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dove. Dy = {‘gﬁ He (X, D) , f(p) = 0}.

la shurione o @ st ofliene com U seﬂuew&_&wma.
» [(EMMA
Sie @ X =P con D =(x,_,5.) moomafk.
Supponiamo VeeX QJ s e R si(p) + 0.
Moo & s otendk ad uwa e OLMORFA X > P
. Diu.
Se. P€>< Moa 2 Po&, Cb(p) =a>(p) bew dooﬂ'm'fq.




Sia. peX can p pho pun qualhe ot Supponiome

m. = {cm'P(c‘c); NB: m< O .
Considenianmo w«\A inkowno U di p ol he  p e Clumico
oo &ooily Vi Locabments 5. = Ri  com K oLomenfa .

m¢
o
-m.

?Mno allona_ 8’ - Q4 .
Feor cosbunions  g; € omafo Vi ed s wn indice § tale
Ko %&(?) cost. # O pmsceﬂ:s_da tl m.  Con quati sodpna

si_sobloisdude. p H2. 0
Tnolhie. mell imtowmo U tnawds  condimala 2 - i condimodi, ciol® 240
— [ l
2"\ 0’0( ) Lo, 2 z+
[%0(1): N 8“(%§] _ [ G, ( 3 P
E%o(q‘) e %n(%)] izf’
gwMAo b etende & o Wit X [

> EScHPIO
Sia X =P e D=2P dwe P=(4:0). Mmna H(XD)=2
Comi deriameo U mc.op/ww&, {0,.0,] e
U =L  com 2= 2 e U, = € con wr= 2

2 2,

T0, Tecewo. vste sw H(X,D) dimestra fe:

2,
?WCLQNV\O e come bae di HO(PA Q(D))
S, = 28 G, = Zo 2 y s, = 2“2
=9 , =Sk =
2] Ch iy



1 2

Allna CFIN v P
p TP (s (p): . (p): 0’1(?))
e or U Lowmo si (wo ook lmivords O dovominaline ” Cioe®
©)p p° > P “ |MMeRsIONE
(2,:1,3 |—> (%}= 2,2, : 2"')
Chi & @i (P) ¢ Comidromd 6 condivaks (14 o) su PP
ollsa- Py (P7) = V('d'?rz'%f)-

%/\a.@ E - —Qb(cs;q 5.."\.,11; ;P lP(H°(¥,D)V) dove Jua-@z_)
A coimade com @ SM di un ‘gm\ma‘na&.

@y (P?) € P* Cic se. Comideniomo H nalte

d: VERONESE |, .

4

0sS: c'e wna nelloriong

: Ra "E€|D) ¢ «a&
Comirponde. ot i |
P, E=Hn oy, (P)  <—> Ec¢ 1D "“Q(m(;m"‘*n.

Dwisoge Assocato A Morrismo X — P

Vicewerna. , sia @ X — 2 ng\'mno e HeP' \(whpiamo.

Posiamo alloe_ A&ngm. Q0 Puusack di H el se%awti o do .

Siomo 4o, —, 4w Condimals L P ed f= Zb, Y geﬂ/ma. é)vw.a/m,/
\/v Beun c!eg. (ehe i dimemsion: m>2 divisone ¢ T iwnpions

cKe of%m;sce, H=dv(f). Sta @ = @(P) e comideriamo ww' olffia
Z L y, Wb ke £°() ¢ 0.

Cost @o.cw«c(o H = % Come fw\«»iam.sm \P“.



= D_EE Pudlback d: H i|w\(>|‘amo
S @K = T wd(R.q) P

PE X
» LEMMA

Sia C€ '-’(c',,__,o’“\ - X o P“ SenRa (uwt- bore.. Voniamo allono-
D - T [minfodp(c)f] p
Doks H = ZL;%; irw\‘:\'amo, ollcna_:
@ (H) = dir [ The)+ D

J]

. DIM.
<o PeX o o tak ke ody(sy) = - adp (D).
Poviowmo allea.  f,= 4, . Seque che: o o la (- o
.- Zha LTS
Quisdi od (W) = oy Thioz) = oy ()
= odp (Zhisy) + adp (D)
T conduione. @ (H) = div( Thiei) + D. W
e Conclanio A} (pandass ESEMPIO, & spostune i pusck &k D

dowds & Lo X — P7, Mandendo
\/O-QQ, CP\.Q/ CF*(H) € lDl - ?;:;;im,\, Un ,P“'Q_ 6@&1«:’0 [/ Mbad'. C@:‘
Cos® si. olfiene (F*(H) e_c'u;va.@wt a D
ceet  @*(H) € |DI.

Con Co disumione foble fimora obbiamo dimostiaks ..

» | EOREHA
C ’ e umo @Ws[)amlmm biumcveca.
sisterm: Cimeons -\79 HO(X:’D) CL"C: p :
—_ : 4 m oeo'\mo Men
.V e bpf L) e oot am g

— P
ﬁ?\?}; i iu-:i ol R degl(@¥(h)) = d



. DIk

(%) UV sdece @:X = P mon degoune

) Tab @: X = P mon degoore, puso H iporpiame  obbiomo cho.
C) © un dvioe & grade d. Lo fovigho 1E'(H,
dimostio. emene wn siteuna. Gmesne . (ved: APPenDICE ) i

CO@%Wo quarts. feoua. con G rossime de,gwﬁ\o'm
St nvede e bo Of. & pullback



Tunacine Laversa i Divisord

PE ‘g-‘(ﬁ)

» Prorosrione

Volgome @ sequents wsullak: |
@ £5 Diw () — Div(X) € omowenflms & quun:.
@) Daks ¢ =€ moroworfa
2% (d(g)) = div (f*(%)) = dr(gef).
(3) Volo cfe de%(@*(bﬁ = (Jeg@' (Q’%D).
@) Vol cfe {*(Q, (D)) = QX({"(D))

Obtemiomo  amche {a se.cauwll
» DEFE Disow & Qam.g\camam_
Daks %r X —\/ @ Divisore i PamiFIcAZIONE s g e
Ro= Ry = T (mety(-4) 7.

PéX

@.u.e/h Mmorlons. St mwe&%@v\o Col pmm,elov\t\ m5uﬂ'at



» TEOREMA
Sia C€= X -2 P“ rnaffve oeomo"tfl:. mon de e
s\tmmaiwmo ('wt semfe»o\lk?) QQQ, CF(X) = V A Wwma.  cuwa_
de (@* () &3(\/) deg (0: X > Y)

dove H-(K-O)n\{ o f gdw\q Cimeore %mudm".

Abbiome o se.%uw(,: cle,(l\,unm dx 4&5—(‘1) :
= DEF.  deg (Y)
S Y ¢ P v algebrica. Fomiome:
deq (YY) = degq (H oY) come diisme s Y.

e DIM Teroma
S pe X. S H jwpiome paromb i q= @) € P
Sclls Ro foma oo bl Re Ru(q) # O, anvevoms
defomits A pullback C*(H) e allora

mAP(CP*(H)) = md,,(ﬂ o Cp) = mee,,(ce)-oul?@(g_o),

f,
Per O'LJP(C?*(H)) ox "'"Oe{'f((@' &J?()(H) P
2_ /moe('P(ce)' mdq(H)




L' idea. do tenone & memke ole & C{MQZQ di

?: 4
mL\JeAbC/mw\kZ X d‘i—* L/ ww%cab sufl’ wmang_

> Conollanco
Se @ :X = P7 & um embeddig ( come vonielns
dWffoomiobilc @ wikhvo + AP webtiva , U folle e @
s (i seque da X Co'vnFM%&_), alloa. deg (@) =4 .
Guind: deg (P7(W) = deg. (@ (X)).
Se @ & wdtta da D cm deg(D)=d , alora_

<o X=P e D=2P dove P=[10]
Mlre. g (D) =2 e bGamdle @i X <> P & fa
mmarsione. di Veromere | cioet @y (X) & b comica..
Nel coso parbiebone di  deg (@ X =) > 4 niowioms
b sumlici iperellitbiche ..
> DEF Supnfiee  Tporelilbice
Sio X supaafice & Riomomn compalts e commema. S
dice. [PERELLITTICA == exb




MQ,Q, Jzex«“o o 3x. Dab qe Pii

S

3 )___
RERA L NS

mpstiio ence. !

.. OnA e/v\/Gimo: m %,ioco i



Dl\/\soflﬁ CAMomco
Sia. X supfice di Riemawn compatla e commema,
Abbiamo defimts
Q5 o= ga)sdo delle 4 - @m sw X
dove localments in U =U(p) com condmats 2, uma 4 -forma
we (24 (U) si some o= f(e)de  con goémncfgfo.m U.

~ 0SS, Q5 oo imwabbil
Vale. R dimp X = 4 isughica. Q5 ¢ un faxcio imertebid
23(U) = 9. (V)
% (=) d= —D «g(%)

U gaAoCo imenbibdle € conoltomats dal  cocido :  amdiame
o. conconko .
So. U= {Ui nicopiments di X, com

@i U; =>\;xA € cotn Cocalk .

O . = i dz;
?MAO w € ._Q-i i cafv(l Souven Mo { {U" -g
w{)—lu& - gé\‘ diér
e S U,; nUd_ SOuviomo €O~ /\MOA"\Q_ J,\ b{OMWC’ﬂL
ce-‘(d.- . Z’i |—> 26- — CP‘%?—& |

Guind:  £i(z) dry = £ (@50 @y doe , e imdividua
l\hn‘\m'o Q  cocido Ce,‘; ,
Abbiomo W fﬁg(wnll swltaks :



Lo /'\720\705\?.\ ONE

Some W, w, G_(Li (X) More 3’ fwwm Mlenmmga_ %,

tale_ c,QL W, = % Wy - IDEA: qVMtMOGﬂ;?MlMQ
[VJLJA.\S O, obbiowo Coond . M e (W

- "DI\M. W, , Wy - obbiamo 66 stem’ coceels: .
Cavvs{clen(o/w\o /l/( = '( U{\ “Zw(\hl/w\u\b e_cL WA U soviommo -
(1) (2)
wd‘U( = -gi CIZ.;\ e Z.IU _g.? C‘Z& :

Foniomo %’U = gf)/ a) - \/e/\.«.g\clruazmo che Cost cl%wulr_

b> D_El:- "Divisore COMOMCo
Un DIVISORE CANONICO su X o o divisow ameciols ad
wno. 4 -‘gavma. w € _(2_;1( .
Se locadments o= %(’9;3 d2  allrna.  div(ew) = div (@ .
Yonawme  omche m.dp(oo) = md‘,(@ Cocolments. | fen o
Lle) = T ody(w) P
pEX

[/& ?n,orosiﬂ&mz. sa‘vm_ cL:c.o_ Cﬂ.z.. clwz.. (J,ivism,{ CanovuCs Somno n Maa?:?
LINEARMENTE  EQUIVALENT] . In% :
= %-w‘ = cliv(ooz) = Aa.\/(%) + d«'\/(b&,)



T allre Pan.o@,, la. fome di diisas camomies & o
A AN NATEAAAANAA

stessa. im j)w(x)/ ( quosiente  un sistws equuvaluts, 0

vedneamo ru‘u‘ awwwt\)

> NOTAZIONE

l/(/\r\_ (J.,Q) CL{V(SO’&_ COMOTUUCO  Sla >< St Q(@nof'a con Kx.




X = Toe = C/A

<¢ ho che X S\Af\AA,gla‘z, L Kromama qerare a = 4.

Scelgo w = 4. dn. Sicome X @ quriontz. s ik

con € avione ol da olanion, G mape & Baminione sov

sevapre. 4. TP C orpelbiome che K, = mame costamk

Tovmabments , comideoriomo @ wvetments univemale € — E/n

Mo ollora. dak: intow: U, , U, Godlok: w ks x el
w |y = 4 d= e |y, = 4-d(z+x)=4:dz .

Sequa cRe  cocile < Mokorion: o co

= Ky ¥ diiow amocols  alle gwﬁm L cstondt

= K, =0 e 2, =0, .

O © C T~

Risovviomo con & muove deflawcrions L teovma. ...
» Teorema Kiewann — Hunln  (¢+.2)
Siawo X, Y suppfe: di Kemann compalle conmeve.
Dake w: X = Y mafome mon cosbambs , st Tova che
Ky ~ a*(K,) + R
dove R = namliconione &k X,




(wl e dov (’h’*(w)) [U] = T*(oli\l(w)) + [d\cll,('u-) -471-P

vr*"(Ky) R
e quobs condlude .
Se locobmenks in V- Ky(V) = do(f(w) | ollora
{ w*(Ky)(U) = (=)
R(V) = dw () ousif:coniona.

Qe condude .
»  Corollanio
Vole che  deg (Ky) = 24 -2




RECAP: a.-.l‘mg\‘oic. & Rivnamm .

Abbiame Q05 := goag,:o = \:L“Zv\m.a,& o&mc'%
Cice locolmenks w = g(z)dz Cown @ oedw\mgq__

- Oss.
Abbiome Umac CUMP*\QIZMM :
Yol : 4 > Fieeato  (ComaneenTe
X
ﬁﬂo mvﬂhbbea_ %b’m& o m
- obbiame e

EVVXQMZ\- a!ob\auw\o | U

Sl 'g(i') dz, U, e o = g(iz‘) QJZZ_ M '3

| Cmm_s{ co&. 99)
de s ‘g(%z\ &%L = g( 842_(2'\)) %4,_ &E‘ ‘ ( d*

> DA RICORDARE : SQo%ams

> Kx & inbhweco” oo, vaniedss X..’ L
> KX = um,lz. beme. " fa‘u&a@ic . coe® dals
£ Xy = sup & Ramamn & ¢ 9-

b

A sk
Ty Se—&»flé’h,% sAP.JQQLMW\.Iid‘:V\"WCUW\OWCoa
CJM»P‘J: Ea‘“’ S q,zull n%t»:&iaw' "/ A.8. &AA.\/O\ c’a ULAA cL'v(S‘UUL.

s wediad i avaenks ..
"Uu\ 36%&0&_ /v” o>
g Sx(ny e wn~ “ ga»n’o QIMQQAMGME :



"FORHULA é,: QAEHA»JD - Q,ocH
o X Su‘w\qe(cie,cl; Riomawn  Compaths. ¢ commono..
Dats DV disne sw X, vogliamo shdians -
K (X, 0, 0) = K (XD) = H (D).~ dbrsions mtin)

> TEF. Caraltovsbica di Eullre ~Poineor’ Olomefe (AMgebrica )
/.De%m;amoi ‘ '
XD = T (-4 (X D)
» 0OSS: g X 3“1“”%“" d: Liemomn | M¢X= 4

Moo ollera [AA pnopme/(z: dex d&A Coonpl K{(‘D) =0 Vixl.
Quiands X (D) = £°(D) - R*(D) .

”D_E"—_Q}am

0 Genere ARrmMeTICO d; X &
D, (X) = 4 - X(0x).
Nel caro i € X Compatle  cownema vob e
po (X) = 2% (9.) .




Lopo . quete. peambds , amunciame
" Teorenh di Rievawn- Rocu (v.4)

Sia >< SM‘{\”‘%'C'»'C- i Remanwn co»ws')ajt:_ Covumo, € D divisore
su X. Mo :

X (D) = deg (D) + X (X)
1o = £ - K ©®
X ) = X(9) = R°(9) - Kiwx) =4 -pq(X).
Quind: st o risnivene & Teorema :
£0(D) = R'(D) = deg (D) + 4 - palX) .
Vediamo o o dimostFarione U sequents nisullaks

» LEMMA 41

“ |

Dok pe X D duse, eitone o succemions esnlle
@ 0 -~ T, =9((-P) — & — € —O
® o — O,-7P) — Y@@ — ¢, — O .
Qurkarer Ty + (€2 0 f020] = k(025 £,

¥ Oy (-P) = 1 { moomerfe () =P 2 0]
Quets mbiva. D. RBr @, teworimre cn 9y ®) @ : s
olbieme fe { O, (D) & 9 (-P) = Oy (D-P)

L, o, 9@ = Cp
Uaaﬂ:e)wa Se.?m.claﬁfaﬂ;oaz,( -((QM,« Sm\pwwc/l/(llmﬁ, qm&
® O (D) o ewnit



( & wn TASCIO GRATTACIELO mwd(i'\'ak L 4 ,)

» [EHMMA 2 dove ol Posl; & ¢ he (tC%’d/i

Dok PeX ed me NT, Poniammo d’[e]/
Cioe A "=" oP come duisoe & Wﬁeg,,eat._ ".
Moo o uma sucemione erofts

0 —= Q(-aP) — O — O, — O
T Pmbco&m_ (A,9,) & & Frsco GRATTACIELO CONCENTRATO i, P
- s« m=4: €, ~ Y
© = m=2° Cx]/ ~ e,

i coofloinks el odini superias mi cbionvon b dorial
squm'm:”. Se quoli dovuali wWherow si amnllamo, sgue . aumens
Wl molleplicte: & wns e ¥

{ s owmlle e ¥ ¢=> = ag +..

{s;a,\wm,_d;m&u.?, w Y = €'= a2 +._
- DM Lewma 2
Ossewiamo e O, (-nP) -HGOX: £ 5t ol di odime 7 1 iin P
en. [ O —> CQY/LL)
e da quab sl cowclude L eralterna. ]

L]

]
]
L]

+ DM Tesemo. di Remamn- Raock
@ Suyypevcarme che D s un  divsoe efelive i D=2 m P 2 O
e m; 20 VL. Faccame  wn' indurione sm de%D=
= dqD =0 siccome D20, segu ke D=0, Moo allota_
obbigmo Oy (D) = O, Gude X (D) = X(X) pen



d@g:m\'m ¢ e M Teorerma < m;nacw(a
= degD =d>0: sicome d>0, 3 Pesﬂt(b).
Soiviawe e D = D +P. wx D o dusow efflbive
e Azra,:D|= d-4. Taeltie por Lomma 4 € ol
o — o,m®) — 9 m® — C, — 0. ©
Ricodams e Cp & farie  guabtaciels | por e ‘»[i(-?iq )
H(gp) = € o H (€ o b "

XD = X)) +4 jmdusione

(ot couclude: pon D effelbivo .
® Tu guorads. pen D dvisne  sowiame D =Dy -D, em DD, 20,
Moo pr d lewmoe 2 oise umoe  Succemione onlls :
o — 0 m-D)— Q(D,) — I — O

r A

AO%SE— Dz= Zm,,;’P,; /mec:
L9 A(.a = d? EE-‘S /(.i"l.;) e (Q'DZ_ = @ (9 )




Abbiome e Op € un farcio ofinciels,  quinds
£2(95,) = ZTm; = deg) o Ki(%z) = O .
Bor &L caro @  abiamo cHe :
X(D.) = dg(®y) + X (X)
e quak wls X (9p,) = &g (D). M

A%(D\ = deg (D)) - &%@g

ol seque
%X (D) = X(D,) - X(9p,) = &8®4\+4 - Pa(X) -Jea(Dz).
Clhets  comcdnde .

Vediome €' emmcials Lomico del Teowmo Mn cul Sewe...
> Duacrra®  SEeRE > dioshonione pic aweuks .
Ky @ we forcio duslinmomls . Gioe in  dimemsions 4
¥ D dwsew  H'(D) = H(Kg-D).
Ao =i (Wo™  enumcions. iewarn - Roch come
> Teorsna & Riemaon - Rocy  (+.2)

| vorerdi. mel Coleolo delle dma okl
Vole. Mo /,%o\{o Corn cl&v'c:::]), <'¢” qualz “sconks

£7(D) - £°(Kx -D) = dg (@) +4-q.

53%;..._ dal Teowma v.d umt ol dualii: i Sewe e ug«ag&Ma

AA%M\UL«OQLWM&MV\OSOu; |

W rsubaks R bosolma b pocedeids dimostiaione €.



> UGUAGLIANZA i (GENeR|
Sim X 5\51\!%-@(&2,4; Q.umm W\Pa/{t-e_wq, %mot
g = g tpdogee = 2 dim (Ho (X, R)) .

Pys e gomebico = (Kx).
Pa = Qmene onibmetico = 4 - QC(LQX) = ‘Ki(@x)

Adoiome  aflora o sequamte  eposiRione .
> Prorosiione

Siae. X supefee & Remamn  compiltle o commona. Allora

> = Ps T Pa

. DIK,

lo. Dualite & Seve aplicats. @ D=0 iuplica che

pa(X) = &7(0) TR (Ky) = P .
B Riomomn - Huinoln  deg (Kx) = 24 = 2.
B Romame - Roch wd con D= Ky ollons
£°(Kx) = RT(KD = deg(Ky) + 4= pa(X) &

oo 4 altra parde pen Duelts L Seme

£°(Kx) = pg = pa e AU(K) =49 -4

e o i nsullafe cen -

Pa"""= 2%_—2.+(4-P°J =>  pat Py = Q%.
T _O____$__S_ was_ 5w%o€°f¢ =p Cawm Cosmbio
&Xgl?lmsﬁ%m_dgﬂ‘hdod, amoma_pwo

X v— X cle.swaa@wmamm



Goviamo che g(X7) = palX”) + palX).
Cioe> & gerere oo cambione .
> £ seMPlO
Dots wee  cubica singolone s, (v,0) : X
X ym= x*(x+4)
Consdore o Riwne. praictbivn. X <P°
Y/ {-apgeaa.;mm st obbieme

X = .
""of

Com sk a Mmpiec  Cowe S P‘"“'\ aﬂma_ cleswa&nmm:

¥a
¥ =7
v | = T2
P, P




Doaumas & Seese
ORIGINE : TP Bdbowmo. i Huﬂ'g%-%

o >< W’a‘@ CIA Q«woww\ e. {P‘; C X C@lCOM.,SQ— &MJE,

wna gwwkim manomorfe su X tale  ce

o Lomorfe fomi dn (P

¢« VP, o paks prsciple & plo § & v fi(z) fmoks,
de  h.(2) € plimomio plare . = z maki",

K=-m
Ossemniaime cﬂo._ @ocaﬁw\a,ll quub S\ r\l-w\ Sﬁw‘\nz, falm, mao
mon o ddb e @l {wwdam, /mmamma&. NG %oba@mwt
» DEF. Coda di Launemt

Ardiome o od wdopetane  H(8,0) « H'(9,®)
woediands o code d: Lownent. Cosd dqacwclo , 50 o'
nwopondene ol rololoma i Hittag - Leflen.
» TEF. Divsow di Cok di lawunt

Uin Divisope i Cope di LARENT o o commalua

gawv-aﬁo_ Ql@a t‘-FO %ﬁ_ }’P'/P.



Se. D= 2 m¥: & um divisow :

» DEF. Tosce deflb code di lowenk
Fissok D come Sopra, si defomisce i Fhsco delh Come
LAURENT  iudolte & D T (D), come :

[e@](v) = { T P | ¥ dglrp)<mil

» L£SEMPIO

So. P = 0. Morne
[v(@](V) = { ZTe-P | WP deg(r,) < Og .

Poviamo mollie C(X) = { dusori i code di Lownenk §
Fissals D dwsow , dlllow. ank la ""““’ﬂ“" d: TRONCAMENTO "

by TX) —>  T(D)
h -m;~ 4
ro = & a2t > (:_D(r,,) = kZ: akik
k==n = =-m

doue_scgm?A St SOuve g=ZaK%k oWera_

COS? %;cw\clo, r\ux CosﬁuRCdV\L &éé(a/mo &_ SuCLZALoNL Qaﬂ?;_i



(p &p

o — O, m® — WM — TO® — o,
L' esobtera seque dol foliz che
hon oy = { § mwomare bl e odg ({) > -mi]
e quindi comeide com Oy (D). Ma allora :

O — HYu®) — H(m)=mx) — H(vwm) —
— H‘(&X(D)) — H'(m) — ..

wo. vale « sea.c@w(l Iho-%c,fm‘(o_,[w.. 2€ T(D) wh
4 K 2. € Twmap se e s
Farvo H (’WL) = 0O s . im Hx(D) . lo sua o < O.

= Posso (ﬁam lo. shunione ol
CRuiunds pmawb&eaz@a.se%w_oﬂe,r poblonca. di Wibkap - Lofflin se e 3o
L' R lfw O ua HQ(DB. ]

{H"(){, 0,(D) = ke oy
H‘(X, (9><(TD)) = Colen 0L = i ((\C(D))/IW,(D .

co div(w) -D 2 O)
C”Y'A\'J?/u:cwno cna -
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= cwakkmm. aleora €L_ Ama"h_ ibu&ﬂh_i

H* (K x - D) x H"(ﬁccm)/%( \ —
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lm‘P e J:.u¢)(e n.

+—=> F o5l s ammudl P cmodne 4. B

> E /_Divism AI\MFCo
U divisoe LV st dice BMPO se A me N ol A
/n,D & el M«Fw .

Obbewiome um nsllake i specfecc pn X SR ..

» | EOREMA
Siaa X suf\w@«'cie— i Piomann mpwaz_e Corvmamo. . Sa
D we dwisoe s X e ID] sistema oveore amcals a D .
Delimiomo @ = Py Lo mopa wndeths. Mo, -
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4=V m C_._—> /HO(D) iy
) | ( / ) P?P) / P)
v
<=> H (OX (D)) —» H («QQ- OA = Qzﬂ'z—ﬂ/(%z)
(Jove_ AMJ;M? 1wA€o¢a& P +>2=0,

owswms\muﬂsimw 3
eAa.ﬂ"aﬂnud(Z_:f. %tcemwﬁhmmu%o

T ken { Ho(0,0) = O, f = H(D-2P), qund o

accade e e sho == R°(D-29)=R°D) -2 &
» TEOREHA K(H"“’“‘L‘* pog- 162 M%"“wb b )

o >< SquL Q-w\am Cmm‘)aﬂfn_ Cownena e D diviso‘u,sux,
Sta I A gerera e X. Moo :
(4) Jea,]) > 2¢-1 = ') =0



(2) daafD 22q =V D] sempo. ki baue
(2) degD 2 2344 = D & mbh ampic.
. %
() Ve ga he H'(D) = H°(Kx-D) = O picks deg(Kx-D)<O.
(2) Brn cgni PEX st comsidena
oaK: 1 (D-F) = H(D) Co= H'(E,) — H'(D-P).
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DEFINITION 1.16. Let D = )" scy Nq - q be a divisor on Y. The pullback of D
? Wl ,< to X, denoted by F*(D), is the divisor

=Y n,F*(q)

gey

In other words, thinking of divisors as functions, we have

F*(D)(p) = mult,(F)D(F(p)).

Pullbacks behave very nicely with respect to most operations on divisors.

LEMMA 1.17. Let F : X — Y be a nonconstant holomorphic map between
"Pno"wdfa: Riemann surfaces. Then:
POk (a) The pullback is a group homomorphism F* : Div(Y) — Div(X).
(b) The pullback of a principal divisor is principal. Indeed, if f is a mero-
morphic function on Y, then F*(div(f)) = div(F*(f)) = div(f o F)).
(¢) If X and Y are compact, so that divisors have degrees, we have

deg(F* (D)) = deg(F') deg(D).

Warning: the pullback of a canonical divisor is not necessarily canonical; we
shall see a bit later what the difference is.

I l ‘ . Intersection Divisors on a Smooth Proiective Curve. Let X be a

smooth projective curve, that is, a Riemann surface holomorphically embed-

:D(vm ded in projective space P™. We will write the homogeneous coordinates in P™
as [xg:x;:---:Ty]. Fix a homogeneous polynomial G(zo,...,z,) which is not
identically zero on X.

X cwwe Liscio We want to define the intersection divisor div(G) on X, which records the

G_ F% +0. points where G = 0 on X. Of course there are multiplicities (i.e., orders of

em\o% vanishing) and we must take these into account.

Voae.m cn»ec-eom_ Fix a point p € X where G vanishes, and choose a homogeneous polynomial

dwt G s ) H of the same degree as G, which does not vanish at p. (One way to do this is
to choose a coordinate z; which is not zero at p, and use H = z¢.)

s X g In this case the ratio G/H is a meromorphic function on X, which vanishes at
p. We define the integer div(G)(p) to be the order of this meromorphic function
at p. Note that since G vanishes at p and H does not, this order is strictly
positive.

At points g where G # 0 we set div(G)(q) = 0.

LEMMA 1.20. This divisor div(G) does not depend on the choice of the non-
vanishing homogeneous polynomial H, and is therefore well defined.

PROOF. If another polynomial H' is used, then the meromorphic function
G/H changes to G/H’, which is just G/H multiplied by the nonzero function
H/H'. Since multiplication by a meromorphic function having order 0 does not
change the order, we see that the order of G/H and of G/H' is the same, and is
determined only by G.
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DEFINITION 1.21. The divisor div(G) is called the intersection divisor of G
on X.

Note that
(1.22) div(G1G3) = div(Gy) + div(Ge)

if G1 and G4 are both homogeneous polynomials.

Of particular importance is when G has degree one. In this case the intersec-
tion divisor is called a hyperplane divisor.

There is a nice relationship between intersection divisors and principal divi-
sors. Suppose that G; and G, are two homogeneous polynomials of the same
degree. Then we may form the meromorphic function f = G;/G2 on the smooth
projective curve X.

LEMMA 1.23. With the above notation, if G; and G, are homogeneous poly-
nomials of the same degree, then the divisor of f = G,/Gy ts the difference of
the two intersection diwvisors:

diV(f) = diV(G1) - diV(Gg).

PrOOF. Given a point p € X, choose a homogeneous polynomial H of the
same degree as G; and G2 which does not vanish at p. Then div(G1)(p) and
div(G,){p) are equal to the order of the functions G;/H and G/H at p. Since
f=G1/Gy = (G1/H)/(G2/H), we have ord,(f) = ord,(G1/H) — ord,(G2/H)

as required.

In particular, we see that the difference between any two hyperplane divisors
is a principal divisor.

2. Linear Equivalence of Divisors

One notices that in many of the natural constructions of divisors, it is often
the case that any two of the divisors differ by a principal divisor. For example,
the difference between any two canonical divisors is a principal divisor. 1This
seemingly harmless idea will become the primary way in which divisors are or-
ganized.

The Definition of Linear Equivalence. The relationship of “differing by
a principal divisor” is important enough to be extracted and given a name:

DEFINITION 2.1. Two divisors on a Riemann surface X are said to be linearly
equivalent, written Dy ~ D5, if their difference is a principal divisor, i.e., if their
difference is the divisor of a meromorphic function.

There are several elementary remarks to be made:

LEMMA 2.2. Let X be a Riemann surface. Then:
(a) Linear equivalence is an equivalence relation on the set Div(X) of divi-
sors on X.
(b) A divisor is linearly equivalent to 0 if and only if it is a principal divisor.
(c) If X is compact, then linearly equivalent divisors have the same degree:
if Dy ~ Dy then deg(D,) = deg(D>).

ProoOF. Statement (b) is practically the definition of linear equivalence: D ~
0 if and only if D — 0 = D is a principal divisor. Statement (a) then follows
immediately, since we see that linear equivalence is simply the relation of being
in the same coset for the subgroup PDiv(X) of principal divisors. A linear
equivalence class is therefore exactly a coset for PDiv(X).

If X is compact, then principal divisors have degree () (Lemma 1.5). Therefore
if D; = div(f) + D5, then deg(D,) = deg(div(f)) + deg(D,) = deg(D5,), which
proves (¢). [

We have the following examples of linearly equivalent divisors, all taken from
the examples of the last section.

LEMMA 2.3. Let X be a Riemann surface. Then:

(a) If f is a meromorphic function on X which is not identically zero, then
the divisor of zeroes of [ is linearly equivalent to the divisor of poles of
£: divo(f) ~ diveo (f).

(b) Any two canonical divisors on X are linearly equivalent, and any divisor
linearly equivalent to a canonical divisor i3 a canonical divisor.

(¢) If X s the Riemann Sphere C.., then any two points on X are linearly
equivalent.

(d) If F : X — Y 1is a holomorphic map, and D, and D, are lnearly
equivalent divisors on Y, then the pullbacks F*(D,) and F*(Dy) are
[inearly equivalent divisors on X.



(e) If F: X — C4 18 a holomorphic map, then the inverse image divisors
F*(A) are all binearly equivalent.

(f) If X is a smooth projective curve, and G, and Go are two homogeneous
polynomials in the ambient variables of the same degree, then their in-
tersection divisors div(G1) and div(G») are linearly equivalent. In par-
ticular, any two hyperplane divisors on X are linearly equivalent.

PrOOF. Statement (a) is immediate from the equation (1.9), which says that
for a meromorphic nonzero function f, div(f) = divg(f) — divee (f). Statement
(b) is the content of Corollary 1.13.

To see (c), let Ay and Ao be two points in C.., neither equal to co. Then
f(z) = (z— A1)/(z — A2) is a meromorphic function with div(f) =121 —1- As.
If Ay = oo, then simply use f(2) = 2 — A;.

To prove (d), suppose that Dy — Dy = div(f) on Y, for some meromorphic
function f on Y. Then by Lemma 1.17, F*(D,) — F*(D,) = div(F*(f)), where
F*(f) = f o F is the composition of f with the map F. Statement (e) now
follows immediately from (c¢) and (d).

Finally (f) is immediate from Lemma 1.23. [

The linear equivalence class of the canonical divisors is called the canonical
class of divisors.

The terminology of linear equivalence comes from property (e) above; A is
varying on a line (which the Riemann Sphere is considered to be for this purpose).
If we have a principal divisor D, we may write D = div(f) as D = P — N,
where both P and N are nonnegative with disjoint support. Thus P is the
divisor of zeroes of f and N is the divisor of poles of f. We see immediately
from the definition that P and N are linearly equivalent. Now view f not as
a meromorphic function but as a holomorphic map F' from X to the Riemann
Sphere. The divisor P is the inverse image divisor F*(0), and N is the inverse
image divisor F'*(co). One can imagine “interpolating” between P and N by the
other inverse image divisors F*(A) as A passes from 0 to co. This gives a family
of divisors on X, varying with A € C..
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The Hyperplane Divisor of a Holomorphic Map to F7. Let ¢: X —
P" be a holomorphic map. We have seen above that we may associate 10 @ a
lincar system || of divisors en X, by considering a set of n + 1 meromorphic
funetions which define &.

There is another, more geometric, way of cblaining a linear system from the
holomorphic map ¢, which is inspired by the construction of a hyperplane divisor
for a smooth projective curve.

Suppose that H C P" is a hyperplane, defined by the vanishing of a single
homogeneous polynomial of degree one. Suppose that X does not lie entirely
inside H. We will define a divisor ¢*(H) associated to this hyperplane

Fix a point p € X, and suppose that L is the homogeneous linear equation

for H. Since X does not lie inside II, the equation L does not vanish identically
‘b‘mﬁm | oo X
4'—_———__' Choose another homogeneous linear equation M which is not zero at o{p),

@Q l I l * ( H) and consider the function h = (L/M) = ¢, defined in a neighborhood of p. This
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is a holomorphic function near p, since if we choose a local coordinate » centered
at p and write ¢ near p as @(z) = [on(2) : g1{z) : -+ - : galz)] for holomorphic
functions g;, not all 0 at z = 0, the function h is a ratio of one linear combination
of g;'s divided by another, with the denominator not zero at p.

We =ct " (H)(p) to be the order ord, (k) of h at p; since h is holomorphic, this
is a nonnegative integer. Moreover it is strictly positive if and only if é(p) € H.

DerFINiTION 4.12. The above construction defines a divisor ¢*(H) on X, and
is called a hyperplane divisor for the map ¢.

One must check that this is well defined, but this goes exactly like the argu-
ment which shows thal an intersection divisor on a smooth projective curve is
well defined; we leave it Lo Lthe reader. Indeed, it is possible to define, for any
homogeneous polynomial G in the ambient vanables, a divisor ¢°(G), using the
same ideas.

In any case we note that the hyperplane divisor ¢*( /1) depends enly on the
hyperplane H, and noi on iis equation L: il one multiplies the eguation by a
constant, one does not change the order of the function which defines ¢™(H j(p).

We want to show that the set of hyperplane divisors {¢*( H)} forms exactly the
linear system |¢| for the map ¢ This relies on the following simple observation:

H \ A k_ LEMMA 4.13. Suppose that the homogeneous coordinates of P™ are |zp 1 -+ -
e WA SV MO _ .|, and that H is defined by the linear equation L = %" o,z = 0. Let the
“ 4—-—— holamorphic map ¢ be defined by o = [fo: --- = ful, and set D = — min, {div(f;}}.

o . o If 3(X) is not contained in the hyperplane H, then
imeora : quJa Q s

¢ (H) — () aif:) + D.

Oem Y (o ¢ d v, V¥ co_ , D ‘ ProoF. Fix a point p € X, and choose j such that ordy(f;) = —-D{p) is
the minimum order. In this case the coordinate z; will not vanish at p, so

. . . we may take M = z; in delining the hyperplane divisor ¢"(H). The function
h=(L/M)cgisthen sk = (3, a:[:)/[;), and does not vanish identically near p
since X does not lie mside H. Hence

ordy(h) = ord,(D _a.fy) - ordg(f) = ordp(} aifi) + D(p)

as claimed. O

Now the desired statement 15 immediate

COROLLARY 4.14. Let ¢ : X — P™ be a holomorphic map. Then the set of
hyperplane divisors {$*(H)} forms the linear system |3| of the map.

We sce in particular another guick proof that the linear gystem || of a holo-
morphic map has no base peints. This is clear from the description of this linear
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system as the set of hyperplane divisurs: & point p is in the support of a hyper-
plane divisor ¢"(H) if and ouly if ¢(p) € H, and given any peint of projective
space, one can find & hyperplane which does not contain that point.

Defining a Holomorphiec Map via a Linear System. We will now prove
that the base-polnt-free praperty of the linear system of a holomorphic map in
fact characterizes such systems.

PROPOSITION 4.15. Let @ C |D| be a base-point-fres linear syslem of (projec-
tive ) dimensionn on a compact Riemann surfuce X. Then there is a holomorphic
map @ : X — P" such thal (Q — |¢|. Moreover ¢ 15 unique up to the chowce of
coordinales m P".

ProoF. We have been running around these ideas enough now that the proof
of the Proposition is almost easier than the statement. Suppose that the linear
system ( corresponds to a vector subapace V € [L(D), so that the divisors of @
are those of the form div(f) + D, for f € V. Choose a hasis f,..., fn for V.
Then the holomorphic map ¢ = [fg:---: fa] has Q@ = |@| as desired.

To see the unigueness statement, suppose that ¢ = [gp @ - : gs) also has
2 = |¢']. The divisors of |@'| arc then of the form div(g) + D' where g is a
general lincar combination of the ¢;'s, and [ is the inverse of the minimum of
the divisors of the g;’s. In any case since |¢| = |¢'|, we may change coordinates
in the @' map and assume that for each 1, div( [i) + D = div{g:) + V. 1f we set
h; = fi/gi, we see that div(h,) = D' — D is constant, independent of 1; since all
of these ratios have the same divisor, they must all be equal (up to a constant
factor). By adjusting the g;'s Turther by constant factors, we may then assume
that there is a single meromorphic function A on X such that h = f;/g; At this
point we have that ¢ = ¢, and so ¢ is unique, up to the changes of coordinates
in P* which were applied in the proof. [

Therefore we have a 1-1 correspondence

base-point-free holomorphic maps & - X — P
hinear systems — with nondegenerate imagre,
of dimension n on X up to linear coordinate changes



