ h(x) +Cg(x)  L1, 
    f(x, unk

(x))  .

• P   T 742   f(x, unk
(x))tof(x, u(x))  ∥·∥1.

D:     ∀un → u   L1,   unk
 

 f(x, unk
) −→ f(x, u(x))   ∥ · ∥1. A:

f(x, un(x)) −→ f(x, u(x))

     U. ■

Torm 7.4.5 - Contnut ll Funzon Intrl
Sno I spzo mtro, (X,A, µ) spzo  msur. S f : I ×X → R tl :

1. f(t, ·) : X → R  msurl pr on t  I

2. f(·, x) : I → R ontnu pr on x  X (o qus-on sono l msur µ)

3. f(t, x) ≤ h(x) pr h  L1(X)  pr on t, x  I ×X

Allor  n nt  ontnu l’pplzon:

ϕ : I −→ R
t →


X f(t, x)dµ(x)
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Dmostrzon. E’    T  C D 7.4.2.
I    (2),     tk → t ’ I,   
 f(tk, x) −→ f(t, x)   x  X.
I,   f(tk, ·)    (1)    L1   h  
 (3). A  T     k → +∞:

ϕ(tk) −→ ϕ(t)

■

Proposzon 7.4.7 - Assolut ontnut ll’Intrl  Lsu
S f  L1(X) on (X,A, µ) spzo  msur. Allor pr on  > 0 sst  > 0 tl :



A
f dµ < 

pr on A  A tl  µ(A) < .

Dmostrzon. S      . A ∃ 0 > 0   ∀ k  N:

µ(Ak) <
1

2k
e



Ak

f dµ > 0

I  Bn =

k≥n

Ak. P  Bn ⊇ Bn+1, :

µ(Bn) ≤


k≥n

µ(An) ≤


k≥n

1

2n
=

1

2n−1

Q  :
µ(Bn)

n→∞−→ 0

O     n  N:

0 <



An

f dµ ≤


Bn

f dµ

  ≤  ́ An ⊆ Bn  . Q      :


n→∞



Bn

f dµ = 0

P  ’. L’       15:


n→∞



X
Bn f dµ = 0

D  fn = Bn f ,   fn ≤ f  ⇒ fn       L1 
     :

fn
n→∞−→ 0

M   :
fn n→∞−→ f n∈NBn

    Bn ⊇ Bn+1  µ(Bn)
n→∞−→ 0  µ(


n
Bn) = 0,  fn n→∞−→ 0

 . ■
15I     ””    ’      z,

ı     .



180 CAPITOLO 7. TEORIA DELLA MISURA

Proposzon 7.4.8 - Convrnz Domnt n Spz Lp

S p < +∞. Dt un susson fkk∈N ⊆ Lp(X,µ), su :

1. s fk −→ f puntulmnt µ-qus ovunqu  sst g  Lp tl  fk ≤ g pr
on k  N llor:

fk
∥·∥p−→ f

2. s fk −→ f n norm ∥ · ∥p llor sst un sottosusson fkj ⊆ fk onvr-
nt  f puntulmnt µ-qus ovunqu tl  sst g  Lp on fkj  ≤ g pr
on j  N.

Dmostrzon. D   .

1. S fk → f  µ-    g  Lp.
M    fkp −→ f p   fkp ≤ gp  L1   k  N. P 
T 7.4.2 :



X
fkpdµ −→



X
f pdµ ≤



X
gdµ < +∞

 fk −→ f   ∥ · ∥p  f  Lp.

2. S fk → f   ∥ · ∥p,  fk − f p −→ 0   ∥ · ∥1. P  T
7.4.4   fkj    µ-   f . I
       p-,    
      Lp.

■

Proposzon 7.4.9 - Contnut l Oprtor  Composzon
Sno p, r ≥ 1  f : X × R→ R tl :

• f(x, ·) : R→ R ontnu pr on x  X

• f(·, t) : X → R msurl pr on t  R

• f(x, t) ≤ h(x) + ct
r
p on h  L1

Allor l mpp
Lp(X,µ) −→ Lr(X,µ)

u → f(x, u(x))
 n nt  ontnu.

Dmostrzon. C   ukk∈N ⊆ L1     ∥ · ∥p
   u. A    ukjj∈N   
 u      g  Lp. M :


f(x, ukj (x))

j→+∞−→ f(x, u(x)) quasi ovunque

f(x, ukj (x)) ≤ h(x) + c · unj (x)
r
p ≤ h(x) + c · g(x)

r
p  Lr

M  f(x, ukj (x)) −→ f(x, u(x))   ∥ · ∥r  j → +∞. Q  
 ’ u → f(x, u(x)).
I,     u   f(x, u(x)) . L’
     . ■

Corollro 7.4.5.1 - Omomorsmo tr Lp

Pr 1 ≤ p < +∞ l spz Lp sono topolomnt omomor tr loro.
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Dmostrzon. O    Lp    L1   :

Φ : Lp −→ L1

u −→ upsgn(u)

    :

Φ−1 : L1 −→ Lp

v −→ v
1
p sgn(v)

I,        P . Q Φ 
  Lp  L1. ■

Corollro 7.4.5.2 - Compltzz Lp

Pr 1 ≤ p < +∞ lo spzo Lp(X,µ)  omplto.

Dmostrzon. S  L1(X,µ)     C 7.4.3.1. D 
Lp(X,µ)    L1(X,µ) ,  . ■

7.4.2 Torm  Clolo

Torm 7.4.6 - Torm  Tonll
Sno (X,A, µ)  (Y,B, ν) spz  msur σ-nt16  s f : X ×Y → [0,+∞] msurl
 non ntv rsptto  A⊗ B. Allor:

1. l sunt unzon  A-msurl  non ntv:

X −→ [0,+∞]
x →


Y f(x, y)dν(y)

2. vl l’ntt:


X



Y
f(x, y)dν(y)dµ(x) =



X×Y
f(x, y)d(µ⊗ ν)(x, y)

Dmostrzon. D ’:

F = f : X × Y → [0,+∞] misurabile non negativa  f verifica (1) e (2)

Q    :

1. F   ”  ”:       
    (     (1)  (2)).

2. F       fnn∈N   , 
fn ≤ fn+1 (  B-L    X, Y , X × Y ).

3. F      :

A×B(x, y) = A(x)B(y)  F

D  2   :
16U z    σ-          . A

 R    L      σ-       
[n, n+ 1]  n  Z   z   .
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•  X, Y   . A  S = S  A ⊗ B  S  F. L
   F   S   λ-:

–  Sn ⊆ Sn+1     S,   (2):

Sn = 
n→+∞

Sn

–  S, S′  S   S ⊆ S′  ’  :

S − S′ = S′\S

I: S ⊇ A × B  A  A, B  B   π-,    T 
C M:

S = A⊗ B

•  X  Y  σ- :  Xn  Yn   
       :

X =


n∈N
Xn Y =



n∈N
Yn

M   f : X × Y → [0,+∞]   . D:
fn(x, y) = f(x, y)Xn×Yn  F    X,Y   . Q   
 :

f(x, y) = 
n→∞

fn(x, y)

  B L   f  F .

D          F ,   . ■

Ctzon 17. *pot l pnn* BENISSIMO! Wrummmm wruuuuuum, sso
son nr rpmnt, !

D    C   ””. D    
 X × Y ,   x  X:

jx : Y −→ X × Y
y → (x, y)

Corollro 7.4.6.1 - Prnpo  Cvlr
Sno X, Y spz  msur σ-nt. Consrmo un lmnto ll σ-lr prootto
S  A⊗ B. Allor:

(µ⊗ ν)(S) =



X×Y
S(x, y)d(µ⊗ ν) =



X



Y
S(x, y)dνdµ

noltr, possmo srvr S(x, y) = Sx(y) ov Sx = j−1
x (S). Dunqu s ottn:

(µ⊗ ν)(S) =



X
ν(Sx)dµ
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Ctzon 18. Allor, s S ...

* mtt n ul*

S l s rm  rolr un mtt s pr DUE torm on l vlot  or...

Fttrllo 7.4.1 - Applzon  Tonll
Pr on f  L1(Rn) vl l’ntt:

∥f∥1 =


Rn

f dµ =

 +∞

0
µ (f  ≥ t) dt

Dmostrzon. O :


X
f(x)dµ(x) =



X

 +∞

0
[0,f(x)](t)dtdµ(x) =

 +∞

0



X
[0,f(x)](t)dµ(x)dt

=

 +∞

0
µ (x  X  f(x) > t) dt

■

Torm 7.4.7 - Torm  Fun
Sno (X,A, µ)  (Y,B, ν) spz  msur. S f  L1(X × Y, µ⊗ ν). Allor:

1. pr qus-on x  X  n nt  ntrl su (X,A) l unzon:

x −→


Y
f(x, y)dν(y)

2. vl l sunt ntt:


X



Y
f(x, y)dν(y)dµ(x) =



X×Y
f(x, y)d(µ⊗ ν)(x, y)

Dmostrzon. S f    ( f  L1(X × Y )),   σ-
       X0 × Y0  X0  Y0   σ-. S 
  X = X0  Y = Y0.
D f = f+− f−   T    f+  f−. M 
         (1),  :

x −→


Y
f(x, y)dν(y) < +∞

µ- . ■

Esmpo 7.4.2 - Tonll non ppll
S X = Y = [0, 1]  A = B = ”  [0, 1]”. C   -
  (X,A)  (Y,B): µ   L  ν .
P ∆ = (x, x)  x  [0, 1]. A   :



X



Y
∆(x, y)dν(y)


dµ(x) =



X
1dµ(x) = 1

  ’  :


Y



X
∆(x, y)dµ(x)


dν(y) =



Y
0dν(y) = 0

Q T    (Y,B, ν)   σ-.
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Torm 7.4.8 - Dsuulnz  Volum pr Mpp C1

S Ω ⊆ Rn prto. S g : Ω→ Rn un mpp C1 ov E ⊆ Ω  msurl. Allor:

g(E) ≤


E
detDg(x) dx

Dmostrzon. L’      :

•        E . I  E  ,  
  . A      (    -
),       ( ). D    E ,
 .

•   ’ graph(gE) ’:


h≤

graph(g(·+ h)) ⊆


h≤

graph (g(x) +Dg(x)h+R(h))

  ’    F  T  1° .

•    P  C        ’-
.

•       → 0   T  B L.

S  E ⊆ Ω . C:

0 <  < ∥x− y∥  x  E, y  ΩC

C       DgE ,     x  E  y  Ω:

∥Dg(x)−Dg(y)∥ ≤  (∥x− y∥)

D     1° , ∀ x  E  ∀ ∥h∥ ≤  (   
x+ th  E   t < 1):

∥g(x+ h)− g(x) +Dg(x)h∥ ≤ ∥h∥ · 
0≤t≤1

∥Dg(x+ th)−Dg(x)∥ ≤  · ()

S    ’ Γ ⊆ Γ′    R2n, :




Γ = (x− h, g(x))∥ ∥h∥ ≤ , x  E = (x′, g(x′ + h))∥ ∥h∥ ≤ , x′  E − h
Γ′ =


x∈E

x× g(x) +Dg(x)[B] + ()B

  17 B = B(0, 1)  E = E + B ⊆ Ω.
P     :

B · g(E) ≤ Γ =


g(E)
g−1(y)  E + Bdy

≤ Γ′ =


E

Dg(x)[B] + ()Bdx

17I  , E + B = x = e+ h  Ω  e  E, h  B.
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P ’   ,      n: λE = λnE. N
 ,  ’   :



E

Dg(x)[B] + ()Bdx = n


E

Dg(x)[B] + ()Bdx

=
B
B



E

Dg(x)[B] + ()Bdx

P     :

g(E) ≤ 1

B



E

Dg(x)[B] + ()Bdx

O,     Dg(x)[B] + ()B     
  → 0. Q    :



>0

(Dg(x)[B] + ()B) = Dg(x)[B]

E    ,        -
   :

Dg(x)[B] + ()B · E

→0−→ Dg(x)[B] · E =  Dg(x) · B · E

     :

g(E) ≤ 1

B



E
 Dg(x) · Bdx =



E
 Dg(x)dx

   . ■

Corollro 7.4.8.1
Nll stss pots l Torm 7.4.8 pr u : Ω→ [0,+∞] msurl non ntv vl:



g(Ω)
u(y)dy ≤



Ω
u(g(x))detDg(x)dx

Dmostrzon. D     u = S  S ⊆ Ω . A:

u ◦ g = g−1(S)

Q   T   E = g−1(S):



g(Ω)
u(y)dy = S = g(g−1(S)) ≤



g−1(S)
 Dg(x)dx

=



Ω
g−1(S)(x) ·  Dg(x)dx =



Ω
u(g(x)) Dg(x)dx

L    :

• u    ,     .

• u    ,  B-L    -
 uk          u.

Q’      . ■



186 CAPITOLO 7. TEORIA DELLA MISURA

Corollro 7.4.8.2 - Torm  Sr l
Nll stss pots l Torm 7.4.8 l’nsm  punt snolr  g:

Z = x  Ω  detDg(x) = 0

 l’mmn g(Z)  msur null.

Dmostrzon. S   T 7.4.8,      Dg(x) = 0
  x  Z. ■

Torm 7.4.9 - Cmo  Vrl
S Ω ⊆ Rn prto, s g : Ω→ Rn nttv  C1. Allor:

1. pr on u : Rn → R msurl postv vl :



g(Ω)
u(y)dy =



Ω
u(g(x))detDg(x)dx

2. pr on u : Rn → R ntrl vl :



g(Ω)
u(y)dy =



Ω
u(g(x))detDg(x)dx

3. pr on nsm E ⊆ Ω msurl vl 

g(E) =


E
detDg(x)dx

Dmostrzon. D   .

1. S Z = x  Ω : detDg(x) = 0. A g      :

Ω′ = Ω \ Z ∼−→ g(Ω′) \ g(Z)

P       Ω′ ( )   g(Ω′) ( ).
S    Ω = Ω′  g : Ω

∼→ g(Ω)   .
S u : Rn → R   18. P  C 7.4.8.1:



g(Ω)
u(y)dy ≤



Ω=g−1(g(Ω))
u(g(x))detDg(x)dx

≤


g(Ω)
u(g(g−1(y)))detDg(g−1(y))detDg−1(y)dy

=



g(Ω)
u(y)dy

       .

2. P u  L1(Rn)     (1)   u+  u−. C  
’


g(Ω     .

3. S    (1)  E(x).

18B      Ω′. Sz  ,      Ω 
    0   Ω′.
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■

Commnto 8. Qusto Torm mlor l rsultto l Torm 7.4.8.2: or sppmo
 pr r l mo  vrl non srv un omorsmo m st un unzon
nttv.

I       C 7481:    -
      ” ’”,     
   .

Corollro 7.4.9.1
S Ω ⊆ Rn un prto, s g  C1(Ω,Rn)  u : Rn → R msurl postv o ntrl.
Allor: 

Rn

#(g−1(y))u(y)dy =



Ω
u(g(x))detDg(x)dx

Dmostrzon. B     u    .
R ’  Z   g,     g   -
 : g : Ω→ g(Ω).
S   Ω     Aii∈N     g  
 ( g(Ai) ):

gAi : Ai
∼−→ g(Ai)

D   i  N   Bi = Ai \



j<i

Aj


. G  Bi  Ω,

 :

#g−1(y) =


i∈N
g(Bi)(y)

A   T 7.4.9    T  B-L  :



Rn

#

g−1(y)


u(y)dy =



Rn



i∈N
g(Bi)(y)u(y)dy =



i∈N



g(Bi)
u(y)dy

=


i∈N



Bi

u(g(x))detDg(x)dx =



Ω
u(g(x))detDg(x)dx

C  T ,  u       u = u+−u−
          u+  u−. ■

Ossrvzon 7.4.5
A        ,  :



Rn

d(y,Ω, g)u(y)dy =



Ω
u(g(x))detDg(x)dx

 d(y,Ω, g)       (y,Ω, g).

Torm 7.4.10 - Drvzon sotto Sno  Intrl
Sno I = [a, b] spzo mtro, (X,A, µ) spzo  msur. S f : I ×X → R tl :

1. f(t, ·) : X → R  msurl pr on t  I

2. f(·, x) : I → R  C1 pr on x  X (o qus-on sono l msur µ)
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3. f(t, x)+ ∂tf(t, x) ≤ h(x) pr h  L1(X)  pr on t, x  I ×X

Allor  n nt  C1 l’pplzon:

 : I −→ R
t →


X f(t, x)dµ(x)

 n prtolr:

′(t) =


X
∂tf(t, x)dµ(x)

Dmostrzon. L  ∂tf : I × X → R    1, 2, 3  T
7.4.5. I   ’    ∂tf(t, ·)    :

∂tf(t, x) = 
k→∞

f(t+ 1
k , x)− f(t, x)

1
k

     t  I. Q:

(t) =



X
f(t, x)dµ(x)

 C0(I,R). S   I ∋ t →

X ∂tf(t, x)dµ(x)  C

0(I,R)    T
7.4.5.
P  T F  C I,      C1(I,R) 
  ∀ a, s  I:

 s

a



X
∂tf(t, x)dµ(x)dt =



X
f(s, x)dµ(x)−



X
f(a, x)dµ(x)

P  ’,   T  F (     
  F):

 s

a



X
∂tf(t, x)dµ(x)dt =



X

 s

a
∂tf(t, x)dtdµ(x) =



X
(f(s, x)− f(a, x))dµ(x)

=



X
f(s, x)dµ(x)−



X
f(a, x)dµ(x)

V    F,   ∂tf(t, x)  L1(I ×X). P   x  X 
t  I:

∂tf(t, x) ≤ h(x)

I ∂tf(t, x)      I × X → R. B  
∂1f(t, x)    I×X    T  C  F
I 7.4.5. D       (1). D g(t, x) =

∂tf(t, x). A ”” t    tn = ⌊nt⌋
n −→ t. P  

g(·, x):
g(t, x) = 

n→+∞
g

⌊nt⌋
n

, x



     :

g

⌊nt⌋
n

, x


=



k∈Z
na≤k≤nb

g


k

n
, x


· [ kn , k+1

n )(t)

      . Q   g(t, x)  . N 
 g(t, x)     T 7.4.5    . S  
F. ■



7.4. INTEGRAZIONE SECONDO LEBESGUE 189

7.4.3 Mpp Lpstz

Fttrllo 7.4.2 - Mpp Lpstz  Msur
S f : Rn → Rn un mpp Lpstz (rsptto  ∥x∥∞ = 

i=1,,n
xi). Allor vl19 

pr on E ⊆ Rn:

f(E)e ≤ cnEe

Dmostrzon. C   B(x, r) =]x− r, x+ r[n. S:

f(B(x, r)) ⊆ B(f(x), cr) = f(x) + cB(0, r)

  :

f(B(x, r)) ≤ cnB(x, r)
C  E ⊆ Rn. P   > 0       
   : B(xi, ri)i∈N  :






i∈N
B(xi, ri) ≤ Ee + 

E ⊆ 
i∈N

B(xi, ri)

  :

f(E) ⊆


i∈N
f(B(xi, ri)) ⊆



i∈N
(f(xi) + cB(0, ri))

P  :

f(E)e ≤ cn


i∈N
B(0, ri) ≤ cn (Ee + )

      > 0,    . ■

Esmpo 7.4.3 - Controsmpo on f ontnu
S g : [0, 1]→ [0, 1]    C (      -
 ’ C  C). S f(x) = x+ g(x). I  f : [0, 1]→ [0, 2] 
 . P:

• C = 0

•  Ck   ””  C, [0, 1] \ C =

k∈N

([0, 1] \ Ck):

f(C) = f([0, 1]) − f([0, 1] \ C) = 2−
f(



k∈N
([0, 1] \ Ck))



= 2−



k∈N
([0, 1] \ Ck)

 = 2− [0, 1] \ C = 1

Fttrllo 7.4.3
S f lolmnt Lpstz. Allor f mn nsm  msur null n nsm  msur
null, mn msurl n msurl.

19I   · e     L.
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Dmostrzon. D F 7.4.2,       E ⊆ Rn 
 ,  f(E)   .
S    E ⊆ Rn    L     
 E = F N :

• F     : F =

n∈N

Cn.

• N      .

M ,    f :

f(E) = f (F N) = f(F )  f(N) = f(N) 


n∈N
f(Cn)

 f(N)   , f(Cn) ,  . S  f(E)  -
. ■

7.4.4 Mpp Lnr

S T  GL(n,R)   . P    ’,
 I = [0, 1]:

L : σ − algebra misurabili Lebesgue −→ [0,+∞]

E → T (E)
T (In)

E   ,     (L(In) = 1)    .
S      L:   E   L 

T (E) = T (In) · E

Fttrllo 7.4.4 - Msur  In

Dnmo l unzon:
c : GL(n,R) −→ [0,+∞]

T → T (In)
Allor s v  c(T ) = detT .

Dmostrzon. O    S, T  GL(n,R)    :

c(ST ) = TS(In) = T (S(In)) = c(T ) · S(In) = c(T ) · c(S)

     (ST ) = (S) · (T ).
B   ’        GL(n,R). P
  ,      T  GL(n,R).
V   :

() M D:  T = diag(τ1, τ2,    , τn). A:

c(T ) = T (In) =


n

i=1

[0, τi]

 =


n

i=1

τi

 =  (T )

() M  P:  T   . A   
’ In:

c(T ) = T (In) = In = 1 =  (T )



7.4. INTEGRAZIONE SECONDO LEBESGUE 191

() M O:  T  O(n). L      B(0, 1).
A:

c(T ) = T (In) = T (B(0, 1))
B(0, 1) = 1 =  (T )

() P N  I:  N  L(n,R)  ,  Nk = 0
(  k  N           ).
D20 T = I+N . V     m  N:

Tm = (I+N)m =

k−1

j=0


m

j


N j = O(mk)

S      (     T  ∥T∥-L):

c(T ) = T (In) ≤ ∥T∥n

A   :

c(I+N) = c ((I+N)m)
1
m ≤ ∥(I+N)m∥n ≤ m

kn
m

D      m  N   
m→+∞

m
kn
m = 1 :

c(I+N) ≤ 1

A,  (I+N)−1     I. N  :

c

(I+N)−1


≤ 1

P : 1 = c(I) = c(I + N) · c

(I+N)−1


. L   

  : c(I+N) = 1 =  (I+N).

() P E  I:      Ei,j = (ea,b)
n
a,b=1

         ei,j = 1.
C    ’,  λ  R:

T = I+ λEi,j

L   n = 2,      P 
 (   ()  c(P ) = 1)     T 
i = 1  j = 2.

C  T =


1 λ
0 1


   T (I2)    

     ,     L  I2,   F
7.1.
S :

c(T ) = T (In) = In = 1 =  (T )

B        GL(n,R)    
 ,   c(T )  (T ) . R 3  
(’   ):

20I I   ,    I = [0, 1].
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F 7.1: V     T (I2)

1. D  V S:   T  L(n,R)   
:

T = U · S · V dove


U, V  O(n)

S = diag(σ1,    ,σn)

   σini=1      T  :

c(T ) = c(U) · c(S) · c(V ) = c(S) =

n

i=1

σi = (S) =  (T )

2. D LU:   T  L(n,R)     LU
:

T = L · U · P dove





L triangolare superiore

U triangolare inferiore

P matrice di permutazione

I ,      /  :

L = (I+N) ·D dove


N nilpotente

D = diag(L1,1,    , Ln,n)

   U = D′ · (I+N ′). Q:

T = (I+N) ·D ·D′ · (I+N ′) · P

        (), (), ().

3. D  M E:      (), (). S
   ”Prnpls o Mtmtl Anlyss” - W. Run   -
     .

■
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7.5 Tn  Clolo  Applzon

7.5.1 Tn  Clolo (Intrl Dopp)

Insm Norml

Dnzon 7.5.1 - Insm Norml
S A ⊆ R2. S    ’      , : R → R 
:

A = (x, y)  a < x < b ed (x) < y < (x)

 A     .

Ossrvzon 7.5.1
S A     ’ . S    T 7.4.7:



A
f(x, y)dxdy =

 b

a

 (x)

(x)
f(x, y)dy


dx

I,          ’ .

Coornt Polr

S u : R2 → R       . A:



R



R
u(x, y)dxdy =

 2π

0

 +∞

0
u(ρcosθ, ρsinθ)ρdρdθ

I      :

g


ρ
θ


=


ρcosθ
ρsinθ



 :

Dg


ρ
θ


=


cosθ −ρsinθ
sinθ ρcosθ



   : detDg


ρ
θ


= ρ.

7.5.2 Tn  Clolo (Intrl Trpl)

Intrzon pr Fl

S Ω ⊆ R3     ’ ,   A ⊆ R2   , :
R2 → R  :

Ω = (x, y, z)  (x, y)  A ed (x, y) < z < (x, y)

A: 

Ω
f(x, y, z)dxdydz =



A

 (x,y)

(x,y)
f(x, y, z)dz


dxdy
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Intrzon pr Szon

S Ω ⊆ R3     ’ ,   a < z < b  Azz∈N ⊆
P(R2)  :

Ω = (x, y, z)  a < z < b ed (x, y)  Az
A: 

Ω
f(x, y, z)dxdydz =

 b

a



Az

f(x, y, z)dxdy


dz

Coornt Sr

C    S2 ⊆ R3        1  [0,π]
 2  [0, 2π]. D P  S2 :

• 2 ’  ’     OP .

• 1 ’  ’     OP ′,  P ′   P   .

S       ρ  [0,+∞[. A   :

Φ(ρ,1,2) = (ρsin2cos1, ρsin2sin1, ρcos2)

C    J  Φ,   :

detJΦ(ρ,1,2) = ρ2sin2

   :



R3

f(x, y, z)dxdydz =

 +∞

0

 2π

0

 π

0
f(Φ(ρ,1,2))ρ

2sin2d2d1dρ

7.5.3 Intrl  Eulro  Formul  Strln

R    C   . S f , :

f (n)(0)

n!
=

1

2πi





f(z)

zn+1
dz

C f(z) = ez,     (t) = reit:

1

n!
=

1

2πrn

 π

−π
ere

it
e−nitdt

V   ’   . S r = n,  
  eit  2° :

1

n!
=

1

2πnn

 π

−π
en−

nt2

2
+n(eit−1−it+ t2

2
)dt =

en

2πnn

 π

−π
e−

nt2

2 en(e
it−1−it+ t2

2
)dt

I ,     ’:

en(e
it−1−it+ t2

2
)

 = en(cost−1+ t2

2
) ≤ en

π2t2

24 (7.1)
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  t < π,   ’     ( L):

cos(θ)− 1 + t2

2 = cos(θ) t
4

24 ≤ π2

24 t
2.

S      s =
√
nt:

1

n!
=

en

2πnn+ 1
2



R
e−

s2

2 e
n(e

i s√
n−1−i s√

n
+ s2

n
)
[−√

nπ,
√
nπ]ds

O  ’    e−
s2

2 . I   s  [−√nπ,
√
nπ]

,  n→ +∞:

n


e
i s√

n − 1− i
s√
n
+

s2

n


= n o


1

n


= o(1)

I,   7.1, ’   :

e


− 1

2
+π2

24


s2  L1

́ 1
2 > π2

24 . S   :

1

n!
=

en

2πnn+ 1
2



R
e−

s2

2 ds+ o(1)


(7.2)

R   ’  E   , :

n! =

 +∞

0
e−ttndt

 ’    t = n.
R ’     t = n+

√
ns,   :

•             t = 0.

•       e−ttn (    n → +∞  
  ).

S  ı:

n! =

 +∞

0
e−ttndt =

 +∞

−√
n
e−n−√

ns(n+
√
ns)n

√
nds

= nn+ 1
2 e−n



R


1 +

s√
n

n

+

e−
√
nsds

O  ’     n → +∞  e−
s2

2 .
I     :

log


1 +

s√
n

n

+

e−
√
ns


= nlog


1 +

s√
n



+

−√ns

= n


s√
n
− s2

2n
+ o


1

n


−√ns = −s2

2
+ o(1)



196 CAPITOLO 7. TEORIA DELLA MISURA

G     ]−∞, 0]    [0,+∞[,    
   T  B L:

n! = nn+ 1
2 e−n



R
e−

s2

2 ds (7.3)

C    7.2  7.3   :


R
e−

s2

2 ds =
√
2π

7.5.4 Conronto tr Intrl  Rmnn  Lsu

Esmpo 7.5.1
L  Q[0,1]   R-     L.

Proposzon 7.5.1 - Intrl  Rmnn  Lsu
Sno a, b  R tl  a < b. Allor:

R([a, b]) ⊆ L1([a, b])

Dmostrzon. D   ’ [a, b]  : P = xkk=0,,n

 xk < xk+1   k = 0,    , n− 1  x0 = a, xn = b.
A      :

s(f, P ) =

n

k=1


x∈[xk,xk+1]

f(x)(xk+1 − xk) =



[a,b]
fPdx

 fP (x) =
n

k=1




y∈[xk,xk+1]
f(y)


[xk,xk+1](x). O  fP  

. C         Pmm∈N.
A B-L,   m→ +∞:

s(f, Pm) =



[a,b]
fPmdx −→



[a,b]
f⋆dx

 f⋆ = 
m∈N

fPm .

S   f  R-,    . ■
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7.6 Rsultt Topolo

Ctzon 19. E... ’ poo  r,  volt m mnto qul pzzo...

Torm 7.6.1 - Torm  Punto Fsso  Browr (TPF)
S B = B̄(0, 1) ⊂ Rn, on unzon ontnu f  C0(B,B)  lmno un punto sso.

Torm 7.6.2 - Torm  Non-Rtrzon (TNR)
S B = B̄(0, 1) ⊂ Rn, non sst lun rtrzon r : B → ∂B ontnu tl 
r

∂B

= id

∂B

.

Dmostrzon. (TPF  TNR)
D   :

TNR(C2)
(1)
=⇒ TPF (C2)

(2)
=⇒ TPF (C0)

(3)
=⇒ TNR(C0)

   TNR(C2)  T  N-R   C2  -
  . I   T  N-R   C2.

•   f  C2(B,B)    . A   
r : B → ∂B, (    C2).

I,  f  C2(B,B)  f(x) ̸= x  
x  B. D  :

r : B −→ ∂B
x −→ ∂B  x+ t(x− f(x))t≥0

      x ’ 
∂B       x   
f(x) (  F 7.2). F 7.2: R  B  ∂B

A r : B → ∂B      C2(B)  r(x) = x   x  ∂B.
V     C2. P  r(x) = x + t(x) · (x − f(x))
  t = t(x)    :


t ≥ 0

∥x+ t(x− f(x))∥ = 1

L   t(x)    C2    .

Esrzo 7.6.1
I   ’      ≥ 0     
 (       ):

∥x+ t(x− f(x))∥2 − 1 = 0

A   x,    t(x)    C2.

•  f  C0(B,B). P  T  ””  W ( 
   C2(R) ⊆ C0(R))    fkk≥0   C

2(R) (-
 )   fk → f   B.
M  ∥fk∥∞,B → ∥f∥∞,B ≤ 1. I   :



198 CAPITOLO 7. TEORIA DELLA MISURA

– 1  ∥fk∥∞,B → 1

– 1
1∥fk∥∞,B

 C0(B,B)

D    ∥fk∥∞,B ≤ 1,  fkB  C2(B,B). P TPF(C2) 
xk  B   fk(xk) = xk ∀ k  N.
P  ∃  xkj    x  B. O :

xkj = fkj (xkj )→ f(x) = x

    fk   f .

•  : ’      ,    ,
       .

R   TNR(C2).
S   r : B → ∂B   C2(B,Rn)   ∀x  ∂B  r(x) = x.
D, ∀t  R  ∀x  B   g(t, x) = gt(x) (    
          t):

gt(x) = (1− t)x+ t · r(x)

F x  B,    t  R      x  r(x),  
g0(x) = x, g1(x) = r(x). I,  , ∀x  ∂B  ∀t  R  gt(x) = x.
C  21:

(x) =



B
Dgt(x)dx

A   :


(0) =


B 1dx = B > 0

(1) =

B Dr(x)dx =


B 0dx = 0

I   Dr(x0)      x0  B,  r  -
   x0  T  I L. Q ’ 
   ,  r(B) ⊆ ∂B,     .
L’    ′(t). T   ,     
      (0) ̸= (1).
P  T 7.4.10   t     22:

d

dt



B
detDgt(x)dx =



B
∂t(detDgt(x))dx

(a)
=



B
∂t(


∂1g

t∂2gt    ∂ngt

)dx

(b)
=



B

n

j=1

det[∂1g
t    ∂j∂tgt    ∂ngt]dx

       J (),    
  S ∂t∂j = ∂j∂t ().
S   ∂j ’ j-,   .

21O  Dgt(x) = D2g(t, x).
22L     T 7.4.10    .
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S   j-  ’  ,     .
I      :

∂j [∂1g
t    ∂tgt    ∂ngt] = [∂1g

t    ∂j∂tgt    ∂ngt]+

+

n

i=1
i̸=j

[∂1g
t    ∂j∂igt    ∂tgt    ∂ngt]

S    j = 1,    , n:

n

j=1

∂jdet[∂1g
t    ∂tgt    ∂ngt] =

n

j=1

det[∂1g
t    ∂j∂tgt    ∂ngt]+

+

n

j=1

n

i=1
i̸=j



∂1g

t    ∂j∂igt    ∂tgt    ∂ngt


         n(n− 1)    2  2
(  i, j     j, i           
 i, j).

Commnto 9. Pront  or  ”W W?” on l n ll rvt przl?
Trovt l rnz tr l r!

I        S:

n

j=1

n

i=1
i̸=j



∂1g

t    ∂j∂igt    ∂tgt    ∂ngt

=

=

n

j=1
i<j





∂1g

t    ∂j∂igt    ∂tgt   

+ 


∂1g

t    ∂tgt    ∂i∂jgt   


=

n

j=1
i<j





∂1g

t    ∂j∂igt    ∂tgt   

− 


∂1g

t    ∂i∂jgt    ∂tgt   


=

n

j=1
i<j





∂1g

t    ∂j∂igt    ∂tgt   

− 


∂1g

t    ∂j∂igt    ∂tgt   


=

n

j=1
i<j

0 = 0

Q   :

′(t) =
n

j=1



B
∂j 


∂1g

t    ∂tgt    ∂ngt

dx

V     . S x  Rn   j- -
:

x = xj + xjej  R× Rn−1



200 CAPITOLO 7. TEORIA DELLA MISURA

 xj  R   j-   xj  B  xj = 0. U  T  F
7.4.7:



B
∂j 


∂1g

t    ∂tgt    ∂ngt

dx =

=



R×Bj

∂j 

∂1g

t    ∂ngt

· √

1−∥xj∥2,
√

1−∥xj∥2
(xj)dxjdxj

=



Bj

 √1−∥xj∥2

−
√

1−∥xj∥2
∂j 


∂1g

t    ∂tgt    ∂ngt

dxjdxj

TFI
=



Bj



∂1g

t    ∂tgt    ∂ngt
xj=

√
1−∥xj∥2

xj=−
√

1−∥xj∥2
dxj

 ’  ,  

∂1g

t    ∂tgt    ∂ngt

     

  ±


1− ∥xj∥2.
S  ∀x  ∂B :

∂1g
t(x) = 0

  gt(x) = x   x  ∂B. A ı ’ . ■

D T  P F   :

Proposzon 7.6.1 - Prron - Fronus
S A M(n,R) mtr  ont non ntv.
Allor A  un utovlor non ntvo, orrsponnt  un utovttor  oornt
non ntv.

Dmostrzon. L   (:       A 
). ■

Proposzon 7.6.2
S K ⊆ Rn un omptto  f : K → Rn tl  f(x) = x pr on x  ∂K.
Allor f  surttv su K, oss f(K) ⊇ K.

Dmostrzon. L  . ■
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7.7 Prolm  Momnt

7.7.1 Torm  Rsz-Mrkov-Kkutn

Dnzon 7.7.1 - Pusorwr
S (X,A)  (X ′,A′)      m   (X,A). S p : (X,A) −→
(X ′,A′)   . A      p∗(m):

p∗(m) : A′ −→ R
S −→ m(p−1(S))

      . P     :

A R

A′

m

p∗(m)
p−1

Torm 7.7.1 - Torm  Rsz-Mrkov-Kkutn
S X uno spzo mtro omptto  s ϕ un unzonl lnr postvo su C(X).
Allor sst un’un msur nt µ su orln  X tl  pr on f  C(X) vl:

⟨ϕ, f⟩ =


X
f(x)dµ(x)

Commnto 10 (I  ). Non ostrumo l msur µ, m µ ⊗ λ1,
msur prootto  µ su X  λ1 msur  Lsu su R.

Dmostrzon. C  -    X × R.
C   ”   ”.
P u, v  C(X) :

[u, v) := (x, t)  X × R  u(x) ≤ t < v(x)

S  ,    
u ≤ v  [u, v) = [u, v  u) (  ,
   ”  ”  
).

F 7.3: Z   
 u  v

L       - E    X×R. I  
 2   -:

• V :

[u1, v1)  [u2, v2) = [u1  u2, v1  v2)  E

     ’   :


u1(x) ≤ t < v1(x)

u2(x) ≤ t < v2(x)
⇐⇒ u1(x)  u2(x) ≤ t < v1(x)  v2(x)

• V      E .
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C M ≥ ∥u1∥∞  ∥v1∥∞  ∥u2∥∞  ∥v2∥∞.
S     u1 ≤ v1  u2 ≤ v2. A,
   F 7.4:

[u1, v1) \ [u2, v2) = [u1, v1)  [−M,M ]  [u2, v2)
C

= [u1, v1) 

[−M,u2)  [v2,M)



=

[u1, v1)  [−M,u2)





[u1, v1)  [v2,M)


F 7.4

D:      E     E     
   2   E . S  E    .
L σ−   E  B(X × R). D.
S F ⊆ X . E f  C(X)   F = f−1(0),   23 
f(x) = dist(x, F )   -. S a < b  R. A:

F × [a, b) =


n>0

[a+ nf, b)  σA(E)

D   :

•   ,  (x, t)  F × [a, b)  ∀n  N   a = a+0 = a+nf(x) ≤ t < b
 ∀n  N  (x, t)  [a+ nf, b).

• ,  ∀n  N   (x, t)  [a+nf, b)  a ≤ t ≤ b    f(x) = 0,
  f(x) > 0   n  N   t < a+ nf(x). Q x  F .

A  σ-   F × [a, b)  F   [a, b)   
  σA(E),         B(X × R) (  [u, v) 
      ”  ”).
D        E ,  ∀u ≤ v:

([u, v)) := ⟨ϕ, v − u⟩

Q    ,       u, v   ’.
S  u1 ≤ v1  u2 ≤ v2    [u1, v1) = [u2, v2)    x  X  
:

[u1(x), v1(x)) = [u2(x), v2(x)) ⊆ R

Q     x  X:

v1(x)− u1(x) = v2(x)− u2(x)

:

⟨ϕ, v1 − u1⟩ = ⟨ϕ, v2 − u2⟩

23I      z  X  .
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L  ı   σ-:  u ≤ v
 ukk∈N, vkk∈N ⊆ C(X)    
uk ≤ vk   k. S ( 
      L 
  ):

[u, v) =


k∈N
[uk, vk) ⊆ X × R

P      R,  
 ∀x  X       
 R:

[u(x), v(x)) =


k∈N
[uk(x), vk(x)) ⊆ R

F 7.5: E  
’ [u, v)    
  x

P  σ-    L λ1    (  x  X):

v(x)− u(x) =

+∞

k=0

(vk(x)− uk(x))

        (      
 ).
R  T  D  C M 5.5.1:  fn  
    ,      f ,  
  .
Q     ,   :

v − u =

∞

k=0

(vk − uk)

L        ,  ϕ :

⟨ϕ, v − u⟩ =
∞

k=0

⟨ϕ, vk − uk⟩

       σ-  :

([u, v)) =

∞

k=0

([uk, vk))

P  T  E  C 7.2.2 
    m  B(X × R)  
∀u, v  C(X)   u ≤ v:

⟨ϕ, v − u⟩ = m[u, v)

I, m    ” ”,
    R   F 7.6:

m(E + c) = m(E) ∀E  B(X × R) e ∀c  C(X)

 c     ,  
  (      ”
”   x  X).

F 7.6: R -
 ” ”
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I,       ’   E :

[u, v) + c = [u+ c, v + c)

:
 ([u, v) + c) = ⟨ϕ, (v + c)− (u+ c)⟩ = ⟨ϕ, v − u⟩ = [u, v)

D ,              ∗ 
P(X × R)24         m = ∗Aα∗ .

Lmm 7.7.1
S m un msur su X × R, nvrnt pr ”trslzon vrtl”,  ll orm m =
µ⊗ λ1.

Dmostrzon Lmm. P  E  B(X)     ν  R:

ν : B(R) −→ R
A −→ m(E × A)

D   ” ” pE : E × R −→ R. I  p−1
E (A) =

E × A     :

ν(A) = m(E × A) = m

p−1
E (A)



M   m     ,  ν    
   R:      L     .
P     E  B(X)   A  R:

m(E × A) = µE · λ1(A)

     A = [0, 1]    µE = m(E × [0, 1]).
D  q : X×R −→ X    X. S    m, :

µE = q∗(m)(E)

N     µ = q∗(m)       . I 
   ””   E × A  B(X × R) :

m(E × A) = µE · λ1(A) = µ(E) · λ1(A) = (µ⊗ λ1)(E × A)

U  C 7.2.3.1,   m  µ ⊗ λ1   π-  
  B(X × R)  m = µ⊗ λ1   B(X × R). S  . ■

C     T.
P  f  C(X)  , :

⟨ϕ, f⟩ = ⟨ϕ, f − 0⟩ = (µ⊗ λ1) ([0, f))

      f ,  :

⟨ϕ, f⟩ = (µ⊗ λ1) ([0, f)) =



X×R
[0,f(x))(t)d(µ⊗ λ1)(x, t)

=



X

 +∞

0
[0,f(x))(t)dλ1(t)dµ(x) =



X
λ1([0, f(x)))dµ(x) =



X
f(x)dµ(x)

24S α    z  ’  α∗  z   .
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I ,  f  C(X)    f = f+ − f−    .
A   :

⟨ϕ, f⟩ = ⟨ϕ, f+ − f−⟩ =


X
f+dµ−



X
f−dµ =



X
fdµ

     µ . ■

7.7.2 Prolm  Momnt

Dnzon 7.7.2 - Momnto
S I ⊆ R+. D   µ    I,  k  N   k-  µ :

m(k) =



R
xkdµ(x)  [0,+∞]

Dnzon 7.7.3 - Prolm  Momnt
S I ⊆ R  . D    u(k)k∈N ⊆ [0,+∞],    
    I    u(k)   .
S      H  I = [0, 1].

C  T 7.7.1  R-M-K     
  C0([0, 1])    :

ϕµ : f −→


I
f(x)dµ

        :    u(k)k∈N 
           ϕ  C0([0, 1]) ( 
 k  N 25 u(k) = ⟨ϕ, xk⟩).

Conzon Nssr su {u(k)}
S         .
S µ      C0([0, 1]). L      
  ,    0 ≤ k < h   :

• xk ≥ 0   x  [0, 1],   ⟨µ, xk⟩ ≥ 0.

• xk ≥ xh   x  [0, 1],   ⟨µ, xk⟩ ≥ ⟨µ, xh⟩.

P  ,   xk(1− xn) ≥ 0   x  [0, 1]  :

0 ≤ ⟨µ, xk(1− xn)⟩ = ⟨µ,
n

j=0

(−1)j

n

j


xj+k⟩ =

n

j=0

(−1)j

n

j


mµ(j + k)

  mµ(k) = ⟨µ, xk⟩. M        
   u  ℓ∞ ’  :

n

j=0

(−1)j

n

j


u(j + k) ≥ 0 (7.4)

25I   ⟨µ, f⟩ =

X
f(x)dµ(x).
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R       ℓ∞. I   ’-
 ” ” S     k  N    u  ℓ∞:

[Su](k) = u(k + 1)

S     k  N:

⟨µ, xk⟩ = mµ(k) =

Skmµ


(0) = ⟨e0, Skmµ⟩

      :

⟨µ, xk(1− xn)⟩ =

Sk(I − Sn)mµ


(0) = [(I − S)nmµ] (k)

S     7.4 :

(I − S)nu = (−1)n(S − I)nu ≥ 0 (7.5)

  n  N.

Dnzon 7.7.4 - Susson Compltmnt Monoton
U  u  l∞   ’ 7.5    -
.

D’     C0([0, 1])∗     C0([0, 1]) (   
B        C0([0, 1])).
C  ’  Bn (    B). P 
 :

B∗
n : C0([0, 1])∗ −→ C0([0, 1])∗

ϕ → ϕ ◦Bn

          ””26:

⟨B∗
nϕ, f⟩ = ⟨ϕ, Bnf⟩

  ϕ  C0([0, 1])∗    f  C0([0, 1]).
S      f  C0([0, 1])  Bnµ:

⟨B∗
nµ, f⟩ = ⟨µ,Bnf⟩ =


µ,

n

k=0


n

k


f


k

n


xk(1− x)n−k



=

n

k=0


n

k


⟨e k

n
, f⟩⟨µ, xk(1− xn)⟩ =


n

k=0


n

k


⟨µ, xk(1− xn)⟩e k

n
, f



P  ’ B∗
nµ       e0, e 1

n
,    , e1:

B∗
nµ =

n

k=0


n

k


⟨µ, xk(1− xn)⟩e k

n
=

n

k=0

c(k, n)e k
n

       :

c(k, n) =


n

k


⟨µ, xk(1− xn)⟩ =


n

k


Sk(I − S)n−kmµ


(0)

26I   ⟨ϕ, f⟩ = ϕ(f)   z  z  ϕ  f .
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L’     T ,     
u  l∞,      :

µn =

n

k=0

c(k, n)e k
n

   µ      .

Torm 7.7.2 - Torm  Husor
S u  l∞ un susson ompltmnt monoton  numr rl tl  pr on
n  N:

(I − S)nu ≥ 0

Pr n, k  N on 0 ≤ k ≤ n nmo  ont:

c(k, n) =


n

k


(I − S)n−ku


(0) ≥ 0

S llor pr n  N:

µn =

n

k=0

c(k, n)e k
n

Allor pr on f  C0([0, 1]) s  :

⟨µn, f⟩ = [Bnf(S)(u)] (0)

 qun ⟨µn, f⟩ onvr  ⟨µ, f⟩ ov µ  un unzonl lnr postvo su C0([0, 1]) tl
 mµ = u (ovvro µn → µ puntulmnt).

Dmostrzon. L’ ⟨µn, f⟩ = [Bnf(S)(u)](0)     Bnf  
 c(k, n). I:

⟨µn, f⟩ =
n

k=0

c(k, n)f


k

n


=

n

k=0


n

k


[Sk(Id− S)n−ku](0)f


k

n



=


n

k=0


n

k


f


k

n


Sk(Id− S)n−k


u(0) = [Bnf(S)(u)](0)

S f(x) = xk  Bn(x
k) = xk+k,n(x)  k,n      -

    [0, 1] (  T  B,   Bnx
k unif−→ xk  ),

  ≤ k      k + 1:

Πk = p  R[x]   p ≤ k

I        k+1    k,n  n→ +∞.
P  Bnx

k(S) = Sk + k,n(S) −→ Sk       n→ +∞.
M :

⟨µn, x
k⟩ = [Bnx

k(S)u](0)
n→∞−→ Sku(0) = u(k)

      k-   u(k)  .
S µn      ,    :

∥µn∥ = ⟨µn, 1⟩ = [Bn1(S)u](0) = u(0)
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 Bn1 = id. P µn      
27 ( 

∥µn∥ = u(0))        C0(I)  
,     k  N:

⟨µn, x
k⟩ ∥·∥∞−→ xk

   :

⟨µnp⟩
∥·∥∞−→ p

  p  R[x]. R         
         ,    µn

  ,   ’      C0(I):

⟨µn, f⟩ → µ(f)

  f  C0(I). A    ’      (
    )    (∥µ∥ = ⟨µ, 1⟩ < +∞,  
)  

⟨µ, xk⟩ = 
n→∞

⟨µn, x
k⟩ = u(k)

 µ         u  ℓ∞. ■

Ossrvzon 7.7.1 - Unt soluzon l Prolm  Husor
L’      T    W:  
              
. P        f  C0([0, 1]).

27R     Lz         .



Cptolo 8

Sottovrt Drnzl  Rn

8.1 Sottovrt Drnzl: nzon

Commnto 11. Dvu? V smr  vr  sttuto l tst sul tvolo rptut volt
pr qust nzon? No, non st vo  v stt slno o v rort ml,
non volvmo spvntrv, pu  qunto non mo  tto, m l nzon 
surnno trttno sottovrt rnzl n Rn, mntr qull l Cptolo 3 rno n
spz  Bn (  mostr).
Amo qun rptuto l nzon pr l nostr  l vostr o. Lo sppmo, v
mo  uor.

Dnzon 8.1.1 - Sottovrt Drnzl
S Σ ⊆ Rn. Σ     k-    p  Σ 
  U ⊆ Rn  p   :

 : U −→ (U)

 :
(U  Σ) = (U) 


Rk × 0



Esmpo 8.1.1
R      :

F 8.1: E   

Dnzon 8.1.2 - Prmtrzzzon Lol Rolr
N   D 8.1.1,  V = (U) 


Rk × 0


 g = −1V .

A g       p, :

g : V
∼−→ U  Σ

         .

209
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Dnzon 8.1.3 - Spzo Tnnt
S Σ ⊆ Rn  k-  Rn, p  Σ. L    :

TpΣ = Dg(0)

Rk



   g     g(0) = p:

Dg(0) : Rk ∼−→ TpΣ

Esmpo 8.1.2
R      :

() Sz   n = 2  k = 1 () Sz   n = 3  k = 2

Ossrvzon 8.1.1
S g′ : V ′ ∼−→W ⊆ Σ ’   :

V ′ W ⊆ Σ

V

g′

g

A g′ = g ◦ h  h : V
∼→ V ′      Rk.

Dnzon 8.1.4 - Mpp Drnzl tr Sottovrt
S Σ ⊆ Rn  Σ′ ⊆ (Rn)′  . L  f : Σ → Σ′  
        p  Σ     
 g,  1:

V
g
→ Σ

f−→ Σ′ j
→ (Rn)′

  ( j : Σ′ → Rn  ’).
E,          p  Σ f  
 ’      p  Rn     f(p)  (Rn)′.

Proposzon 8.1.1
Sno Σ,Σ′ ⊆ sottovrt rnzl  f : Σ → Σ′ mpp rnzl. Allor l
rnzl

Df(p) : TpΣ −→ Tf(p)Σ
′

s puo nr n u mo (rspttvmnt on l 2 nzon  mpp rnzl):

1I (Rn)′  z      z     Σ′,    
Σ.



8.1. SOTTOVARIET A DIFFERENZIALI: DEFINIZIONI 211

1. Df(p) = D(j ◦ f ◦ g)(0) ◦ [Dg(0)]−1.

2. stnno f  un mpp f̃ rnzl tr ntorn  Rn  (Rn)′  rstrnn-
o: Df(p) = Df̃(p)TpΣ.

Dmostrzon. S  . ■

Ossrvzon 8.1.2 - Composzon

V    . S Σ
f−→ Σ′ f ′

−→ Σ′′ :

D(f ′ ◦ f)(p) = Df ′(f(p)) ◦Df(p)
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8.2 Msur Suprl  Sottovrt

8.2.1 Dnzon

Dnzon 8.2.1 - Dtrmnnt l Drnzl
S Σ,Σ′ ⊆ Rn   k-. S f : Σ→ Σ′ .
E’  :

detDf(p) =


detDf(p)TDf(p)

Dnzon 8.2.2 - Msur Suprl su E ⊆ Σ ⊆ Rn

D    g : V
∼−→ W ⊆ Σ   E ⊆ W   

E = g(F ), F   V . D :

σ(E) =



F


detDg(x)TDg(x)dx

Ossrvzon 8.2.1
E’   ,   σ(E)     g.

Dmostrzon. S  g, g′  . P  , g′ = g ◦h  
:

Dg′(x) = Dg(h(x))Dh(x)

S ,      Dg′(x):

(Dg′(x))TDg′(x) = (Dh(x))T

(Dg(h(x)))TDg(h(x))


Dh(x)

M     ,  E = g(F ) = g′(F ′),  F = h(F ′):


F ′


det ((Dg′(x))TDg′(x))dx =



F ′


det ((Dg(x))TDg(x)) detDh(x) dx

=



F


det ((Dg(y))TDg(y))dy

  . ■

Dnzon 8.2.3 - Msur Suprl su Σ ⊆ Rn

S Σ ⊆ Rn    , Σ =


i∈NWi  :

gi : Vi
∼−→Wi

 .
C Xj = Wj ⊆


i<j Wi,   Σ =


j∈N Xj ,     

E ⊆ Σ :
σ(E) =



j∈N
σ(Xi  E)

I , σ(E)     Wii∈N  Σ.

8.2.2 Torm su Msur Suprl

Proposzon 8.2.1 - Cmo  Vrl tr Vrt
S f : Σ→ Σ′ mpp rnzl tr sottovrt k-mnsonl  s E ⊆ Σ orlno.
Sppmo :

σ (f(E)) ≤


E
detDf(x)dx
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ov l’uulnz vl pr f nttv.
Allor pr on u : Σ′ → R msurl non ntv vl :



Σ′
u(y)dσ(y) ≤



Σ
u (f(x)) detDf(x)dx

Dmostrzon. L    F 7.4.9    f : V ⊆ Rk →
Rk. ■

Torm 8.2.1 - Torm  Sr
S f : Σ→ Σ′ mpp rnzl tr sottovrt k-mnsonl. Allor:

σ (Sing(f)) = σ (f (x  Σ  Df(x) non invertibile)) = 0

Co l’nsm  punt n u l rnzl non  nvrtl  msur  Lsu
null.

Dmostrzon. O. ■

Dnzon 8.2.4 - Boro C1

S Ω ⊆ Rn. Ω      C1    p  ∂Ω    
U  p     : U

∼−→ (U)    Rn  :


 (U  ∂Ω) = (U) 


Rn−1 × 0





U  Ω̄


= (U) 


Rn−1 × (−∞, 0]



Dnzon 8.2.5 - Norml Estrn
L    p ,   en ’n-   Rn:

νext(p) = (D(p))T [en]

   ’ Tp(∂Ω) = (D(p))−1 Rn−1 × 0

.

Dmostrzon. I,       ⟨x, y⟩ = xT y:

⟨ν(p), Tp(∂Ω)⟩ = ⟨(D(p))T [en], (D(p))−1 Rn−1 × 0

⟩

= eTnD(p) · [D(p)]−1[Rn−1 × 0] = eTn · (Rn−1 × 0)
= ⟨en,Rn−1 × 0⟩ = 0

■

Ossrvzon 8.2.2
C  ,           
́ .
C        ∂Ω ⊆ Rn   
(n− 1)-.
C    : Rn → Rn. A    :

νext(p) = [D(p)]T en

S    J:

D(p) =

∂1(p)      ∂n(p)


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   ,     en, :

νext(p) = [D(p)]T en =



∂1(p)

...
∂n(p)


 en =



∂1n(p)

...
∂nn(p)




L        ””   
 Rn ⊇ Ω       ∂Ω (’    x  ∂B
    n:    Rn  ,      
””  (x)  (Rn−1 ⊗ 0).).

Esmpo 8.2.1
R       . C  
r ⊆ R2   ’ :

r : t −→ (t  θ, t  θ)

 θ  [0, 2π). Q    1-  R2   
       r ’ x (  R× 0):

(p)


x
y


=


 θ −  θ
 θ  θ


x
y


=


x  θ − y  θ
x  θ + y  θ



F 8.3: R       

L        2 = x  θ + y  θ. G
         (x, y) ’, 
    ””.
C    :

νext(p) =


∂12(p)
∂22(p)


=


 θ
 θ



C     (    F 8.3)    νext(p) ”-
”     r        1  
p.

Dnzon 8.2.6 - Dvrnz
S F : Ω ⊆ Rn → Rn ,      F  x  Ω :

divF (x) = trDF (x) =

n

i=1

∂ifi

  F = (f1,    , fn).
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Ctzon 20. A s, s...  po sust, un luno spnıo, om s r, 
ttrll tutt stnz smpl m vnno tt.

P    T 8.2.2       
    C1.

Fttrllo 8.2.1 - Gr  unzon om sottovrt
S  : U → R un unzon C1, ov U ⊆ Rn−1  prto. Allor Σ = graph()  un
sottovrt n− 1-mnsonl  Rn on prmtrzzzon2:

g = idRn −  · en : U × R −→ U × R
x → x− (x1,    , xn−1)en

Intt notmo :
g(U × 0) = Σ

Inoltr   C1 qun n g lo . Essno nvrtl (vr nl s s srv g n
orm mtrl),  un omorsmo.
Clolo l rnzl:

Dg(x) =




1 0 · · · 0 0

0 1
. . .

...
...

...
. . .

. . . 0 0
0 · · · 0 1 0

−∂1 −∂2 · · · −∂n−1 1



=


In−1 0
− 1



Allor ossrvmo  lo spzo tnnt s srv:

T(x,φ(x))Σ = graphD(x) =

(v,(x) · v)  v  Rn−1



  l norml strn :

νext(x,(x)) =
1

1 + ∥(x)∥2


−(x)

1



Dto E ⊆ U orlno, l msur ll’nsm g(U) ⊆ Σ :

σ(g(E)) =



E


detDg(x)TDg(x)dx

Clolmo l trmnnt. Sppmo 3:

Dg(x)TDg(x) =


In−1 (x)T

0 1


·

In−1 0
(x) 1


= In +


(x)

0


⊗


(x)

0



Or, t a, b  Rn, rmo l utovlor  a⊗ b: srnno 0 on moltplt n− 1 (n
qunto l olonn sono multpl tr loro)  a · b on moltplt 1. Su  l utovlor
 In + a⊗ b srnno 1 on moltplt n− 1  1 + a · b on moltplt 1. Qun:

(In + a⊗ b) = 1 + a · b

Nl nostro so prtolr:

σ(g(E)) =



E


1 + ∥(x)∥2dx

2L z g   z   φ(x),      U × 0.
3L’z ⊗ : Rn ×Rn → MR×R(R)      : (a⊗ b)i,j = aibj .
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Proposzon 8.2.2 - Aprto om unon  prt norml
S Ω ⊆ Rn−1 × R prto lmtto on oro C1. Consrmo l prozon:

P : Rn −→ Rn−1 × R
(x1,    , xn) → (x1,    , xn−1)

Allor vlono  sunt rsultt:

1. K = P (x  ∂Ω  ⟨en, νext(x)⟩ = 0) ⊆ Rn−1  msur null.

2. Ω \K × R  unon  prt norml4 on prozon sull omponnt onnss 
P (Ω) \K

Dmostrzon. D    .

1. S   P ∂Ω : ∂Ω → Rn−1        x  ∂Ω 
   x    :

DP Tx∂Ω : Tx∂Ω −→ Rn−1

            P : Rn → Rn−1.
Q       en  Tx(∂Ω),       :

⟨en, νext(x)⟩ ̸= 0

M    ’ K   :

K = P (x  ∂Ω  DP ∂Ω(x) non e invertibile)
= P (x  ∂Ω  ⟨en, νext(x)⟩ = 0)

   T  S 8.2.1, K   (n− 1)- .

2. C  ’.

Ossrvzon 8.2.3 - ∂Ω om ro  unzon
S   ⟨en, νext(x)⟩ ̸= 0       ∂Ω 
    u : Rn−1 → R.
D p  ∂Ω,   ∂Ω    (n− 1)-, 
’ U ⊆ Rn  p        : U → (U).
S     f : U → R  

f(x) = [(x)]n = ⟨(x), νext(x)⟩

(’n-   (x))     ””  x  U 
 ∂Ω. I x  U  ∂Ω     f(x) = 0. M    T
 F I 3.3.6     ∂nf(x) ̸= 0,  5

⟨f, en⟩ ̸= 0.
S      u : P (U ∂Ω) ⊆ Rn−1 → R    
∂Ω     U :

u(x1,    , xn−1) = xn ⇐ (x1,    , xn)  ∂Ω
4U          z   2 ,   

f, g : X → R  f < g: A = (y, t)  X × R  f(y) < t < g(y).
5N  M   f      ∂Ω. I     

,     z    .
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S A = P (Ω)\K ⊆ Rn−1. C  -
 y  A:   r = x  RnP (x) = y -
 ∂Ω    pi  ∂Ω  ⟨νext(p), en⟩ ̸=
0     ∂Ω     -
  u : Uy → R  Uy   y (
’ ). S  :

• ’      r,
 p1,    , pny,  . I Ω
 ,  I = r  ∂Ω  .
I,   ’  
,      Ui  
pi        (
 ’   Ui∂Ω   y).
A       
I ,     
.

F 8.4: R -
   
 ∂Ω

•  y  A, p1,    , pny          Uy (
   pi,          
  ). A     A   ny .

• ny  :    r,       
  Ω    Ω. D     ””
(   ±∞)   Ω ,       
”/”  Ω  .

• ny       A. I ’ Wn = y 
A  ny = n   (    :  y  Wn   -
 Uy ⊆ Wn). D  P  , P−1(Wn)  . A-
 Vn = y  A  ny ̸= n        
Vn =


m ̸=n

Wm.

S C(y) ⊆ A    A. M C(y)P−1(Wn)  C(y)P−1(Vn)
    C(y). D  y  Wny ̸= ∅   Wny =
C(y). C ny     .

I    B ⊆ A,   y  B    
  : p1,y,    , pnB ,y. D  i = 1,    , nB  :

fi : B −→ R
y −→ pi,y

   f1 < · · · < fnB . I    y  B   (y, fi(y))  ∂Ω.
P  T  F I,   fi    C1 (
C1 ,   Uy).
S        :

Ω  (B × R) =

nB
2

i=1

(y, t)  B × R  f2i−1(y) < t < f2i
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P       :

Ω  (K × R) =


B⊆A
B comp conn




nB
2

i=1

(y, t)  B × R  f2i−1(y) < t < f2i




     .

■

Torm 8.2.2 - Formul ll Dvrnz
S Ω ⊆ Rn prto lmtto on oro C1. S F  C1(Ω̄,Rn). Allor:



Ω
divF (x)dx =



∂Ω
⟨F (y), νext(y)⟩dσ(y)

Dmostrzon. O   :



Ω
divF (x)dx =



Ω

n

i=1

∂iF (x)dx =

n

i=1



Ω
∂iF (x)dx

D     i  1,    , n :


Ω
∂iF (x)dx =



∂Ω
F (y)⟨νext(y), ei⟩dσ(y)

V       .

• C     Ω  .
C U ⊆ Rn−1 ,  −,+  C1(U,R)   − ≤ +. A,
   i = n,  ’ :

Ω =

(x, t)  U × R  −(x) ≤ t ≤ +(x)



I  ∂Ω     3 ””: graf(+) = Σ+, graf(−) = Σ−

  ,      0× R (  
 ’   ).
I  Ω, :



Ω
∂nF (x, t)d(x, t) =



U



R
∂nF (x, t)[φ−(x),φ−(x)](t)d(x, t)

=



U

 φ+(x)

φ−(x)
∂nF (x, t)dt


dx

=



U


f(x,+(x))− f(x,−(x))


dx

=



U
f(x,+(x))dx−



U
f(x,−(x))dx

A    F 8.2.1   +. S  :


νext(x,

+(x)), en


1 + ∥+(x)∥2 = 1
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I   ’      :



U
f(x,+(x))dx =



U
f(x,+(x))


νext(x,

+(x)), en


1 + ∥+(x)∥2dx

=



Σ+

f(y) ⟨νext(y), en⟩ dσ(y)

S,   :



U
f(x,−(x))dx = −



Σ−
f(y) ⟨νext(y), en⟩ dσ(y)

Q       ’ , :



Ω
∂nF (x, t)d(x, t) =



Σ+

f(y) ⟨νext(y), en⟩ dσ(y)−


Σ−
f(y) ⟨νext(y), en⟩ dσ(y)

(⋆)
=



Σ+Σ−
f(y) ⟨νext(y), en⟩ dσ(y) =



∂Ω
f(y) ⟨νext(y), en⟩ dσ(y)

   (⋆)    ’   Σ−: 
    ,    ”−”    
    ’   ’: Σ+  Σ−.

• S Ω     C1 . A    P 8.2.2  
 :

Ω =


n∈N
Ωn

A,   ’:



Ω
∂nF (x, t)d(x, t) =



n∈N



Ωn

∂nF (x, t)d(x, t) =


n∈N



∂Ωn

f(y) ⟨νext(y), en⟩ dσ(y)

=



∂Ω
f(y) ⟨νext(y), en⟩ dσ(y)

M    . ■
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Cptolo 9

Amnt

Pol not l utor

Q          /
            P M  
   .
S ,         ...     
       ?

L unzon  Pompu1

Un unzon ϕ rvl ovunqu, on rvt lmtt ϕ′ sontnu n
un sm nso  punt. S (ak)k≥1       
. S (qk)k≥1      [0, 1]. C  
f : [0, 1]→ R     

f(x) := a0 +

∞

k=1

ak
3
√
x− qk, x  [0, 1],

 a0 :=
∞

k=1 ak
3
√
qk, ́ f(0) = 0. P     (ak)k≥0  

  ,    f(1) = 1.
C    g : [0, 1] → [0,+∞]    

      f (    g(qn) := +∞).

g(x) :=
1

3

∞

k=1

ak
3


(x− qk)2


P      f       x  
 ak   ,  f     ,   ,   n  N

 
y→x

f(y)− f(x)

y − x
≥ 1

3

n

k=1

ak
3


(x− qk)2


P     D  f  D∗f(x) ≥ g(x)   ,  
  f ′(x) = +∞     x  [0, 1]   g(x) = +∞ P́
g           (   
  )   ;       x 

1Rz   P M      Sz.

221



222 CAPITOLO 9. AMENIT A

g(x) = +∞. D’  ́ g = +∞    [0, 1],  g   
 x  g(x) < +∞. Q

(g) = g = +∞
P     g(x) < +∞  f    x  f ′(x) = g(x). P
 y  x  

f(y)− f(x)− g(x)(y − x) =

=

∞

k=1

ak


3
√
y − qk − 3

√
x− qk −

y − x

3 3


(x− qk)2




P
u := 3

√
x− qk v := 3

√
y − qk

        

v − u− 1

3
u2(v3 − u3) =

v3 − u3

u2

 u2

v2 + uv + u2
− 1

3



 ’  

u2

v2 + uv + u2
− 1

3
=

4

2v
u + 1

2
+ 3

− 1

3

       −1
3  1,   u ̸= 0  v. D 



f(y)− f(x)− g(x)(y − x) =

 ∞

k=1

ak
3


(x− qk)2
σk(x, y)


(y − x),

,  x ̸= qk,

σk(x, y) :=
3


(x− qk)2

3


(y − qk)2 +
3


(y − qk)(x− qk) +
3


(x− qk)2
− 1

3

   y,  σk(x, x) = 0  σk(x, y) ≤ 1. E   g(x) < +∞, 
           
  y  

∞

k=1

ak
3


(x− qk)2
σk(x, y) = o(1),  y → x

     f  x:

f(y)− f(x)− g(x)(y − x) = o(y − x),  y → x

I ,   x  [0, 1]  f ′(x) = g(x) ≥  := 1
3

∞
k=1 ak > 0. P́

f(0) = 0  f(1) = 1,  f     ,    
’ [0, 1]  ́. P         
  f , ϕ := f−1           1,   
    f(qj)j∈N Q      [0, 1]  f
 . I ́ f ′(x) = g(x),    

(ϕ′) = ϕ′ = 0,

      .
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S   ϕ′     R    [a, b] ⊂ [0, 1]. I,
 -     ,     R  
. S    R  [a, b] ’   . M
         R  [a, b]   b
a ϕ′(t)dt = ϕ(b) − ϕ(a),          P,  
 .

() G     () G    

Drvt  Pompu

D   derivt di Pompeiu     I   
        ’,     
  . I        u : I → R    

G:  u
′        u(t+1n)−u(t)

1n ,  
   x,  ,   ,         f  
     fn       G. I,  
 fn (  ,         S) 
  f : S → R,  :

f = 0 =


n≥1



m≥n


fm <

1

n




(I   x  ’         n ≥ 1  
m = mn ≥ n   fmn(x) < 1

n ,         fm
  0;  ́ fm(x)    f(x)  ,      
f(x) = 0,      x  ’  ). S  fm  , ’
     G.

C  ’    P    :  
        G      
 ,         B. I ’   
P          I,   
 B. I       P      
      ,           
 ,     G      B.
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Esrzo 1. P     V    P ’ I
     C1(I),  f ′u     P    f ′   u  C1(I).
D  V   .

Esrzo 2. D     :    P   
R    [a, b]         [a, b].

Compt Psst  Esrz

Fttrllo 9.0.1 - Comptno Mo 2020 - Esrzo 2
S Bn(0, r) l pll n-mnsonl  ntro 0  ro r. Pr qulss n i 
1,    , n, nmo pr x  Bn(0, r) l unzon xi   l oornt i-sm  x.
Domo lolr l’ntrl:


Bn(0,r) x

2
i dx.

Ossrvmo :

n



Bn(0,r)
x21dx = n



Bn(0,r)
x2i dx =



Bn(0,r)
(x21 + · · ·+ x2n)dx

=



Bn(0,r)
∥x∥2dx =

 r2

0

x  Bn(0, r)  s ≤ ∥x∥2
 ds

=

 r2

0

x  Bn(0, r) 
√
s ≤ ∥x∥

 ds

= B(0, 1)
 r2

0


rn − s

n
2


ds = B(0, r) nr

2

n+ 2

Fttrllo 9.0.2 - Compto Sttmr 2020 - Esrzo 1
Consrmo l prolm  Cuy:





u′′(t) + u(t) = f(t)

u(0) = 0

u′(0) = 0

ov f : R→ R  ontnu  pro. Allor l soluzon :

u(t) =

 t

0
f(τ )sin(t− τ)dτ

Fttrllo 9.0.3 - Compto Fro 2020 - Esrzo 2
Consrmo l prolm  Cuy:





v̈ = v − v5

v(0) = 0

v(0) = λ

Dr pr qul λ  R vl  l soluzon sono:

1. llmtt.

2. ostnt.

3. tutt lmtt su tutto l omno  sstnz.

4. nntsm pr t→ +∞. E pr t→ −∞?
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5. pro.

6. (opzonl)  proo mnmo T .

Dmostrzon. (S   M)
C y = x,    y(t)2−x(t)2+ 1

3x(t)
6  ,    :


x′ = y

y′ = x− x5

      (t) = (x(t), y(t))       
E = c   :

E(x, y) := y2 − x2 +
1

3
x6

G        (     
;   E = 0     ””   ’;  
              ( c > 0)  
     ( c < 0,     )).
L       (y, x−x5)        ,
́     (x(t), y(t)),  c ̸= 0,     
       (   ) ,   c = 0,
    E = 0, x > 0    E = 0, x < 0,  
  ±∞;           
 (            , 
         ).
P ’  (   ):       λ 
    λ→ 4

√
3 (      ́  

    );  λ → −2
3      

 ,          (
);          . O 
     ,      :  
       0  λ→∞.
S         T2   0  T2. P
W (x) := 1

3x
6 − x2:

1 = − x(t)
W (λ)−W (x(t))

I        (  λ > 4
√
3),  0  T2  x(t)

  λ  −λ;  ,  :

T = 2

 λ

−λ

1
W (λ)−W (x)

dx = 4

 λ

0

1
W (λ)−W (x)

dx,

Q     λ → +∞;       x = λs 
    [0, 1]      O( 1λ).
S           . ■

Fttrllo 9.0.4 - Funzon C∞ sul omplmntr l Cntor
S fC = fCantor : R \ C → R l unzon nt sul omplmntr ll’nsm 
Cntor tl  su on ntrvllo k-smo vl un polnomo  ro k, n u k  l
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psso ll ostruzon ll’nsm  Cntor n u s sluono tl ntrvll (prtno
 ro −1 (= 0  tppto) su R \ [0, 1], ro 0 (= 1  tppto) su [13 ,

2
3 ], ro 1 su

[19 ,
2
9 ]  [79 ,

8
9 ], .).

Dmostrr  fC  C∞  trovr un’sprsson pr fC .

Dmostrzon. (T  A M)
O             :

f ′
C(x) = λ


fC(3x)− fC


3


x− 2

3


(9.1)

   λ  R.
I,  ’:

fC(x) = fC(x)− fC(0) = λ

 x

0
fC(3t)dt− λ

 x

0
fC(3t− 2)dt (9.2)

D  ’: Λ = f  C0(R)  f(x) = f(1 − x) ⊆ C0(R),  
fC  Λ.
D  ’ T :

Tf(x) =





 x
0 f(3t)dt 0 < x < 1

3 1
x f


3

t− 2

3


dt 2

3 < x < 1

0 

P , Λ    T -. I,     9.2:

f(x) = λTf(x) + [ 13 ,
2
3 ]
(x) (9.3)

D   f ,       9.3   
 1

3 
2
3 (        T ). P , 

  1
3 . Q:


x→ 1

3

+
fC(x) = 

x→ 1
3

+
λTfC(x) + [ 13 ,

2
3 ]
(x) = 

x→ 1
3

+
(0 + 1) = 1

:


x→ 1

3

−
fC(x) = 

x→ 1
3

−
λTfC(x) + [ 13 ,

2
3 ]
(x) = 

x→ 1
3

−
λ

 x

0
fC(3t)dt

D  :

λ

 1
3

0
fC(3t)dt = 1 ⇐⇒ λ−1 =

 1

0
fC(t)dt

S fC [0, 13 ]      

1
6 ,

1
2


(   

TfC 

0, 13


)   fC  Λ,  :

λ−1 =

 1

0
fC(t)dt =

 1
3

0
fC(t)dt+

 2
3

1
3

fC(t)dt+

 1

2
3

fC(t)dt

= 2

 1
3

0
fC(t)dt+

 2
3

1
3

fC(t)dt = 2

 1
3

0

1

2
dt+

 2
3

1
3

1dt =
2

3
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Q λ = 3
2 .

P       T    2
3   ’ I − λT 

2:

∥T∥∞ = 
∥f∥∞=1

∥Tf∥∞ =⋆ 
∥f∥∞=1


 x

0
f(3t)dt


∞
≤ 

∥f∥∞=1

 1
3

0
∥f∥∞dt =

1

3
<

2

3

A   fC = (I − λT )−1([ 13 ,
2
3 ]
).

P ,     N:

fC(x) =

+∞

k=0

λkT k[ 13 ,
2
3 ]
(x)

    fC  Λ,  [ 13 , 23 ]  Λ    T (Λ) ⊆ Λ. ■

Proposzon 9.0.1 - Compto Sttmr 2022 (I) - Esrzo 3
S a = (a1,    , an)  Rn vttor  u = (1,    , 1)  Rn. Dnmo l mtr Vnr-
mon ov on lmnto  nto:

V (a)i,j = ai−1
j

Dmostrto :
∂tV (a+ tu) = NV (a+ tu)

on N M(n,R), llor vl l ormul  Luvll pr u:

∂t V (a+ tu) = trN · V (a+ tu)

2P   z (⋆),  z  T       x  [0, 1
3
]

́    Λ   z     x = 1
2
.
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